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Introduction

Under normal conditions the research scientist is not an innovator but
a solver of puzzles, and the puzzles upon which he concentrates are just
those which he believes can be both stated and solved within the existing

scientific tradition.
— Thomas Kuhn, The Essential Tension, 1977.

Quantum theory has been puzzling physicists and philosophers since its birth
in the early 20th century. However, starting in the 1980’s, rather than asking
why quantum theory is so weird, many people started to ask the question:

What can we do with quantum weirdness?

In this book we not only embrace this perspective shift, but challenge the
quantum icons even more. We contend that one should not only change the
kinds of questions we ask about quantum theory, but also:

change the very language we use to discuss it!

Before meeting this challenge head-on, we will tell a short tale to demon-
strate how the quantum world defies conventional intuitions...

1.1 The penguins and the polar bear

Quantum theory is about very special kinds of physical systems—often very
small systems—and the ways in which their behaviour differs from what
we observe in every day life. Typical examples of physical systems obeying
quantum theory are microscopic particles such as photons and electrons. We
will ignore these for the moment, and begin by considering a more ‘feathered’
quantum system. This is Dave:
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He’s a dodo. Not your typical run-of-the-mill dodo, but a quantum dodo.
We will assume that Dave behaves in the same manner as the smallest non-
trivial quantum system, a two-level system, which these days gets referred
to as a quantum bit, or qubit. Let’s compare Dave’s state to the state of
his classical counterpart, the bit. Bits form the building blocks of classical
computers, whereas (we will see that) qubits form the building blocks of
quantum computers. A bit:

1. admits two states, which we tend to label 0 and 1,
2. can be subjected to any function, and

3. can be freely read.

Here, ‘can be subjected to any function’ means that we can apply any func-
tion on a bit to change its state. For example, we can apply the ‘NOT’
function to a bit, which interchanges the states 0 and 1, or the ‘constant 0’
function which sends any state to 0. What we mean by ‘can be freely read’
is that we can read the state of any bit in a computer’s memory without
any kind of obstruction and without changing that state.

The fact that we even mention all of this may sound a bit odd...until we
compare this to the quantum analogue. A qubit:

1. admits an entire sphere of states,
2. can only be subjected to rotations of the sphere, and

3. can only be accessed by special processes called quantum measurements,
which only provide limited access, and are moreover extremely invasive.

The set of states a system can occupy is called the state space of that system.
For classical bits, this state space contains just two states, whereas a qubit
can be in infinitely-many states, which we can visualise as a sphere. In the
context of quantum theory, this state space is called the Bloch sphere. For
the sake of explanation, any sphere will do, so we’ll just take the Earth.
There’s plenty of space on Earth for two states of a bit, so put 0 on the
North Pole and 1 on the South Pole:
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The particular choice of North Pole/South Pole is not important, but it is
important that they are antipodal points on the sphere.

Since we can only apply rotations to the sphere of qubit-states, we cannot
map both 0 and 1 to 0 (as we could with classical bits), simply because there
is no rotation that does that. On the other hand, there are lots of ways to
interchange 0 and 1, since there are many (different!) rotations that will turn
a sphere upside-down.

So what are quantum measurements? Just like when we read a normal
bit, measuring a qubit will produce one of two answers (e.g. 0 or 1, hence
the name qubit). However, this act of ‘measuring’ is not quite as innocent as
simply reading a bit to get its value. To get a feel for this, we return to Dave.
Since qubits can live anywhere in the world, Dave—like one particularly
famous (classical) dodo—Tlives in Oxford:

Now, suppose we wish to ascertain where in the world certain animals live,
subject to the following assumptions:

1. we are only allowed to ask whether an animal lives at a specific location
on Earth or its antipodal location,
2. all animals can talk, and will always answer ‘correctly’, and
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3. predatory animals will refrain from eating the questioner.

If we ask a polar bear whether she lives at the North Pole or the South Pole,
then she’ll say ‘the North pole’. If we ask again, she’ll say ‘the North Pole’
again, because that’s just where polar bears are from. Similarly, if we ask a
penguin, he’ll keep saying ‘the South pole’; as long as we keep asking.

On the other hand, what will Dave say if we ask him whether he lives at
the North Pole or the South Pole? Now, Dave doesn’t really understand the
question, but since dodos are a bit thick, he’ll give an answer anyway. How-
ever, assumption 2 was that all animals will answer correctly. Consequently,

as soon as Dave says ‘the North Pole’; his statement is correct: he actually

POIZ
< g
P v

- P

is at the North pole!

Now, if we ask him again, he’ll say ‘the North Pole’ again, and he’ll keep
answering thus until he’s eaten by a polar bear. Alternatively, if he had
initially said ‘the South Pole’, he would immediately have been at the South
Pole.
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Figure 1.1 A polar bear attempting a ‘demolition measurement’ on Dave.

So, no matter what answer Dave gives, his state has changed. The fact that
he was originally in Oxford is permanently lost. This phenomenon, known
as the collapse of the quantum state, happens for almost all questions (i.e.
measurements) we might perform. Crucially, this collapse is almost always
non-deterministic. We almost never know until we measure Dave whether
he’ll be at the North Pole or the South Pole. We say ‘almost’, because there
is one exception: if we ask whether Dave is in Oxford or the Antipodes
Islands, he’ll say ‘Oxford’ and stay put.

While quantum theory cannot predict with certainty the fate of Dave,
what it does provide are the probabilities for Dave to either collapse to the
North Pole or to the South Pole. In this case, quantum theory will tell us
that Dave is more likely to go to the North Pole and get eaten by a polar
bear than to go to the South Pole and chill with some penguins. The dodo
is extinct for a reason after all...

1.2 So what’s new?

Almost a century has passed since Dave’s unfortunate travels to the North
pole. In particular, the past two decades have seen a humongous surge
in new kinds of research surrounding quantum theory, ranging from re-
considering basic concepts (Fig. to envisioning radically new technolo-
gies. A paradigmatic example is quantum teleportation, whereby the non-
local features of quantum theory are exploited to send a quantum state
across (sometimes) great distances, using nothing but a little bit (actually
two little bits...) of classical communication. Quantum teleportation exposes
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Cited by 12924
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Can quantum-mechanical description of physical reality be considered complete?
A Einstein, B Podolsky, N Rosen - Physical review, 1935
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Figure 1.2 This paper by Einstein, Podolsky, and Rosen, which was the first
to identify quantum non-locality, has enjoyed a huge surge in citations over
the past two decades according to Google Scholar, now making it Albert
Einstein’s most cited paper. And considering the competition, that’s saying
something.

a delicate interaction between quantum theory and the structure of space-
time at the most fundamental level. At the same time, it is also a template
for an important quantum computational model (measurement-based quan-
tum computing), as well as a component in many quantum communication
protocols.

Quantum theory as we now know it—that is to say, its formulation in
terms of Hilbert spaces—first saw daylight in 1932 with John von Neu-
mann’s book ‘Mathematische Grundlagen der Quantenmechanik’. On the
other hand, quantum teleportation was only discovered in 1992. Hence the
question:

Why did it take 60 years for quantum teleportation to be discovered?

A first explanation is that within the tradition of physics research during
those 60 years, the question of whether something like quantum teleporta-
tion would be possible was simply never asked. It only became apparent
when researchers stepped outside the existing scientific tradition and asked
a seemingly bizarre question:

What are the information processing features of quantum theory?

However, one could go a step further and ask why it was even necessary
to first pose such a question for teleportation to be discovered. Why wasn’t
it plainly obvious that quantum theory allowed for quantum teleportation,
in the same way that it is plainly obvious that hammers are capable of
hitting nails? Our answer to this question is that the traditional language
of Hilbert spaces just isn’t very good at exposing many of the features of
quantum theory, and in particular, those features such as teleportation that
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involve the interaction of multiple systems across time and space. Thus, we
pose a new question:

What is the most appropriate language to reason about quantum theory?

The answer to this question is what this book is all about. The reader will
learn about many important new quantum features that rose to prominence
within the emerging fields of quantum computation, quantum information,
and quantum technologies, and how these developments went hand-in-hand
with a revival of research into the foundations of quantum theory. All of
this will be done by using a novel presentation of quantum theory in a
purely diagrammatic manner. This not only consists of developing a two-
dimensional notation for describing and reasoning about quantum processes,
but also of a unique methodology that treats quantum processes, and most
importantly compositions of processes, as first-class citizens.

1.2.1 A new attitude to quantum theory: ‘features’

Since its inception, many prominent thinkers were deeply unsettled by quan-
tum theory. A great deal of effort and ingenious mathematics in the early
20th century went into demonstrating the bugs in quantum theory, starting
with the now famous EPR paper by Einstein, Podolsky and Rosen in 1935,
which claimed that the quantum state provided an ‘incomplete description’
of physical reality. Roughly speaking, they claimed that something must be
missing in order to make sense of quantum theory in a manner compatible
with our conventional intuitions. However, John Bell showed in 1964 that
any attempt to ‘complete’ quantum theory to EPR’s standards was doomed
to failure, and thereby binned our conventional intuitions as far as quantum
theory is concerned. Bell showed that quantum theory contains at its heart
a fundamental, irreducible non-locality (Fig. [1.3)).

While relativity theory led Einstein to a beautiful and elegant description
of the universe in-the-large, quantum theory seemed to muddy the waters.
And this more or less characterises how most scientists perceived quan-
tum theory. There were essentially two ways of dealing with this discomfort
with ‘quantum weirdness’. One way is to simply ignore any conceptual con-
siderations. This has been the main attitude within the particle physics
community, who exemplify the motto ‘shut-up-and-calculate’. Alternatively,
one can be obsessively concerned with the conceptual problems surrounding
quantum theory, sacrificing most of one’s life (not to mention sanity) trying
to ‘fix’ them.
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now

past

Figure 1.3 Non-locality of quantum theory means that quantum features
cannot be explained by means of a classical probabilistic model. In other
words, there are situations (unlike the one above) where distantly located
observers can experience statistical correlations when they make quantum
measurements that cannot be explained by a common cause.
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Figure 1.4 Alice queries Dave about Aleks having been partnered with Bob.
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Then, starting in the early 1980s, there was an important attitude change,
which could be summed up in a simple question:

What if the purported bugs of quantum theory are actually features?

In other words, people began to realise that there was much to be gained
by embracing quantum theory as it is and trying to figure out how one can
actually exploit ‘quantum weirdness’. One may even hope that by doing so,
we will become more acquainted with quantumness, get more comfortable
with its quirkiness, and maybe, the resulting less conventional intuitions
might even start to make a lot of sense.

And indeed, quantum non-locality, once perceived by Einstein as some
unwanted ‘spooky action at a distance’, suddenly became a key resource.
In fact, decades before software developers started using the motto above
to excuse their lazy debugging practices (‘It’s not a bug, it’s a feature!’),
Richard Feynman had already pointed out that there was at least one thing
that quantum systems were really good at: simulating quantum systems!
As it turns out, this problem is pretty difficult using a normal, classical
computer. Over the next few decades, scientists discovered lots of weird
and wonderful things that quantum systems can do: send secure messages,
teleport physical systems, and efficiently factor large numbers.

The new focus on quantum features gave birth to several new fields:
quantum computing, which studies how quantum systems can be used to
compute, quantum information theory, which studies the implications of in-
corporating quantum phenomena into gathering and sharing information,
and quantum technologies, which concerns the actual business of building
devices which exploit quantum effects to make our lives better.

1.2.2 A new form of mathematics: ‘diagrams’

It should be emphasised that discovering these new quantum features wasn’t
trivial and involved some very smart people. Our bold claim is that when one
adopts the appropriate language for quantum theory, these features jump
right off the page. Conversely, the traditional, Hilbert space-based language
of quantum theory forms a major obstruction to discovering such features.
To give some idea of why this is the case, we will make use of some simple
metaphors.

Imagine that you were trying to determine what was happening in a video
just by looking at its digital encoding (Fig. . Obviously this is a more
or less impossible task. While digital data, i.e. strings of 0’s and 1’s, are the
work horses of digital technology, and while it is possible to understand ‘in
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Figure 1.5 Contrasting a low-level and a high-level representation of the
digital data that one may find within a computational device.

principle’ how they encode all of the media stored on your hard drive, asking
a person to decode a particular string of binary by hand is more suitable for
punishing greedy bankers and corrupt politicians than solving interesting
problems.

Of course, even skilled computer programmers wouldn’t be expected to
interact directly with binary data. Somewhere along the way to modern
computer programming came the advent of assembly language, which gives
a (somewhat) human-readable translation for individual instructions sent to
a computer processor. While this made it more practical to write programs
to drive computers, it still takes a lot of head-scratching to figure out what
any particular piece of assembly code does. Using low-level languages such
as assembly language creates an artificial barrier between programs and the
concepts that they represent, and places practical limits on the complexity
of problems those programs can solve. For this reason, virtually every pro-
grammer today uses high-level languages in their day-to-day work (Fig. .

Similarly, ‘detecting new quantum features’ in terms of the traditional
(i.e. low-level) language for quantum theory, namely ‘strings of complex
numbers’ (rather than ‘strings of 0’s and 1’s’), isn’t that easy either. This
could explain why it took 6 highly esteemed researchers to discover quantum
teleportation, some 60 years since the actual birth of the quantum theoretical
formalism. By contrast, the diagrammatic language we use in this book is
a high-level language for exploring quantum features (Fig. . We will
soon see that by embracing the diagrammatic language for quantum theory,
features like quantum teleportation are pretty much staring you in the face!

Although it goes beyond the scope of this book, it is worth mentioning
that the diagrammatic language we use has found applications in other areas
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.LCO:
.string "QUANTUM!"
.text
.globl main
.type main, @function
main:
.LFBO:
.cfi_startproc
pushq  %rbp
.cfi_def_cfa_offset 16
.cfi_offset 6, -16
movq %rsp, hrbp
.cfi_def_cfa_register 6
subq $16, JYrsp

5.times do

movl $0, -4(%rbp) vs. print "QUANTUM!"
jmp .L2 end
.L3:
movl $.LCO, %edi
movl $0, %eax

call printf
addl $1, -4(%rbp)

.L2:
cmpl $4, -4(%rbp)
jle .L3
leave
.cfi_def_cfa 7, 8
ret

.cfi_endproc

Figure 1.6 Contrasting a low-level and a high-level language for computer
programs. The programs on the left and right perform the same task, but
one is written in the low-level x86 assembly language, and one in the high-
level language Ruby.

—1+1 1+4 147 —1+414 1+3 1—1 1—1 1+4

1+1 1—1 1—1 1+7 —1+4 1+4 147 —1+4
1+1 1—1 1—1 1+4 1—7 —1—i —1-—1 1—1
1 1—¢ —1—¢ —1—i 1—1 1+4 1—1 1—1 1+

4 1+1 1—1 1—1 1+ 1—7 —1—i —1-—1 1—1 VS

1—1 —1—1 —1—i 1—1 1+4 1—1 1—1 1+4
—1+1 1+1 1+7 —1+3 1+4 1—1 1—1 1+

1+4 1—4 1—1 1+7 —1+4 1+4 147 —1+414

Figure 1.7 Contrasting a low-level and a high-level language for quantum
processes, just like we contrasted the low-level and a high-level representa-
tion for digital data in Fig. [[.5] and a low-level and a high-level program-
ming language in Fig.

as well, for example, modelling meaning in natural language (Fig. , doing

proofs in formal logic, control theory, and modelling electrical circuits.
Diagrams are also becoming increasingly important in some fancy research

areas of pure mathematics, such as knot theory, representation theory and
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Figure 1.8 Comparing diagrammatic representations of quantum processes
to those of ‘the flow of meaning’ in natural language. While these are two
very different contexts, Aleks and Bob feel well at home in both due to their
diagrammatic similarity. In the diagram representing natural language, the
upper half represents the grammatical structure, while the bottom half
represents meaning of individual words, and the overall wiring exposes how
the meanings of these words interact in order to produce the meaning of
the entire sentence.

algebraic topology. By using diagrams we eliminate a huge amount of re-
dundant syntactic garbage in representing mathematical objects (Fig. ,
freeing us to concentrate on the important features of the mathematical
objects themselves.

g g
(91 ®92) 0 (f1® f2) = (910 f1) ® (g2 © fa) vs.

Figure 1.9 Two distinct syntactic descriptions corresponding to the same
diagram. In terms of the symbolic language that is used on the left, two
syntactically non-equal expressions might mean the same thing. On the
other hand, in terms of the graphical language that is used on the right,
there is only one representation. This example is explained in great detail

in Section 2.2.41

There are clear indications that diagrammatic reasoning will become in-
creasingly important in the sciences in general, and this book represents the
first attempt to comprehensively introduce a big subject like quantum theory
entirely in this new language. By reading this book—or even more, taking
a course based on this book—you, like the monkeys launched into space in
the 1960s, are the ‘early adopters’ (a.k.a. ‘test subjects’) in a totally new
enterprise.
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1.2.3 A new foundation for physics: ‘process theories’

By taking diagrammatic language as a formal backbone for describing quan-
tum theory (or any other physical theory, for that matter) one also subscribes
to a new perspective on physical theories.

Firstly, traditional physical theories take the notion of a ‘state of a system’
as the primary focus, whereas in diagrammatic theories, it is natural to treat
arbitrary processes on equal footing with states. States are then treated just
as a special kind of process, a ‘preparation’ process. In other words, there is
a shift from focussing on ‘what is’, to ‘what happens’, which is clearly a lot
more fun. This is very much in line with the concerns of computer science,
where the majority of time and energy goes into reasoning about processes
(i.e. programs) and states (i.e. data) only exist to be used and communicated
by programs. It is also becoming clear that one should focus not just on single
programs but on collections of interacting programs to understand complex,
distributed computer systems that are becoming increasingly prevalent in
the modern world.

Another example where studying interaction is crucial to understanding a
system comes from biology. While one can (in principle) deduce the coat of
an animal from its genetic code, this does not explain why that animal has
such a coat. On the other hand, if we look at where an animal lives or how it
attracts a mate, for example, this can immediately become clear. Similarly,
rather than concentrating on systems in isolation, our approach to physics
looks at the overall structure of many systems and processes and how they
compose. We call such a structure consisting of all the ‘allowed processes’
and how these interact a process theory.

Schrodinger realised early on that the most startlingly non-classical fea-
tures of quantum theory came not from looking at a single system, but
rather at how multiple systems behave together. Rather than acting as a
collection of individuals, quantum systems establish complex relationships,
and it is these relationships that suddenly enable amazing new things:

“When two systems, of which we know the states by their respective repre-
sentatives, enter into temporary physical interaction due to known forces
between them, and when after a time of mutual influence the systems
separate again, then they can no longer be described in the same way as
before, viz. by endowing each of them with a representative of its own.
I would not call that one but rather the characteristic trait of quantum
mechanics, the one that enforces its entire departure from classical lines
of thought.”

Schrodinger says that the most important trait of quantum mechanics
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only becomes apparent when we study the interactions of two systems. So,
one might expect any approach to quantum theory to start from a point of
view that emphasises compositionality from page 1. But oddly, if you pick up
a random textbook on quantum theory, this is not the point of view you will
see. It was not until the late 1990s—Ilargely prompted by the discoveries we
discussed in Section [[.2.J}that this idea made it back into the mainstream.

The concept of a process theory does of course put composition at the
forefront, and it suggests a natural way of reasoning about processes. One
should pare down the nitty-gritty aspects of how processes are mathemat-
ically defined, and seek out high-level principles which govern their inter-
actions. These principles taken together constitute what can be called the
logic of interaction for a process theory. von Neumann also thought that
quantum theory should be understood in terms of logical principles. Three
years after he published ‘Mathematische Grundlagen’, von Neumann wrote:

“I would like to make a confession which may seem immoral: I do not
believe absolutely in Hilbert space no more.” (sic)

He went on to say that it is not the Hilbert-space structure of quantum the-
ory which is physically relevant, but rather the quantum analogue of ‘logical
propositions’, namely those properties verifiable by means of quantum mea-
surements. However, this new kind of logic, called quantum logic, ultimately
failed to replace Hilbert space as a conceptual basis for quantum theory.
Its biggest stumbling block was its complete focus on systems in isolation,
and its inability to obtain any conceptual account of composed systems.
More pragmatically, the passage from Hilbert space to quantum logic seems
to make it more difficult to establish new facts or discover new features of

quantum theory, typically requiring extreme cleverness on the part of its
practitioners to establish even basic facts.

In contrast, this new kind of interaction-logic via process theories has very
quickly become a practical tool for high-level reasoning about quantum sys-
tems and beyond, not in the least due to its intuitive diagrammatic language.
It has even formed the basis of a diagrammatic proof assistant—i.e. an in-
teractive software tool that constructs proofs (semi-)automatically—called
Quantomatic (Fig. [1.10).

So, what should we call this new way of reasoning about quantum theory
entirely with diagrams, focusing crucially on its processes and the logic of
their interactions? Since the term ‘quantum logic’ is already trademarked,
we’ll have to use something a bit more descriptive...
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Figure 1.10 Quantomatic: A diagrammatic proof assistant

1.2.4 A new paradigm: ‘quantum picturalism’

In Section we said that the dissatisfaction with quantum theory ob-
structed people from realising what the actual features of quantum theory
were and how those features could be put to good use. Then, by asking the
right ‘positive’ question, many new features were discovered. We went on
to argue that in an adequate mathematical language, the features of quan-
tum theory should be plainly obvious. Taking things yet one step further,
one could wonder if this adequate mathematical language isn’t just easier
to work with, but is also closer to what the world is made up of!

The Holy Grail of theoretical physics is to come up with a theory of
quantum gravity. It is likely that to develop a consistent theory of quantum
gravity, some of the core assumptions of quantum theory will need to be
relaxed. As the standard, Hilbert space presentation of the theory comes as
a packaged deal, it is therefore necessary to seek an alternative presentation
that lets us tease out the important features from the incidental ones. Hence,
figuring out the presentation that matches what is actually out there in the
world is of crucial importance.

Until recently, most if not all attempts to do so suffered from the same
obsessions we mentioned before. That is, they take as their starting points
some failure of quantum theory:

e (*-algebras: the non-commutativity of ‘quantum observables’
e quantum logic: the non-distributivity of ‘quantum propositions’
e quantum measure theory: the non-additivity of ‘quantum measures’

(Sorry about all the jargon.) It doesn’t matter what all of these exactly
mean, but the key thing to observe is that they all emphasise something
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that quantum theory fails to be. What can you do with that? How useful is
it to know that a fish is not a dodo? Not much, since a screwdriver is also
not a dodo.

Instead of highlighting properties that quantum theory fails to satisfy, one
should instead seek out the unique new possibilities highlighted by quantum
theory. We contend that the most interesting features of quantum theory
are diagrammatic ones, which brings us to the first ‘definition’ in this book:

Definition 1.1 Quantum picturalism refers to the use of diagrams to rep-
resent, reason about, and capture essential features as well as to the logic of
interacting quantum processes, in a manner that these diagrammatic equa-
tions become the very foundation of quantum theory.

Now, let’s see quantum picturalism in action. Consider the following fail-
ure of quantum theory: ‘A state of two quantum systems fails in general to
separate into distinct states of systems A and B’. Flipping this around, we
can ‘witness’ non-separability by noting that there exist mazimally entan-
gled states for two systems, which can be succinctly characterised by a single
(very useful!) graphical equation (see Fig. [L.11]).

MU - =

Figure 1.11 The two quantum features ‘existence of maximally entangled
states’ and ‘existence of complementary measurements’ in terms of graph-
ical primitives. Chapters [3| and [§] are devoted to these two features.

A second ‘positive’ feature we explore in this book is the existence of
complementary measurements. Here the corresponding ‘negative’ statement
is that most quantum measurements fail to be compatible (i.e. they cannot
both be performed simultaneously). In fact, the aforementioned conditions of
non-commutativity and non-distributivity both aimed to capture the incom-
patibility of measurements. By contrast, maximum incompatibility captured
by the second equation in Fig. represents an actual quantum behaviour
that we can observe in experiments and exploit in e.g. the design of quantum
security protocols.

One can now even ask whether such features are enough to completely
characterise quantum theory. Can we craft a new formalism for quantum
theory for which the defining axioms represent essential physical features
through elegant diagrammatic properties? Though this story is by no means
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complete, the answer seems to be ‘yes’. We hope that during the course of
this book you will enjoy discovering this fact as much as we did.
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1.3 Historical notes and references

At the end of each Chapter, including this one, we will present a brief
overview of the history of its main content. This particular section, due
to the very nature of an introductory chapter, will cover a lot of ground,
and many things touched upon here will be discussed with greater care at
the end of later chapters.

First, let us say a word about dodos. Dodos became extinct in 1680.
The world’s only preserved dodo remains are resting at Oxford University’s
Museum of Natural History. Thus the appearance of Dave the Dodo is an
homage both to the ‘Oxford Dodo’, as well as another dodo famously ap-
pearing in a fellow Oxonian and local logician’s hallucinogenic trip Alice in
Wonderland (Carroll, [1942). It is fortuitous that our hero is entombed less
than 100 meters from both the place where the first experimental demon-
stration of a quantum algorithm took place (Jones et al., [1998) as well as
from the offices where this book was written.

Actual quantum systems, rather than imaginary quantum dodos, were
first identified as such by Max Planck! (1900), which initiated some 30 years
of constructing the formalism of quantum theory as we know it now, ul-
timately yielding von Neumann’s formulation of quantum theory based on
Hilbert space and linear maps (von Neumann| 1932). Since then, pretty
much any standard textbook of quantum theory still very much resembles
the original, with the exception of this one of course!

The paper most associated with Einstein’s discomfort with quantum the-
ory is the EPR paper (Einstein et al., [1935). Einstein himself never sub-
scribed to the precise wording of the EPR paper, and republished a single-
author paper (Einstein, 1936). As we mentioned earlier, the EPR paper
is now considered to be the first paper pointing in the direction of quan-
tum non-locality, by highlighting a conflict between quantum theory and
the assumption of ‘local realism’. John Bell (1964) strengthened this claim
by proving a general theorem about local realistic models, and showed that
if quantum theory is correct then it must violate local realism. The mod-
ern conception of local realism is that the probabilistic correlations between
events observed at distinct locations can be explained by a causal, classical
probabilistic model (see e.g. |Pearl, 2000). Even today, seeking refinements
and generalisations of Bell’s theorem is a topic of active research (see e.g.
Wood and Spekkens, [2012]).

Importantly, Bell’s version was directly experimentally verifiable, and the
violation of local realism has been experimentally verified many times start-
ing with |Aspect et al. (1981, 1982)). Hence it has been experimentally es-
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tablished that the world is indeed ‘non-local’, exactly as it was predicted by
quantum theory. It should be mentioned that there were a handful of objec-
tions to that initial experiment, in the form of ‘loopholes’ in that particular
demonstration of non-locality. All of these have meanwhile been closed by
other experiments (Weihs et al., |[1998; Rowe et al. [2001), and while there
are still some more things to be checked to finally completely close this
case, the huge variety of experiments that have been done confirming some
form or another of non-locality for quantum theory is pretty compelling, to
say the least (see e.g. Rauch et al., 1975} |Zeilinger, 1999; Pan et al., 2000;
Groblacher et al., 2007)).

Another development prompted by the EPR paper was the quest for inter-
pretations of quantum theory. Given EPR’s claim of incompleteness of quan-
tum theory, one family of interpretations was all about completing quantum
theory, although due to Bell’s theorem, any such an attempt is bound to
be non-local. The most famous one of these is the hidden variable inter-
pretation due to David Bohm| (1952alb). Another one loved by Hollywood
is the many-worlds interpretation due to Hugh |Everett| (1957). The official
default interpretation of quantum theory is the Copenhagen interpretation
due to Niels Bohr and Werner Heisenberg, which in the eyes of many is a
non-interpretation, given that at first sight it provides nothing more than a
recipe to compute probabilities. A detailed survey and extensive discussion
of the interpretations of quantum theory can be found in [Bub (1999).

The shut-up-and-calculate slogan is often associated with Richard Feyn-
man, who did in many ways embody this way of working, but in fact it was
coined by David Mermin| (May 2004), who very much did not skirt around
foundational questions in quantum theory. He used the term not to refer to
this common practice in particle physics, but rather to give his view on the
Copenhagen interpretation (Mermin, April 1989).

While on the topic of Feynman, it is worth mentioning that he was the
first to realise that there was something quantum systems are really good
at: simulating themselves (Feynmanl 1982)). Thus, his notion of a quantum
simulator contained the first seeds of the idea of quantum computation.
The discovery of less self-referential applications for quantum features in
information processing began a few years later with the advent of quantum
key distribution (Bennett and Brassard, 1984). A year later, at the Uni-
versity of Oxford, David Deutsch (1985) gave a formulation for a universal
quantum computer, the quantum analogue to Turing’s universal machine
(Turing} |1937). This led to the discovery of quantum algorithms which sub-
stantially outperformed any classical algorithm (Deutsch and Jozsal 1992}
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Simon, (1997; [Shor, 1994} Grover, |1996)). The term ‘qubit’ was coined by
Schumacher] (1995)).

Quantum teleportation was proposed by Bennett et al. (1993), and its
first experimental realisation was by Bouwmeester et al.| (1997). The ques-
tion why it took 60 years for quantum teleportation to be discovered, was

asked by one of the authors in a seminar at the Perimeter Institute of Theo-
retical Physics, and immediately answered by Gilles Brassard, co-inventor of
quantum teleportation and a pioneer of the quantum information endeavour
as a whole, who happened to be in the audience. He said that no-one be-
fore had considered the information processing features of quantum theory,
and had therefore simply not thought to ask the question. This exchange is

reported in (Coecke, 2005]).

The diagrams used in this book are an extension of those used by Roger
, who introduced them as an alternative for ordinary tensor
notation (see Section. However, many similar diagrammatic languages
were invented prior to this or reinvented later.

In programming language theory, flow-charts were among the first abstract
presentations of programs and algorithms. These flow charts, introduced in
\Gilbreth and Gilbreth| (1922) under the name process charts, are widely used
in many other disciplines too. In quantum information the use of diagram-
matic representations started with quantum circuits, a notation borrowed
from circuits made up of Boolean logic gates, to which a number of new
proper quantum gates where added (see e.g. Nielsen and Chuang, [2010).

A diagrammatic notation specifically tailored towards the processes re-
sponsible for quantum weirdness was first introduced in Coecke, (2003, 2004)),
and independently, also in Kauffman| (2005). These diagrams were provided

with an axiomatic underpinning in |Abramsky and Coecke, (2004), and inde-
pendently in , paving the way to a diagrammatic approach for
quantum theory as a whole. The main pillars supporting the story outlined
in this book are the diagrammatic representation of mixed states and com-
pletely positive maps by , the diagrammatic representation
of classical data as ‘spiders’ in (Coecke and Pavlovic, [2007; |Coecke et al.l,
, the diagrammatic representation of phases, complementarity, and
the introduction of strong complementarity by |Coecke and Duncan| (2008|,
, again in terms of spiders, and the causality postulate introduced by
(Chiribella et al.| (2010). ‘Quantum picturalism’ was coined in (2009).

Important topics in the area of quantum computing and related areas that
where diagrammatically explored are quantum circuits (Coecke and Duncanl,

2008)), (topological) measurement-based quantum computing (Coecke and

Duncan|, 2008; Duncan and Perdrix, [2010; Horsman, 2011), quantum error
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correction (Duncan and Lucas, [2013), quantum key exchange (Coecke et al.l
2011a; |Coecke and Perdrix, 2010)), non-locality (Coecke et al., 2011b, 2012)),

and quantum algorithms (Vicary, 2013} Zeng and Vicaryl, [2014).

Structural theorems about quantum theory emerging from the diagram-
matic approach include a number of completeness theorems (Selinger} 2011a;
Backens), 2014a; Duncan and Perdrix, [2013; [Kissinger}, 2014b)) and some rep-
resentation theorems (Coecke et al.l [2013b; [Kissinger, [2012)).

For applications of the kinds of diagrams that we consider here to other
scientific disciplines, there are, for example, |Coecke et al. (2010b)); Sadrzadeh|
for applications to natural language, for logic in
computer science, [Pavlovic| (2013) for computability, Hinze and Marsden|
for programming, Baez and Fong] (2015)) for applications to electrical
circuits, Bonchi et al.| (2014a)); Baez and Erbele (n.d.) for applications in
control theory, Hedges et al.|(2016]) for applications in economic game theory,
Baez and Laudal (2011) for a pre-history, Baez and Stay| (2011)) for a Rosetta

Stone, and (2013)) for an alternative Gospel.

A discussion of von Neumann’s discontent with Hilbert space is in
(1996)), from which we also took the second quote in Section At-

tempted modifications/generalisations/axiomatisations of quantum theory,

all to a great extent inspired by quantum logic (Birkhoff and von Neumann,
1936)), were pioneered by [Mackey| (1963), [Jauch| (1968) and [Piron| (1976),
[Foulis and Randall (1972) and [Ludwig| (1985). |Coecke et al.| (2000)) provides
a recent survey of these approaches. A tutorial on how property lattices
yield Hilbert spaces is in [Stubbe and van Steirteghem| (2007). A survey of
Foulis and Randall’s ‘test space’ formalism (or ‘manuals’ formalism) is in
. Ludwig’s approach has recently become very prominent again

under the name generalised probabilistic theories (Barrett], [2007). Also, sev-
eral researchers have tried to combine the earlier axiomatic approaches with

diagrams and/or compositional structure (Harding, |2009; Heunen and Ja-|
lcobs|, 2010} [Jacobs, [2010; [Vicaryl, 2011} [Abramsky and Heunenl, [2012} [Coecke]
et al., 2013; |Coecke et al., 2013a; Tull, 2016]).

Giving processes a privileged role in quantum theory was already present
in the work of [Whitehead| (1957) (cf. the quotation at the beginning of
Chapter [f]), in (1961), and became more prominent in (1986).
Process ontologies trace back to the pre-Socratics, most notably to Heracli-
tus of Ephesus in the 6th century BC (cf. the quotation at the beginning
of Chapter ?7). Diagrams, and hence a privileged role for processes and

composition thereof, are used as a canvas for drafting theories of physics in
Hardy]| (2011); |Coecke| (2011); (Chiribella et al.| (2010); Hardy| (2013).
The second quote in Section on the importance of the role of compo-
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sition in quantum theory is taken from Schrodinger| (1935). The first proper
‘interaction logic’ was Geometry of Interaction due to Jean-Yves
, which was recast in a form more resembling the language used in
this book in |/Abramsky and Jagadeesan| (1994), and even more so in
. That quantum picturalism can be seen as a logic of interaction is
argued in , on the basis that the roots of logic are language,

and that the use of logic is artificial reasoning. The diagrammatic proof as-

sistant Quantomatic is described in (Kissinger and Zamdzhiev, 2015)), and

at the time of this writing is still being actively developed. It is available
from the project web site quantomatic.github.iol
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2

Processes as diagrams

We haven’t really paid much attention to thought as a process. We have
engaged in thoughts, but we have only paid attention to the content, not
to the process.

— David Bohm & David Peat, 1987.

In this first ‘real’ chapter we provide a practical introduction to basic dia-
grammatic reasoning, namely how to perform computations and solve prob-
lems using diagrams. We also demonstrate why diagrams are far better in
many ways than traditional mathematical notation. The development and
study of diagrammatic languages is a very active area of research, and intu-
itively obvious aspects of diagrammatic reasoning have actually taken many
years to get right. Luckily, the hard work needed to formalise the diagrams
in this book has already been done! So, all that remains to do is reap the
benefits of a nice, graphical language.

Along the way, we will encounter Dirac notation. Readers who have previ-
ously studied quantum mechanics or quantum information theory may have
already seen Dirac notation used in the context of linear maps. Here, we’ll
explain how it arises as a one-dimensional fragment of the two-dimensional
graphical language. Thus, readers not familiar with Dirac notation will learn
it as a special case of the graphical notation we use throughout the book.

We also introduce the notion of a process theory, which provides a means
of interpreting diagrams by fixing a particular collection of (physical, com-
putational, mathematical, edible, ...) systems and the processes that these
systems might undergo (being heated up, sorted, multiplied by two, cooked,

As we pointed out in the introduction, taking process theories as our
starting point represents a substantial departure from standard practice in
many disciplines. Rather than forcing ourselves to totally understand single
systems before even thinking about how those systems compose and interact,
we will seek to understand systems primarily in terms of their interactions
with others. Rather than trying to understand Dave the dodo by dissecting
him (at which point, he’ll look pretty much like any other fat bird), we will
turn him loose in the world and see what he does.
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This turns out to be very close in spirit to the aims of category theory,
which we will meet briefly in the advanced material at the end of this chapter.

2.1 From processes to diagrams

Let’s have a look at how diagrammatic language gives us a general way
to speak about processes and how they compose, and show that these di-
agrams provide a rigorous mathematical notation on par with traditional
mathematical formulas.

2.1.1 Processes as boxes and systems as wires

We shall use the term process to refer to anything that has zero or more
inputs and zero or more outputs. For instance, the function:

fla,y) =" +y (2.1)

is a process which takes two real numbers as input and produces one real
number as output. We represent such a process as a box with some wires
coming in the bottom to represent input systems and some wires coming
out the top to represent output systems. For example, we could write the

function (2.1)) like this:

(2.2)

The labels on wires are called system-types or simply types.

Similarly, a computer program is a process which takes some data (e.g.
from memory) as input and produces some new data as output. For example,
a program that sorts lists might look like this:

lists

quicksort

lists
The following are also perfectly good processes:

light | light breakfast noise | poo

binoculars

light | light eggs bacon food | love

Clearly the world around us is packed with processes!
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Note how sometimes a box is actually labelled with a process that occurs
over time (e.g. ‘the process of cooking breakfast’), while other times we label
a box with an apparatus (e.g. ‘binoculars’, or ‘baby’). Typically this means
‘the process of using this apparatus to convert input systems into output
systems’.

In some cases, wires in the diagram may even correspond to actual physical
wires, for example:

printer

USB =

computer

Though, of course, this needs not always be the case. Wires can also represent
e.g. ‘aligning apertures’ on lab equipment, or shipping something by boat.
The important thing is that wires represent the flow of data (or more general
‘stuff’) from one process to another.

As we have just seen, we can wire together simple processes to make more
complicated processes, which are described by diagrams:

In such a diagram outputs can be wired to inputs only if their types match.
For example, the following two processes:
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and

can be connected in some ways, but not in others, depending on the types
of their wires:

This restriction on which wirings are allowed is an essential part of the
language of diagrams, in that it tells us when it makes sense to apply a
process to a certain system and prevents occurrences like this:

noise ?

which probably wouldn’t be very good for your computer! Much like data
types in computer science, the types on wires tell us what sort of data
(or stuff) the process expects as input and what it produces as output.
For example, a calculator program expects numbers as inputs and produces
numbers as outputs. Thus, it can’t make sense of ‘Dave’ as input, nor will
it ever produce, say, ‘carrots’ as an output.

Another useful example is that of electrical appliances. Suppose we con-
sider processes to be appliances that have plugs as inputs (i.e. where elec-
tricity is ‘input’) and sockets as outputs:

‘ uk-plug ‘ uk-plug ‘ uk-plug eu-plug
’ plugstrip ‘ power drill
‘ uk-plug uk-plug eu-plug

Then, system-types are just the shape of the plug (UK, European, ...).
Clearly we can’t connect a plug to a socket of the wrong shape, so the type
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information on wires gives us precisely the information we need to determine
which wirings are possible. For example, one possible wiring is:

uk-plug uk-plug
power drill

eu-plug

adaptor =

uk-plug

’ plugstrip ‘
‘ uk-plug

Though this is a toy example, it is often very useful to draw diagrams whose
boxes refer to devices that actually exist in the real world (e.g. in a lab). We
will refer to such diagrams as operational.

2.1.2 Process theories

Usually one is not interested in all possible processes, but rather in a certain
class of related processes. For example, practitioners of a particular scientific
discipline will typically only study a particular class of processes: physical
processes, chemical processes, biological processes, computational processes,
mathematical processes, etc. For that reason, we organise processes into
process theories. Intuitively, a process theory tells us how to interpret wires
and boxes in a diagram (cf. (i) and (ii) below), and what it means to form
diagrams, that is, what it means to wire boxes together (cf. (iii) below).

Definition 2.1 A process theory consists of:

(i) a collection T' of system-types represented by wires,
(ii) a collection P of processes represented by boxes, where for each process
in P the input types and output types are taken from 7', and
(iii) a means of ‘wiring processes together’. That is, an operation that in-
terprets a diagram of processes in P as a process in P.
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In particular, (iii) guarantees that:
process theories are ‘closed under wiring processes together’,

since it is this operation that tells us what ‘wiring processes together’ means.
In some cases this operation consists of literally plugging things together
with physical wires, like in the example of the power drill. In other cases this
will require some more work, and sometimes there is more than one obvious
choice available. We shall see in Section 2.2]that in traditional mathematical
practice one typically breaks down ‘wiring processes together’ in two sub-
operations: parallel composition and sequential composition of processes.

Example 2.2 Some process theories we will encounter are:

functions (types = sets)

relations (types = sets, again)

e linear maps (types = vector spaces, or Hilbert spaces)

e classical processes (types = classical systems)

e quantum processes (types = quantum and classical systems)

We will use the first two mainly in various examples and exercises, whereas
the remaining three will play a major role in this book.

Remark 2.3 Note how we refer to a particular process theory by saying
what the ‘processes’ are, leaving the types implicit. This tends to be a good
practice, because the processes are the important part. For instance, we’ll see
that the process theory of functions is quite different from that of relations,
so it will not do to just call both ‘sets’.

Since a process theory tells us how to interpret diagrams as processes, it
crucially tells us when two diagrams represent the same process. For exam-
ple, suppose we define a simple process theory for computer programs,
where the types are data-types (e.g. integers, booleans, lists, etc.) and the
processes are computer programs. Then, consider a short program, which
takes a list as input and sorts it. It might be defined this way (don’t worry
if you can’t read the code, neither can half of the authors):

gs [0 = 0

s (x :: x8) =

gs [y | y <= xs; y < x] ++ [x] ++
gs [y | y <- xs; y >= x]

Wiring together programs means sending the output of one program to the
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input of another program. Taking two programs to be equal if they behave
the same (disregarding some details like execution time, etc...), our process
theory yields equations like this one:

-

quicksort

i.e. sorting a list twice has the same effect as sorting it once.

The reason we call a process theory a theory is that it comes with lots
of such equations, and these equations are precisely what allows us to draw
conclusions about the processes we are studying.

To take another example, the function we defined at the beginning of
Section lives in the process theory of functions. Types are sets and
processes are functions between sets. We consider two functions equal if they
behave the same, i.e. they have the same graph:

(Note how two input wires means a function of two variables, hence the 3D
plot.) Since they have the same graph, we have:

as well as:
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Exercise 2.4 Cook up some of your own process theories. For each one,
answer the following questions:

1. What are the system-types?

2. What are the processes?

3. How do processes compose?

4. When should two processes be considered equal?

One thing to note is we haven’t yet been too careful to say what a diagram
actually is. A complete description of a diagram consists of:

1. what boxes it contains, and
2. how those boxes are connected.

So the diagram refers to the ‘drawing’ of boxes and wires without the inter-
pretation within a process theory. However, it makes no reference to where
boxes are written on the page. An immediate corollary of this fact is:

Corollary 2.5 If two diagrams can be deformed into each other (without
changing connections of course) then they are equal.

...or put more succinctly:

Only connectivity matters! |

Example 2.6 Here are some pairs of equal diagrams:

- 5 - o

1) b g T
n ; ;

Remark* 2.7 The first pair of equal diagrams in Example[2.6]is called the
Yang-Bazter equation which some readers may have already encountered in

the mathematical physics literature.
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2.1.3 Diagrams are mathematics

Diagrams provide a rigorous language for doing mathematics on par with
traditional mathematical formulas. Just as traditional formulas can be used
to define new concepts and reason about many mathematical structures
(e.g. sets, groups, topological spaces, vector spaces, ...), diagrams can be used
define new concepts and reason about process theories. Perhaps as a result
of their upbringing, some people will not accept something as a rigorous
mathematical object unless it can be expressed as a formula of some kind.
To please those people (and also in order to give another perspective on
diagrams) we will briefly introduce a formula-like notation. However, once
the correct intuition is in place, we shall drop this notation and (almost)
always work with diagrams directly.
We can turn a box into a formula as follows:

B2C1Dq
A1 B1

«—>

In the formula on the right, the subscripts A; and By of f represent inputs,
while the superscripts By, C7 and D; represent outputs. Why did we add
numbers to each of these? This numbering doesn’t have any meaning in its
own right, but it is necessary to eliminate ambiguity whenever we have more
than one wire of the same type in a single diagram. For instance, the second
input to f is a different wire from the first output, thus we refer to these
wires as By and Bs, respectively. We will call a type with some subscript a
wire name, since it refers to a particular wire in the diagram. The subscripts
are of course unnecessary in diagrams because it is already clear that B;
and By are two distinct wires, since they are in different positions on the
page.

The entire expression fffgllcl is called a boxr name, since it refers to a
particular box in the diagram. We can express more than one box by writing
down a sequence of box names, where the order we write them down doesn’t
matter:

B2D1 D2 _ D2 BQDI

A1B1C1945 = 9a5 1A B1Cy

Note that all of the upper and lower wire names in the formula on the right
are distinct. This is because no wires are connected to each other in the
diagram. The way we represent connections is by repeating the name of a
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wire, once as an upper wire name (which corresponds with the output of a
box) and once as a lower wire name (which corresponds with the input):

A1Ay B1Ch
f A2D1h

We can give any subscript to a repeated wire name as long as it doesn’t
clash with any of the other wire names. For example, the following two
formulas represent exactly the same diagram:

fhtegl = phgl (2.3)

We will also consider a single wire of type A as a ‘special’ box:

r==-"

. . A .
with a corresponding box name 1 Af. Hence we can write, e.g.:

B3 1A4
2

In almost every respect, these special boxes are just boxes like any other,
and may be interpreted as the process that ‘does nothing’. However, when
we connect them to the input or output of another box, they vanish:

K |5 |B
!‘f‘\ =I‘f‘\ — g = R (2.4)

The following definition summarises all of above.

Definition 2.8 A diagram formula is a sequence of box names such that
all wire names are unique, except for matched pairs of upper and lower
names. Two diagram formulas are equal if and only if one can be turned
into the other by:
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(a) changing the order in which box names are written,
(b) adding or removing identity boxes, as in (2.4)), or
(c) changing the name of a repeated wire name.

With this concept in hand, we can now provide a definition of a diagram
that makes direct reference to a formula-like counterpart:

Definition 2.9 A diagram is a pictorial representation of a diagram for-
mula where box names are depicted as boxes (or various other shapes), wire
names are depicted as input and output wires of the boxes, and repeated
wire names tell us which outputs are connected to which inputs.

Exercise 2.10 Draw the diagrams of the following diagram formulas:
Cy D A Ay ¢B Ag A5 A
fongCZ fAll gBi fA11 1A(15 1A2 A;
Use the convention that inputs and outputs are numbered from left-to-right.

The above construction shows that all of our work with diagrams could
be translated, without ambiguity, into work on diagram formulas. We will
mostly stick to diagrams since they are easier to visualise, easier to work
with, and do away with the bureaucratic overhead of extra subscripts. How-
ever, we will occasionally use diagram formulas as a handy tool for comput-

ing the process of a given diagram, as in Sections and [£.2.4

2.1.4 Process equations

In Example above, we wrote down many equations involving diagrams
on the left hand side (LHS) and the right hand side (RHS). These diagram
equations always hold, regardless of how we interpret the boxes and wires.
That is, they are true in any process theory. On the other hand, within a
particular process theory it may be possible to represent the same process
using two distinct diagrams. We have already seen a couple of examples of
this in Section 2.1.21

Returning to the process theory functions, suppose we define two pro-
cesses: ‘minus’, which takes two inputs m,n and outputs m — n:

and ‘times 2’, which takes a single input and multiplies it by 2:



34 Processes as diagrams

where all of the wires have type R. Now, consider the following two diagrams:

As diagrams, these two are not equal. However, if we look at the processes
they represent, we see that the process on the left multiplies both inputs by
2, then subtracts one from the other. The one on the right first subtracts
the inputs, then multiplies the result by 2. Even though they have different
diagrams, both processes compute the same function, namely:

2m —2n = 2(m —n)

Thus, these distinct diagrams represent the same process when interpreted
in the process theory of functions, i.e. they are equal as processes, which
we write simply as:

This is called a process equation. A diagram equation is a (trivial) special
case of a process equation, since equal diagrams will always be interpreted
as equal processes.

Remark* 2.11 There is a special class of theories where diagram equa-
tions and process equations coincide. That is, two processes are equal if and
only if they have the same diagram. These are called free process theories, in
analogy with the use of the term ‘free’ in algebra. Here, ‘free’ means ‘no ex-
tra equations’. In general, imposing extra equations between processes puts
a constraint on which interpretations of boxes are allowed (i.e. only those
satisfying the extra equations). Free process theories have the property that
any interpretation of their boxes as processes (in some other process theory)
extends to a consistent interpretation of diagrams.

Exercise 2.12 Give the (diagram) equations that express the algebraic
properties of associativity, unitality and commutativity of a two-input one-
output process. Can you do the same for distributivity of a pair of two-input
processes (e.g. ‘plus’ and ‘times’)? If not, what’s the problem?
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The notion of a diagram equation may seem completely obvious (because
it is!), but it is important to note that such an equation gives a bit more
information than you might first think. To see why, note that equation
is true, but the following equation is false:

(2.6)

The LHS will map the inputs m,n to 2m — 2n, whereas the RHS will map
those same inputs to 2(n — m) # 2m — 2n. The only difference between
this equation and the true equation is that the inputs of the RHS
are flipped. Even though we do not write down the names of wires in the
diagrams (as we do for the diagram formulas of Deﬁnition, these inputs
and outputs do have distinct identities. Furthermore, for a diagram equation
to be well-formed, both sides must have the same inputs and outputs, which
suggests that there is a correspondence between them:

first (and only) output —

first input — ~— second input

In terms of diagram formulas, this would be reflected by the fact that we call
e.g. the first input A; and the second input As on both sides of the equation.
In a diagram, we show which inputs and outputs are in correspondence by
their positions on the page. Bearing this rule in mind, there is clearly a
difference between the correct equation and the erroneous .

Equations between processes with only one ‘output’ should already be
familiar from algebra. When we write an equation like:

2m —2n = 2(m —n)

we distinguish the inputs m,n of the formulas on the LHS and RHS by
giving them names: namely ‘m’ and ‘n’. In algebra, there is always exactly
one ‘output’ of a formula: namely the value computed when all the variables
have been substituted by numbers, so we don’t bother to give it a name. On
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the other hand, diagrams can have many outputs in general, so we need to
distinguish those as well.

We typically think of multi-variable functions, such as the algebraic op-
erations above, as taking one or more inputs to a single output:

(a1y...,am) —b

where the ‘—’ symbol means ‘maps to’ (cf. Appendix . However, in the
process theory functions we can also consider functions of this form:

(al,...,am)H(bl,...,bn) (27)

Remark* 2.13 In functional programming, one might encounter a func-
tion with many outputs in the sense of (2.7)) in expressions like:

Qet (by,...,bn) = flai,...,am) in ...

A simple example of a two-output function is cp, which takes in a number
n, and sends a copy of n down both of its output wires:

2 n—(n,n)

The function cp satisfies the following process equation with minus:

-] ] .
" — (2.8)
]

The process on the LHS takes in two inputs m and n, copies each of them,
and sends one copy of each to two separate subtraction operations. So, the
output is two copies of m — n, one on each wire:

(m,n) — (m,m,n,n) — (m,n,m,n) — (m—n,m-—n)

The process on the RHS takes the inputs m and n, subtracts them, and
copies the result. Again, this yields two copies of m — n:

(m,n) — m—n — (m—n,m—n)
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As before, implicit in equation (2.8) is a correspondence between inputs
and outputs:

first output —— second output

first input ~—— second input

Exercise 2.14 Write (2.8) as an equation between diagram formulas.

Exercise* 2.15 Using c¢p, is it now possible to express the distributivity
equation between ‘plus’ and ‘times’ mentioned in Exercise [2.12)!

2.1.5 Diagram substitution

We can obtain new process equations from old ones via diagram substitution.
Along with simple diagram deformation, diagram substitution will be the
most common style of calculation in this book.

Diagram substitution refers to the act of replacing some sub-diagram of
a given diagram with a new sub-diagram using a process equation. The
resulting diagram will then represent an equivalent process. It is easiest to
see how this works by example. Since we are getting a bit bored with our
copy map, which produces two identical copies of a number, we define a
more exciting one that also multiplies the right copy by two:

.
cp

Now, we can ask which equations cp2 satisfies. We hypothesise that it sat-
isfies a similar equation to ([2.8)):

_ (2.10)
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Starting with the LHS of (2.10]), we apply equation (2.9) to expand the
definition of ¢p2. So, let’s cut out the LHS of (2.9) and replace it with the

RHS of (2.9):

Thus, from (2.9)), we can deduce the following equation, by diagram substi-
tution:

Remark 2.16 An important aspect of diagram substitution is that the
RHS should be plugged into the same place as the LHS was. For example,
the first input of the RHS should be connected to the same wire that the first
input of the LHS was previously connected to, and so on. This is where the
correspondence between the inputs/outputs in a diagram equation which we
discussed in the previous section plays an important role.

Continuing this procedure, we can construct a proof of equation (2.10):

23) 29 |cp?
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Each of the steps in the proof is marked with the process equation we used,
except for step 3, which is just a diagram deformation. Also note that for
the last step, (2.9) is being used backwards, which of course is okay.

Remark* 2.17 (algebra vs. coalgebra) While ¢p is very intuitive in what
it does, it is nothing like the usual operations that one encounters in alge-
bra, like ‘sum’ and ‘times’, exactly for the reason that it has one input and
two outputs. The realisation that many interesting operations indeed have
multiple outputs resulted in a new research area called coalgebra. In terms of
diagrams, ‘co’ can be understood as ‘upside-down’. So, for instance, a ‘mul-
tiplication’ operation can be flipped upside-down to produce a ‘comultiplica-
tion’. Just as one can talk about associativity, unitality and commutativity
in algebra, one can talk about coassociativity, counitality and cocommuta-
tivity in coalgebra, and these conditions are obtained simply by flipping the
equations of algebra upside-down e.g.:

A Sh ¥V

associativity coassociativity

2.2 Circuit diagrams

Recalling that boxes represent processes, we can define two basic composition
operations on processes with the following interpretations:

f®g:
fog:

‘process f takes place while process g takes place’

‘process f takes place after process g takes place’

These operations allow us to define an important class of diagrams called
circuits. Despite their importance, we will see in the next chapter that the
most interesting processes are in fact those that fail to be circuits.
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2.2.1 Parallel composition

The parallel composition operation consists of placing a pair of diagrams
side-by-side. We write this operation using the symbol ‘®’:

Any two diagrams can be composed in this manner, since placing diagrams
side-by-side does not involve connecting anything. This reflects the intuition
that both processes are happening independently of each other.

This composition operation is associative:

(b3} 58 - ) o

and it has a unit, the empty diagram:

® = @ = (2.12)

Parallel composition is defined for system-types as well. That is, for types
A and B, we can form a new type A ® B, called the joint system-type:

A®B

We have already made use of composition of system-types implicitly by
drawing boxes that have many inputs and outputs. Formally, a box with
three inputs A, B, C and two outputs D and F is the same as a box with
a single input A ® B ® C and a single output D ® E:

There is also a special ‘empty’ system-type, symbolically denoted I, which
is used to represent ‘no inputs’, ‘no ouputs’ or both.
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Examples 2.18 Here are some examples of boxes with no input and/or
output wires, written both in terms of ‘®’ and I, and written in the usual
way:

1 A®B A B
-t
ARB®C A|B|C I I

Processes with no inputs and/or outputs play a special role in this book, as
we will see starting in Section [2.4.1]

In the diagrammatic notation, we will rarely use the ® symbol explicitly,
preferring instead to express joint systems as multiple wires.

2.2.2 Sequential composition

The sequential composition operation consists of connecting the outputs of
a first diagram to the inputs of a second diagram. We write this operation
using the symbol ‘o’:

The intuition is that the process on the right happens first, and then the
process on the left happens, taking the output of the first process as its
input. Clearly not any pair of diagrams can be composed in this manner:
the number and type of the inputs of the left process must match the number
and type of the outputs of the right process.

We assume that sequential composition will connect outputs to inputs in
order. If we wish to vary this order, we can introduce swaps:
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The LHS of this equation is well-defined of course, since the sequential com-
position operation is also associative:

GRS RGN

and it also has a unit. This time, it’s a plain wire of appropriate type:

(2.14)

We already encountered these plain wires or identities in Section[2.1.3] where
we mentioned that as a process, we can think of them as ‘doing nothing’
to the input. For a system of type A we will denote the identity on A
symbolically as 1 4. The empty diagram is also an identity, but on the system-
type I, so we denote it as 1;.

2.2.3 Two equivalent definitions of circuits

Definition 2.19 A diagram is a circuit if it can be constructed by com-
posing boxes, including identities and swaps, by means of ® and o.

Every diagram that we have seen in this chapter is in fact a circuit. Here
is an example of the assembly of such a circuit:
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¢)

®
H

We can still recognise this assembly structure in the resulting diagram:

(2.15)

Note however that such a decomposition of a diagram does not uniquely
determine the assembly process (e.g. associativity of ® and o allows for two
manners of composing three boxes), and the same diagram may even allow
for several distinct decompositions. We will see in the next section how this
feature makes a non-diagrammatic treatment of circuits in terms of ® and
o especially unwieldy.

Not all diagrams are circuits. To understand which ones are, we provide
an equivalent characterisation that doesn’t refer to the manner that one can
build these diagrams, but in terms of a property that has to be satisfied.

Definition 2.20 A directed path of wires is a list of wires (wy, wa, . .., wy,)
in a diagram such that for all 7 < n, the wire w; is an input to some box for
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which the wire w;y1 is an output. A directed cycle is a directed path that
starts and ends at the same box.

An example of a directed path is shown in bold here:

Remark* 2.21 In an area of mathematics called graph theory, graphs
without directed cycles are called directed acyclic.

Theorem 2.22 The following are equivalent:

e a diagram is a circuit, and,
e it contains no directed cycles.

Proof There exists a (non-unique) way to express any diagram with no
directed cycles in terms of ®, o, and swap. Since the diagram contains no
directed cycles, we divide the diagram into ‘layers’ l1,...,[,, where the out-
puts of each box (including identities and swaps) in layer [; only connect
to boxes in layer [;,1. For example, one way to divide diagram into
layers is:
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In each layer, ® combines boxes into one, and o combines the layers together,
so we indeed have a circuit. Conversely, any diagram built up using just ®
and o can be decomposed into such layers, which implies the absence of
directed cycles. O

Remark* 2.23 In relativity theory, a particular ‘division of a process into
layers’ used in the previous proof is called a foliation. We will have a closer
look at foliations in Section [5.3.3]

Since circuit diagrams contain no directed cycles, we can give them a ‘tem-
poral interpretation’ by letting time flow from the bottom of the diagram
to the top:

In particular, no wires go ‘backward in time’. This interpretation implicitly
assumes that ‘inside the boxes’ the temporal flow is from the inputs to the
outputs:

A canonical example of a diagram which is not a circuit is one involving
a feedback loop, i.e. a box’s output is connected to its own input:

which is indeed a directed cycle consisting of just one wire.

Remark* 2.24 Even more fundamental than foliations, all circuit dia-
grams admit a causal structure, which means that for any two boxes f and
g, there are only three possibilities:
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(1) f isin the causal past of g,
(2) g is in the causal past of f, or
(

3) neither is in the causal past of the other.

We elaborate a bit more on the connection between circuits and the causal
structure of spacetime in Section 5.3, when we explore the connections be-
tween quantum theory and the theory of relativity.

Circuit diagrams provide the correct language to discuss experimental
setups that one can do in a laboratory, which take certain physical systems
and/or data as input and which output other physical systems and/or data.
‘Parallel’ and ‘sequential’ then directly refer to how the devices are arranged.

Remark 2.25 Some might find the term ‘circuit’ somewhat oddly chosen
for a kind of diagram that excludes feedback-loops. This terminology is
justified for two reasons. Firstly, it mirrors the terminology used in quantum
computing literature (c.f. ‘quantum circuits’). Secondly, while it is impossible
to ‘wire in’ feedback loops, we can actually introduce feedback-like behaviour
by introducing special boxes called ‘caps’ and ‘cups’ to circuits. We will see
how this works in Chapter

2.2.4 Diagrams beat algebra

In Section we gave a representation of diagrams in terms of diagram
formulas in order to convince the reader that one should think of diagrams
as mathematical entities on par with traditional formulas. However, the
diagram formulas caused an increase in bureaucracy, and are not at all easy
to parse. We have now seen that it is possible to represent (at least) circuit
diagrams in a more traditional algebraic language using just ® and o. One
might now wonder if this is a good alternative to using diagrams. The answer
is a resounding NO!

An algebraic syntax involving the ®- and o-symbols needs to be subjected
to many additional equations, all of which are built-in to the diagrammatic
language. A first example of this is the fact that associativity and unitality
of parallel composition are handled automatically:

e Drawing three boxes side-by-side implicitly assumes associativity:

(f®9)®h= ?ﬂ =f®((g®h)
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e Composition with empty space does nothing;:

f®11= ==f

Associativity and unitality of sequential composition are also built-in: asso-
ciativity is handled again by throwing away the brackets, and unitality is
handled by depicting identities as a piece of wire with no box on it.

A more striking example occurs when we combine the two compositions.
Consider the following two expressions:

(1 ®92) 0 (f1® f2) and (910 f1) ® (92 0 f2)

Evidently, in the absence of any additional equations on the ®- and o-
symbols these are not equal. Now we compute their corresponding diagrams.
For the first expression we obtain:

(et (oth)-(98) (0 18) -

and for the second we obtain:

(el

So we get the same diagram twice!
Since the ®- and o-symbols are supposed to be an algebraic syntax for
diagrams we need to impose a new equation:

(1 ®g2) 0 (f1® f2) = (910 f1) ® (920 f2) (2.16)

while in the diagrammatic language this is nothing but a tautology! So what
is the actual content of (2.16))7 It states that the composite process:

process g takes place while process gy takes place,
after,
process f1 takes place while process fo takes place,

is the same as the composite process:
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process g1 takes place after process fi takes place,
while,
process go takes place after process fo takes place.

Evidently this is true, and it is something we get for free in the diagrammatic
language, but in algebraic language we need to explicitly state this.

Given the equations we have stated thus far for the ®- and o-symbols, we
can derive many new ones. For example:

L1 - Ble
can be derived by combining , and :
0 (Lo (vo7) - (1ol ) -7

while in the diagrammatic language it is again a tautology. Another example
of an extra equation for the ®- and o-symbols involves a crossing;:

;ig? 2.17
1[s] (2.17)

One can easily imagine how many more non-trivial equations are derivable
when combining (2.11), (2.12)), (2.14), (2.16) and (2.17), many of which

would look not at all obvious without drawing the diagram.

Exercise* 2.26 Assume the following equation:

A

B
oAoB,C = (04c®1p)o(la®opc) where OAB = ><
A B

Prove the first and the last diagram equation from Example as algebraic
equations using just the above equation and the other algebraic equations
introduced in this section.

So why do things become so complicated? In simple terms, one is try-
ing to squeeze something that wants to live in two dimensions (a diagram)
into one dimension (a ‘linear’ algebraic notation). When we do this, the
horizontal and the vertical space on the piece of paper we used to draw our
diagram suddenly coincide, and we need a bunch of extra syntax (e.g. brack-
ets), to disambiguate the parallel and sequential compositions in their new
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‘compressed’ world. We then need to subject this extra syntax to a bunch of
extra rules to enable the kinds of deformations we were doing quite naturally
with diagrams before. The punchline:

diagrams rule!

There is a lot more to say about the precise connection between algebraic
equations and diagrammatic reasoning, particularly in the context of an area
called (monoidal) category theory. While not crucial to understanding this
book, we refer the interested reader to the advanced material in Section [2.6.2

2.3 Functions and relations as processes

We now introduce two simple process theories: the theory of functions
and the theory of relations. Besides it being useful to have some concrete
examples of process theories in hand in order to understand some of the
concepts to come, these examples establish two important insights:

e They indicate how traditional mathematical structures (sets, in this
case) can form the types of a process theory, and

e that, even for some fixed system-types, the choice of processes is in fact
far more important in determining the character of a process theory.
In particular, while the process theories functions and relations are
both based on sets, we shall see in this and the next chapter that their
properties as process theories couldn’t be farther apart.

For these reasons, these example process theories, and maybe somewhat sur-
prisingly, relations in particular, will prove a useful stepping stone toward
the process theories of linear maps and quantum maps.

2.3.1 Sets

To define a process theory, we need to first say what the system-types are,
then what the processes are. For both functions and relations, the system-
types are just sets. We will encounter some familiar sets, like the natural
numbers N, the real numbers R, the complex numbers C (whose properties

we review in Section® 4.3.1]), and:
B:={0,1}

which is called the set of booleans or bit values. Joint system-types are formed
by taking the Cartesian product of sets, that is:

A®B:=Ax B={(a,b) | ac A,be B}
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The definition is similar for three or more sets, in which case we replace
pairs of elements by tuples:

A xoox Ay i={(a1,...,ay) | a; € A}
If we ignore brackets on tuples of elements, e.g. letting:
((a,), ) = (a,b,¢) = (a, (b))
parallel composition of systems is associative:
Ax (BxC)=(AxB)xC
as required.

Example 2.27 The set of bitstrings of length n can be expressed as an
n-fold Cartesian product:

We can think of this as the set of natural numbers ranging from 0 to 2" — 1
by considering the bitstrings as a binary representations of these numbers,
e.g. for n = 4 we represent 0 as (0,0,0,0), 1 as (0,0,0,1), 2 as (0,0,1,0),
..., up to 15, which we represent as (1,1, 1,1). This is a trick often used in
computer science, and it is also important in this book.

The trivial type I is defined to be the set {x} that contains just a single
element, here called ‘#’. If we always drop * from tuples, e.g. letting:

((I, *) =a= (*,CL)
then {#} becomes the unit for parallel composition of wires:
Ax{s}=A={+}x A

Remark* 2.28 Strictly speaking, the sets (A x B) x C' and A x (B x C),
as well as the sets A x {*} and A are not equal, but isomorphic, that is, their
elements are in 1-to-1 correspondence. In fact, they are not just isomorphic,
but isomorphic in a very strong sense, called naturally isomorphic, which
pretty much means that for all practical purposes they can be treated as
equal. The failure of strict equality is mainly due to the sort of ‘algebraic
bureaucracy’ we complained about in Section 2.2.4] so it won’t have any
effect on working with diagrams. Section™* contain more details on this
somewhat delicate issue.
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2.3.2 Functions

In the process theory of functions every process:

is a function from a set A to a set B. Since joint systems are formed using
the Cartesian product, a function with many inputs and outputs, e.g.

is a function from the Cartesian product of sets A x B to the Cartesian
product B x C x D. So f maps pairs (a,b) € A x B to triples (V/,¢,d) €
B x C x D. More specifically, a function from B x B to B x B x B is a function
from bitstrings of length 2 to bitstrings of length 3, for example:

Now that we know what the system-types and processes are, we need to
say what ‘wiring processes together’ means (cf. Definition . We will do so
by specifying what parallel and sequential composition for functions means.
Sequential composition is the usual composition of functions:

(9o fla) :=g(f(a)) (2.18)

Parallel composition is defined as applying each function to its corresponding
element of a pair:

(f ®9)(a,b) := (f(a),g(b)) (2.19)

This tells us everything we need to know to compute the function represented
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by a circuit diagram, since we can decompose the diagram across ® and o:

= (1a®g)o(f®h)

then applying equations (2.18) and (2.19). There might be more than one
way to decompose a diagram, but the actual function computed will always

be the same. Note that this will work for any diagram where the wires do
not cross. To handle crossings, we need to define a ‘swap’ function.

Exercise 2.29 Which function represents the swap:

where A and B can be any set?

Exercise 2.30 Compute the functions:

where:

(0,0)
(0,1)
(1,1)

0)

(0,0
0—1 (0,1
NOT| CNOT p
1,1 (1,

After reading this book, you will be able to straightforwardly write down

0
0,
1
1
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the answer for each of these two diagrams (not from memory, but because
the calculation is so easy with the tools we will provide!).

2.3.3 Relations

In the process theory of relations every process:

is a relation from a set A to a set B, that is, a subset:
RcAxB

We say a and b are related by R if (a,b) € R. It will be useful to use a more
function-like notation, writing:

R:am—b instead of (a,b) e R (2.20)
and as a counterpart to the notation f(a) for functions, we can set:
R(a):={b| R:aw~ b}

Thus relations that happen to be functions can be expressed in the same
notation as before. However, for more general relations, we are allowed to
map a single element in the input to any number of elements in the output.
For example:

{z,y, 2} a—x
o av—>y
{a,b,c} b— z

which we can also write as:

{z,y,2} a— {z,y}

Db —> 2

{a, b, c} c— g

Interpreted as a process, a relation is like a function with added non-

determinism: a single input can map to several outputs, or none at all.
Relations are composed sequentially as follows: an element a is related to

¢ by (S o R) if and only if there exists some b such that R :: a — b and
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S :: b +— c. Symbolically:

ta—c < 3b ::a»—>band tb—c (2.21)

Note how this ‘if and only if” expression is being used to define a new relation,
that is, it tells us precisely which elements a and ¢ are related by S o R.
You may have seen a picture of relation composition in school that looks
something like this:

S SoR

-6

Here, we can see that elements are related by S o R if and only if there is a

path connecting them in the diagram on the left.
Parallel composition of relations is defined as follows:

i (a,b) — (c,d) = ::a'—>cand tbe—d| (2.22)

As in the case of functions, we can now compute a relation represented by
a diagram by decomposing it over ® and o then applying (2.21)) and (2.22)),
but this can be quite a bit of work. Luckily, there is a general procedure
for computing diagrams of relations directly. Here’s how it goes: suppose
we have some known relations R, S and T, and we want to compute a new

relation P as their composition:

(2.23)
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Step 1: Write P as a diagram formula:

A2B2C1 A2 Az gB2C1 Dy
PBlAl - RBI SASDITAI

Step 2: Change wire names to elements of the appropriate set. For example,
write By as an element by € B:

agbger aza3 gbacy ndy
Pblal Rbl Sagleal

Step 3: Change box names to actual relations that map the element(s) in
the subscript to the element(s) in the superscript, and adjoin ‘3z’ for every
repeated element x:

R :: by — (ag,a3) and
P (bl,al) —> (a2,b2,61) < Hagﬂdl S (ag,dl) = (bg,cl) and
T: a1 — d;p

In the absence of inputs and/or outputs, one must use ‘*’ i.e. the unique
element in the set I = {x}.

9

Step 4: The expression in RHS of * <= ’ now uniquely characterises all

related tuples in LHS, and hence can now be used to compute P.

For the particular cases of sequential and parallel composition of relations
we recover (2.21]) and ([2.22)) respectively. To see this, just draw the diagrams
of f®g and go f, apply steps 1-3, and see what comes out.

Exercise 2.31 Suppose A, B, C, and D are the following sets:

A = {a1,as,a3}

B=B
C = {red, green}
D =N
Compute P as defined by , for R, S,T defined as follows:
a1,5) — (0,red
R {1'—>(a1,a1) g - Eai,S;Hgl,red; T {al»—>200
1— (a1,a2) as — 5
(az,6) — (1,green)
and for R, S,T defined as follows:
(a1,0) — B x {red, green}
- {0 — A x {az, a3} 5. (a1,1) — B x {red, green} Zl :E
|1 A x {ag, a3} "1 (a1,2) — B x {red, green} 2

az — N
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Remark* 2.32 Due to the close resemblance between the process theories
relations and linear maps, and in particular, the fact that they both admit
a matriz calculus (see Chapter , this ‘trick’ for computing diagrams of
relations applies also for computing diagrams of linear maps, as we shall see
in Section and hence will also be relevant for quantum processes. In
fact, if we treat relations as matrices with boolean entries, the computation
is essentially identical.

2.3.4 Functions vs. relations

When we restrict the definitions and to functions, we ob-
tain and respectively. In both cases, we took advantage of the
fact that functions relate each input element to a unique output to obtain a
simpler form. For example, in the case of parallel composition of functions
f:A—> Candg:B — D, for each a € A and each b € B there is a unique
ce C and d € D such that f :: a — c and g :: b — d, and hence, building
f ® g amounts to merely pairing these two elements as we did in . On
the other hand, for relations, there only will be (¢,d) € C' x D such that
R® S :: (a,b) — (¢,d) when there exist both a ¢ € C and a d € D such that
R:aw— cand S :: b— d, and there could of course be more than one of
such pair (¢, d).
Now, since:

1. both functions and relations have sets as system-types, so in partic-
ular, the system-types of relations include those of functions,

2. functions are a special case of relations, and hence the processes of
relations include the processes of functions,

3. sequential composition o of functions is a special case of sequential
composition of relations, and parallel composition ® of functions is
a special case of parallel composition of relations,

we say that the process theory of functions is a sub-theory of relations.
We can write this as follows:

functions < relations

Of course, there are many more relations than there are functions, and
throughout this book we will encounter many important relations that aren’t
functions. In fact, these extra relations are precisely what make the process
theory of relations behave much more like linear maps than functions.
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2.4 Special processes

In this section, we single out several types of process which will play a central
role throughout this book.

2.4.1 States, effects, and numbers

So far, we have been handling boxes without any inputs and/or without any
outputs just like any other box. However, these particular boxes have a very
special status when we interpret them as processes.

e States are processes without any inputs. In operational terms they are
‘preparation procedures’. We represent them as follows:

v

Whereas a system A could be in any number of possible different states, a
preparation procedure will produce a system of type A in a particular state
1) taken from these possibilities. The fact that there is no wire in means we
don’t know (or care) where this system came from, just that we have it now
and it is in a particular state. For example, if we say ‘here is a bit initiated in
the 0 state’ then we don’t really care about the previous history of that bit
as long as we have the guarantee that it is currently in state 0, and that it
is available to perform some further computations. Or, in the case of saying
‘here is a fresh raw potato’ we don’t really care whose farm it came from or
which animal’s manure was used, as long as we know that we have a fresh
raw potato which we can process further into fries.

e [ffects are processes without any outputs. We have borrowed this ter-
minology from quantum theory, where effects play a key role. From now
on we represent them as follows:

i

The notion of effect is dual to the notion of state, in that one starts with a
system and has nothing left afterwards—or, we simply don’t care what we
have afterwards. The simplest example of an effect consists of discarding a
system, where the system is destroyed (or simply disregarded). Less trivial
effects refer to things that may or may not happen, depending on the actual
state of a system. For example, ‘the bomb exploded’, ‘the photon was ab-
sorbed’, ‘all the food was eaten’, or ‘the dodo became extinct’ could all be



58 Processes as diagrams

considered effects, since afterwards there is no bomb, no photon, no food,
and no dodo.

Operationally speaking, effects are used to model ‘tests’. When we say
an effect ‘happens’, it means we tested whether a system satisfies a certain
property and have obtained ‘yes’ as the answer, after which we discard that
system, or—as is often the case—the system is destroyed in the verification
process. All together, a test consists of:

1. a question about a system,
2. a procedure which enables one to verify this question, and
3. the event of obtaining ‘yes’ as the answer, i.e. the effect ‘happened’.

So, there is more to the notion of a test than just answering a question.
For example, when making a drawing, one could ask the question: ‘Is this
a red pen?’ A corresponding test would then consist of taking a piece of
paper, then writing with the pen on it, and observing that colour is indeed
red. Of course, in this case one would (usually) not destroy the pen. Gen-
uine destruction takes place when one asks the question: ‘Is this a working
match?” A corresponding test would then consist of trying to light the match
and succeeding, after which we end up with no match. The act of discarding
a system is also a test, albeit a trivial one. After verifying some property
which holds for any state of a system (e.g. ‘does this system exist?’), we
discard it. This is of course a very silly test, since no information is gained,
but the system is lost.

At first glance, it seems like tests are more than just ‘preparation proce-
dures in reverse’. However, if we assume that preparation procedures can fail
(as is often the case in the lab), we see that the notions really are symmetric.
A preparation procedure consists of:

1. a state we would like our system to be in,
2. a procedure which enables one to put a system in that state, and
3. the event of obtaining ‘yes’; i.e. the state was successfully prepared.

Of course, unlike tests, we could just keep re-trying until a preparation
succeeds (or we run out of funding), so we tend to disregard 3.
When we compose a state and an effect, a third special box arises:

by -5

e Numbers are processes without any inputs or outputs. From now on we
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represent them as:

@

or sometimes simply as:

A

At this point, you’re probably saying ‘Hang on! I already know what numbers
are, and this doesn’t have anything to do with processes with no inputs
and outputs!” Well, the numbers you learned about in school (e.g. whole
numbers, real numbers, possibly complex numbers...) are all instances of
this very general kind of ‘number’.

So, what are processes with no inputs or outputs? Well, they are just a set
of things which can be ‘multiplied’, thanks to ®-composition (or equivalently
in this case, o-composition). That is, if A and p are numbers, then:

A@ = B

is also a number. Also, we saw in Section that diagrams rule, so this
‘multiplication’ is associative:

Bewer-O PP =10 Ko

and has a unit, given by the empty diagram:

A@1 =< = A

And finally, because of the lack of inputs and outputs numbers can move
around liberally within a diagram, and even can do a little dance:

& & e @
o o CC s T o

This little dance shows that multiplication of numbers is furthermore com-

(2.24)

mutative. So, what we call ‘numbers’ consists of a set of things which can be
‘multiplied’, and that multiplication is associative, commutative, and has a
unit (i.e. a chosen number that means ‘1’). Sound familiar? Mathematicians
call this a commutative monoid. Other people would call this ‘virtually any
kind of numbers you can imagine.’

Remark* 2.33 This remarkably simple little proof shown in is
known as the Eckmann-Hilton argument. It shows in general that, whenever
we have a pair of associative operations (in this case ® and o, applied specif-
ically to numbers) which share the same unit (1; in both cases) and satisfy
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the interchange law (which of course comes for free with diagrams),
both of these operations are commutative and are in fact the same operation.
Here, we used it to prove that ® (or equivalently o) gives us a commutative
‘multiplication’ operation for the numbers of any process theory.

So, how should we interpret the fact that, when a state meets an effect, a
number pops out? One extremely useful interpretation is that this number
gives the probability that the effect happens, given the system is in a partic-
ular state. Or, in terms of tests, it is the probability that when we test the
state 1 for an effect m we get ‘yes’ as the answer:

test
{ probability (2.25)

state {

We refer to this as the generalised Born rule. Here, we say ‘generalised’
because it makes sense in any process theory. We will see in Chapter [o| that
by restricting to the theory of quantum maps, we obtain the rule that
is used to compute all probabilities within quantum theory, which is called
simply the Born rule.

Remark* 2.34 A reader familiar with quantum theory may think that
rather than a probability, in we obtain a complex number (a.k.a. an
‘amplitude’), which we then have to multiply with its conjugate in order
to obtain a probability. This is indeed the case if we are dealing with plain
old linear maps. However, quantum maps have this step ‘built-in’, so
the numbers are always positive real numbers. In Example below we
indicate how indeed produces the correct probabilities in quantum
theory, and in Section [5.1.1] we explain how the passage from complex num-
bers to probabilities, via multiplication of a number with its conjugate, is
nicely built-in to the theory of quantum maps.

In many physical theories, and quantum theory in particular, states are
thought of as elements in some set (or space), and processes as functions
between sets/spaces. Numbers are yet again another thing, and effects in
many cases don’t even seem to have a clear counterpart. However, in the
diagrammatic language, we treat states, effects, and numbers all on the same
footing as special cases of processes. This is very convenient because we can
define many concepts for arbitrary processes that will apply immediately to
all of these special cases.

We will now see how all of these special kinds of processes look in the
process theories we have encountered so far.
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Example 2.35 (functions)

1. States correspond to the elements of a set. Since ‘no wire’ means the
single element set {*} (see Section|2.3.1)), a state is a function from {x}
into another set A. This function ‘points to’ a single element a € A,

@ZZ*HCL

Conversely, for each a € A, there is a unique function that sends * to a,
so elements of A and functions from {*} into A are essentially the same
thing, which justifies us simply calling this function a. If we let A := B,

namely, the image of =:

there are exactly two states:

%07::*'—>O @::*l—»l

2. Effects are boring. For any set A, there is exactly one function from
A to {*}, namely, the function that sends everything to *. Therefore,
we shouldn’t even bother to give it a name. Again letting A := B this

unique effect is:
4 O — %
R I

3. Numbers are boring...for the same reason that effects are boring. Since a
number is a special case of an effect, there is only one number, namely,
the function that sends * to %. This unique number is already repre-
sented by the empty diagram, so we don’t even need to draw it!

So in summary, states of type A are the elements of A, but there isn’t enough
freedom with functions to get interesting effects and numbers.

Let’s see what happens if we generalise to relations...
Example 2.36 (relations)

1. States correspond to subsets of a set (a.k.a ‘non-deterministic’ ele-
ments). A state is a relation from the single element set {*} to an-
other set A, thus it will relate * to zero or more elements of A. Just as
we named states in functions by set elements, we can name states in
relations by the subset B < A that * ‘points to’:

:;*HB
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When A := B there are four states in relations corresponding to each
of the four subsets of {0, 1}:

;;*H@ @;:*H{o} @:;*H{n ;;*HB

As with functions, we have the states 0 and 1, which correspond to
the system being definitely in each of these respective states. We can
interpret the state B as the system being in either of the two states 0
or 1. The state (J corresponds to the system being in neither 0 nor 1,
i.e. an ‘impossible’ state of the system.

. Effects also correspond to subsets. Relations from a set A to {x} are

uniquely defined by the subset B € A consisting of all a € A where
a — . For A := B all the possible effects are:

::{OH@ @::{OH{*} ::{0'_)@ ::{OH{*}
l— g 1= 1= {+} L {x}

The effects 0 and 1 can be interpreted as tests that verify if the system
is in the state 0 or 1 respectively. The effect B can be interpreted as the
trivial test which gives ‘yes’ as the answer for any of the three ‘possible’
states 0, 1 and B, whereas the effect ¢ is the ‘impossible’ effect, which
will never happen.

There are two numbers corresponding to ‘“impossible’ and ‘possible’.
There are two relations from the set {#} to itself, namely the empty
relation and the identity relation:

x> ko )

We interpret these two numbers as impossible and possible, which makes
perfect sense when we look at what happens when we test whether the
system is in a particular state. First consider:

/o\
\/

If the system is in the state 0 it should be possible to get a positive
outcome when testing for effect 0. Of course it’s possible, and in fact
this should always happen! However, as there is no number ‘certain’ in

relations, ‘possible’ is the most we can get. Next, consider:

/o\
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If the state is either 0 or 1, then it is possible (but no longer certain)
that testing for 0 will yield a positive outcome. Finally consider:

If the system is in the state 0, then it is indeed impossible for the test
1 to give a positive outcome.

The following starred example uses some notation that will be introduced
over the next two chapters. However, those already familiar with quantum
theory may find it useful. Other readers should skip this example for now.

Example* 2.37 (quantum maps) Quantum maps give a particularly
elegant way to express completely positive maps, of which mixed quantum
states, quantum effects, and probabilities are all special cases. Most of Chap-
ter [9]is devoted to them, but here we provide a first glimpse. For the benefit
of those already familiar with quantum theory, we use traditional termi-
nology and notation here, rather than the more process theoretic versions
introduced in Chapter

1. States correspond to density operators. These are depicted as:

7

The action of a completely positive map £ on a state p, that is:
Eup— Z A}pAi
i

is depicted as:

2. Effects are positive linear functionals. These are depicted as:

A

for some positive operator A. Their action on a state p, that is:

p = tr(Ap)
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(where tr is the trace) is depicted as:

(AN
N/

(2.26)

A special case is the trace itself:

p = tr(p)

which represents ‘discarding the system’, and is depicted as:

E

The conditions of being trace-1 (for states) and trace-preserving (for
completely positive maps) are written respectively as:

5 T

3. Numbers are positive reals. The Born rule (2.25) now takes the form
(2.26]), and it indeed produces positive reals i.e. probabilities.

What may surprise the reader is that density matrices are depicted as states,
i.e. no input, rather than as input-output processes (cf. density ‘operator’),
and that completely positive maps are depicted as input-output processes,
rather than as something that takes input-output processes to input-output
processes (cf. ‘superoperator’). This is a consequence of the manner in which
we define quantum maps, and this is of course an upshot, since now the
diagrams reflect the true nature of quantum states/effects/processes.

2.4.2 Saying the impossible: zero diagrams

An extreme example of (non-function) relations are zero relations. These are
relations in which ‘nothing relates to nothing’, i.e. there are no a € A and
b e B such that R :: a — b, or equivalently:

B

ta— g
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We already encountered a few of these, namely:

e L )J0= g N
@.. %) @..{1H@ 7 %)

Each of these represented something ‘impossible’.

Since an effect represents a test in which we successfully verify a certain
question, it may be the case that for certain states this effect is simply im-
possible. So what do we get if we compose that state and that effect in a di-
agrammatic language? We should of course get a number which corresponds
to ‘impossible’. These impossible numbers, and more generally impossible
processes, have an elegant characterisation within a process theory.

For the specific case of relations, it is easily seen that both the sequential
and parallel composition of a zero relation with any relation is again a zero
relation. For general process theories, assuming that an effect 7 is impossible
given a state 1, the number:

should represent the impossible. Of course, if part of a larger process is
impossible then the entire process is impossible, hence:

-0t

should also be impossible for any f. So if we want to accommodate the
impossible in our language, for every possible input and output type there
should be a zero process, which obeys the following composition rules:

205 gp-tn e

Exercise 2.38 Prove that if a zero process satisfying (2.27)) exists, then
for any given type of input/output system, it is unique.

So just as multiplying by the plain old number zero always yields zero,
zero processes ‘absorb’ any diagram in which they occur. In other words,
any diagram containing a zero process is itself a zero process. Due to the
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uniqueness of the zero process, we will just write it as ‘0’, and ignore its
input and output wires:

The main point to remember here is that 0 is not the empty diagram,
since the empty diagram can be adjoined to any diagram without changing
it. Zeros on the other hand ‘eat’ everything around them!

2.4.3 Processes that are equal ‘up to a number’

There will be many instances in this book where numbers are crucially im-
portant, most notably when the Born rule is used to compute prob-
abilities. However, on other occasions, they are just a bit of a nuisance. For
example, we may only be interested in some qualitative aspect of a process,
such as whether it separates into disconnected pieces (cf. Section in
the next chapter), in which case numbers play no role. In other cases, we
can make life a bit easier by ignoring numbers throughout a calculation and
figuring out at the end what they should be. Therefore, we’ll introduce some
notation to handle these kinds of situations:

Definition 2.39 Two processes are equal up to a number, written:

bt

if there exist non-zero numbers A and p such that:

A - u ?j (2.28)

We require A and p to be non-zero because otherwise everything would
be ~-related to everything else:
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which is not particularly useful. What should instead be true is that the
only thing ~ 0 is zero itself:

Exercise 2.40 Assume a process theory has no zero-divisors, i.e. for all
processes f and numbers A we have A\f = 0 if and only if A = 0 or f = 0.

Then show that:
~ 0 = =0

A fortunate feature of the relation =~ is that it plays well with diagrams.
Suppose for example that h ~ h’, then:

So, for any diagram containing h, we have:

s

Even if we ignore numbers in a calculation, we might still recover them
at the end. Suppose we have established that:

N

If there exists a state 1) and an effect 7 such that:

/m\ /m\
Fl A0 g
Y/ \Y/

then by sandwiching both f and ¢ in equation we obtain:
M) =nl]
NV
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where all numbers are non-zero. As a consequence, if the numbers of a pro-
cess theory are not too crazy, then we can figure out what A and p must be
in order to obtain an equality.

2.4.4 Dirac notation

Throughout this chapter we have extolled the virtues of diagrams, most
coming from the freedom to write down processes in two dimensions. With
modern technology, these diagrams are pretty easy to stick in, say, a text-
book. However, things weren’t always this good. Let’s see now how far we
get if we try to turn diagrams into a notation that can easily be churned
out on a good old fashioned typewriter.

Our initial conventions for states and effects are as follows:

D1: @7 is written as |¢) and called a ‘Dirac ket’
D2: @ is written as (r| and called a ‘Dirac bra’

We can now also consider compositions of a state and an effect:

D3: is written as (m|¢)) and called a ‘Dirac bra(c)ket’

As our naming indicates this notation was introduced by a physicist called
Paul Dirac, specifically for the purpose of describing quantum theory. It is
still widely used in most textbooks on quantum theory today.

Remark 2.41 We have slightly deviated from the usual Dirac notation
since we are missing one essential refinement of the diagrammatic language
to give a complete account here, namely the ability to turn a ket into a bra.
We will do this in Section [3.3.3] where we provide modified versions of D2
and D3.

Note that there’s a pretty easy recipe for turning diagrams of states and
effects into Dirac notation:
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> = >

<}>
e

G

2 ¢ B«
@ S <H> = <l

So, up to some cutting and rotating, Dirac notation is actually a (one-
dimensional) subset of our diagrammatic notation. With that in mind, let’s
continue our game of fitting diagrams on a line:

D4: @7 is written as |¢) (7|

i

For processes that are not states or effects, we cut the whole box off and
write sequential composition just by writing processes from right-to-left:

D5: is written as f

Dé6: . is written as gf
f

Then, exploiting the fact that for numbers A, u we have that A\@ u = Ao p
we can obtain expressions like:

/m\ /2\
Ex: n can be written as (7| f|) {£|g|®)
Y/ N/

But things become of course much trickier when wires and boxes are
genuinely side-by-side, for example, when considering boxes with two wires
in and/or out. We can make some progress by writing multiple states or
effects inside of a ket or bra to indicate parallel composition:

DS: %/7 is written as |¢¢)
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D9: @ Z@% is written as (¢ |

Hence we obtain:

/™ [\
Ex: which can be written as (7 |f|¢d)

VAV

But once the diagrams become more involved, we will have to make par-
allel composition explicit using ‘®’, or employing some other trickery, like

letting fa := f® 1p and gp := 14 ® g then setting:

D10: Gg can be written as fagp (= gpfa)

Of course, this is ambiguous unless we already know that we are working
with some system A ® B, and pretty soon we need to start requiring extra
equations, as in Section

By sticking to diagrams all of this is immediately solved, and fortunately,
very few of us are still using typewriters. Technology marches on, and now
there are some great tools for drawing diagrams (pretty much) as easily as
typing out a Dirac-style formula on a keyboard.
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2.5 Summary: what to remember

1. Diagrams consist of boxes that are labelled by processes and wires that
are labelled by system-types:

processes _/

Diagrams are all around us:

uk-plug uk-plug

power drill
eu-plug printer

adaptor USB
’ plugstrip ‘
| wh-plug

We can obtain new diagram equations from old ones in two ways:

1. Diagram deformation:

)
HIE = Lk ]

2. Diagram substitution:
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2. A process theory is a collection of processes that can be plugged together.
It tells us how to interpret the boxes and wires in a diagram, e.g.:

gs [ = [

s (x :: x8) =
gs [y | y <= xs; y < x] ++ [x] ++

gs [y | y <= xs; y >= x]

and what it means to ‘wire processes together’. By doing so it also tells us
which diagrams represent the same process, e.g.:

quicksort

-

quicksort

Examples are functions, relations, linear maps (defined in Chapter 4)),
classical processes (defined in Chapter [7)), quantum maps (defined in
Chapter [5)), and quantum processes (also defined in Chapter @

3. Parallel composition ‘®’ and sequential composition ‘o’ are defined as:

4. Circuit diagrams are an important class of diagrams. They have the fol-
lowing two equivalent characterisations:

The diagram contains no directed | The diagram can be constructed
cycles. That is, information flows | by composing boxes, including
from bottom-to-top without ‘feed- | identities and crossings, by means
ing back’ to an earlier process: of the operations ® and o:
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5. Processes lacking inputs, outputs, or both have special names:

states: @ effects: é% numbers: <)>

These special processes admit a generalised Born rule:

effect {
number
state {

6. Zero processes ‘eat everything’:

hﬁiﬁ

7. Dirac notation is common language for depicting quantum processes. It
is a fragment of the diagrammatic language:

Y o £ o G



74 Processes as diagrams

2.6 Advanced material*

Central to this book are process theories, which tell us how to interpret wires
and boxes in a diagram, and what it means to form diagrams, i.e. what
it means to wire boxes together. Here we present two alternative ways of
defining process theories that make no direct reference to diagrams, namely,
abstract tensor systems and symmetric monoidal categories. In fact, we al-
ready saw a glimpse of each of these, respectively, when we encountered
diagram formulas in Section and when we defined circuits by means
of the operations parallel and sequential composition in Section

So how does one go about constructing a symbolic counterpart to the
definition of process theories? In the first two parts of the definition:

(i) a collection T of system-types represented by wires,
(ii) a collection P of processes represented by boxes, where for each process
in P the input types and output types are taken from T'...

diagrams don’t play an essential role and we can just drop the ‘represented
by...” bit, provided that we explicitly require that each process comes with
a list of input types and a list of output types, all taken from 7T'. The third
part of the definition which concerns what ‘forming diagrams’ means:

(iii) a means of ‘wiring processes together’. That is, an operation that in-
terprets a diagram of processes in P as a process in P.

is the one that requires some non-trivial effort. In particular, we need to
provide a symbolic counterpart to ‘wiring processes together’ that does not
make reference to diagrams. Moreover, the symbolic operation(s) should
produce processes of that theory.

2.6.1 Abstract tensor systems*

We introduced diagram formulas as a symbolic counterpart to diagrams.
Can we define a corresponding notion of process theory? The definition
below does exactly that. For notational simplicity we will assume that all
system-types are the same, and consequently, distinct wire names are merely
distinguishing occurrences of the same system.

Definition 2.42 An abstract tensor system (ATS) consists of:
1. For all wire names A, ..., A,, and By, ..., By, a set of tensors:
FRrin e T({Ar, ., An} {By, .., Bn})

where Ay, ..., A,, are called inputs and Bi, ..., B, are called outputs.



2.6 Advanced material* 75

2. A wunit tensor:

Le T({}:{})
and for all wire names A and B identity tensors:
0% € T({A},{B})

3. An operation tensor product which combines tensors provided their in-
puts/outputs are distinct, and is denoted by concatenation:

ffllf:;ggllgkl € T({Al, ceny Am, Cl, ceny Ck}, {Bl, ceny Bn, Dl, ceny Dl})

4. For any wire names A and B, an operation cﬁ called tensor contraction,
which is denoted either explicitly or by repeating an upper/lower wire
name:

B1..Bj_1A;Bj;1...Bn, Bj ( ¢Bi..Bn
Fag a7 =y (fAllA..Am>
which, intuitively, ‘connects’ output B; to input A;.
5. Re-indezing operations that change wire names:

B1...Bp ) 11 _ ¢B1..Bp
Farlan A = Aj] = fAll...Ai,lA;AiH...Am
satisfying the following conditions:
1. the tensor product is associative, commutative, and has unit 1:
(fg)h = f(gh) fa=gf 1f=Ff
2. the order of tensor contractions/products is irrelevant:
B(.D D( B B B
caleg(f)) = celea(f)) ca(f)g = ca(fg)
3. contracting with the identity does nothing except change wire names:
B(sB ¢... AsCop Aoy _ g C...
ca(0cfia.) = flc. cg(0pf ") = [
4. re-indexing respects identities, tensor product, and contraction.

The two operations, tensor product and tensor contraction, together play
the role of ‘wiring processes together’. For example, the symbolic counterpart
to the diagram:

H
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is obtained as follows:
B B C
Cp (f A QB/)

More generally, we can compute the tensor corresponding to a diagram by
first writing it down as a diagram formula, and then decomposing it further
in terms of the tensor product and tensor contraction. For example:

~  fPhggBh = cp(ep (fP(hégpn))

An expression like fA8 hg ggg is called abstract tensor notation. Just like

the decomposition of diagrams into ® and o, the expression above is not
unique. However, the requirements in Definition guarantee that any
two such decompositions will be equal.

Just like the decomposition of diagrams into ® and o we met in Section
here ‘wiring processes together’ is decomposed into two sub-operations. This
notation has been employed extensively in mathematical physics (and espe-
cially general relativity), where one often deals with operations with many
inputs or outputs which are connected in ways that would be unwieldy to
express using just ® and o.

The reason that abstract tensor notation is better for these applications is
that, by simply listing boxes and their connections, it embraces the idea that
‘only connectivity matters’. This also explains why the translation between
abstract tensor notation (a.k.a. diagram formulas) we saw in Section [2.1.3]
is so straight-forward.

Exercise* 2.43 Define abstract tensor systems for the more general case
that there are distinct system-types.

Exercise* 2.44 How would you define the process theory relations as an
abstract tensor system? (Hint: see the ‘algorithm’ for computing relations

of a diagram at the end of Section [2.3.3])

2.6.2 Symmetric monoidal categories*

Another symbolic way to define process theories is what a category-theorist
would call a strict symmetric monoidal category. In essence this boils down
to axiomatising the operations of parallel composition ® and sequential com-
position o of Section Doing so is a bit much to take in all at once, so lets
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drop the ‘symmetric’ part for the moment, and just look at the definition
of...

Definition 2.45 A strict monoidal category (SMC) C consists of:

1. a collection ob(C) of objects,
2. for every pair of objects A, B, a set C(A, B) of morphisms,
3. for every object A, a special identity morphism:

laeC(AA)
4. a sequential composition operation for morphisms:
0:C(B,C)xC(A,B) — C(A,QC)
5. a parallel composition operation for objects:
® : ob(C) x ob(C) — ob(C)
6. a unit object
I €ob(C)
7. and a parallel composition operation for morphisms:
®:C(A,B)xC(C,D) - C(ARC,B® D)
satisfying the following conditions:
1. ® is associative and unital on objects:
(ARB)®C=A®(BRC) AQI=A=IQA
2. ® is associative and unital on morphisms:
(f®9)®h=[f®(g®h) [l =f=1uR®f
3. o is associative and unital on morphisms:
(hog)o f=ho(gof) lpof=f=/fola
4. ® and o satisfy the interchange law:
(91 ®g2) o (/1® f2) = (910 f1) ® (920 fa)

Wow, that looks like a lot! However, if we stare at this definition for a bit,
some of it should start to look fairly familiar. First, note that what we have
been calling types, or system-types are called objects in category theory.
Similarly, what we call processes are called morphisms. The set C(A, B)
should be thought of as the set of all morphisms with input type A and
output type B. Typically we write f : A — B instead of f € C(A,B). A
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category is a collection of such sets with sequential composition. A monoidal
category is the same, but with sequential and parallel composition. We’'ll say
more about what ‘strict’ means shortly. Firstly, note that we have almost
all of the ingredients we need to build circuit diagrams—all except swaps.
This is where the symmetric part comes in.

Definition 2.46 A strict symmetric monoidal category is a strict monoidal
category with a swap morphism:

oAaB:A®B >B®A
defined for all objects A, B, satisfying:
0BACO0AB = lagB oar=1a

(f®g)ooap=0pa0(g®f)

(1p®oac)o(oap®lc) =04 B2C

Saying that a monoidal category is strict means that & is associative and
unital ‘on the nose’, whereas a (non-strict) monoidal category only requires
them to be isomorphic.

Definition 2.47 An object A is isomorphic to an object B, denoted:
Ax=B
if and only if there exists a pair of morphisms:
f:A—>B ff1:B->A
such that:
flof=1a foft=1p
The morphism f is then called an isomorphism.

Most monoidal categories we find in the wild tend to be of the non-strict
variety. That is, their parallel composition only satisfies:

(A®RB)®C =2 A®(B®C) ARQI=2A=I®A

We already briefly encountered this situation in Section Recall that ®
was defined in terms of the Cartesian product. When we compare the sets
(Ax B) x C and A x (B x C) (and the sets A and A x {*}), we do not get
equal sets, but rather sets whose elements are in 1-to-1 correspondence:

((a,0),¢) < (a, (b, ¢)) a < (a,*)
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To define a non-strict monoidal category, we must include these correspon-
dences in the definition of the category as so-called structural isomorphisms,
and we must assume several (more!) equations called coherence equations
that guarantee that they behave sensibly when they are composed together.

However, we happily glazed over this fact when we defined the process the-
ories of functions and relations in Section Why? Because of the following
coherence theorem:

Theorem 2.48 Every (symmetric) monoidal category C is equivalent to
a strict (symmetric) monoidal category C’.

Equivalent categories are, for all practical purposes, the same. We'll say
more about what this means in Section* [.6.4] The proof of Theorem [2.4§
consists of an explicit construction of the category C’ by a procedure called
strictification. This procedure is used implicitly when, e.g. we decide to treat
elements ((a,b), ), (a, (b,c)) and (a, b, ¢) as ‘the same’, which we do without
further comment throughout this text.

Furthermore, we are justified in using circuit diagrams to talk about sym-
metric monoidal categories because of the following theorem:

Theorem 2.49 Circuit diagrams are sound and complete for symmetric
monoidal categories. That is, two morphisms f and g are provably equal
using the equations of a symmetric monoidal category if and only if they
can be expressed as the same circuit diagram.

To summarise, it is possible to translate many concepts between our purely
diagrammatic language and category theory, using this correspondence:

process theory < (strict) symmetric monoidal category
process <> morphism

system-type <> object

2.6.3 General diagrams vs. circuits*

Some readers may have noted that abstract tensor systems and symmet-
ric monoidal categories aren’t exactly one and the same. While symmetric
monoidal categories correspond to circuits, ATS’s represent more general
kinds of diagrams in which directed cycles (cf. Definition are allowed.
However, we can make the two concepts coincide.

In one direction, one can force abstract tensor systems to be equivalent
to strict symmetric monoidal categories by only requiring the contraction
operation c]j to be well-defined if it does not introduce a directed cycle.
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Conversely, it is possible to introduce ‘feedback loops’ into symmetric
monoidal categories, obtaining so-called traced symmetric monoidal cate-
gories. These categories assume an additional operation called the trace:

which we will meet in Section [3:2.3] of the next chapter. The trace satisfies a
handful of axioms to ensure that it behaves like a ‘feedback loop’, and that
it respects the other categorical structure. Then, strict traced symmetric
monoidal categories are equivalent to abstract tensor systems, in that it is
possible to turn an ATS into a strict traced symmetric monoidal category
and vice-versa without losing any meaningful information.

We can summarise the above in the following table:

‘general’ diagram circuit diagram

diagrams:

i.e. outputs to inputs | i.e. admits causal structure
ATS: ATS ATS without cycles
SMC: traced SMC SMC
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2.7 Historical notes and references

The idea of representing the composition of mathematical objects using
nodes and wires dates back a very long time. A prominent example is the
flow-chart, which goes back (at least) to the 1920s (Gilbreth and Gilbreth)
1922). In physics, the most notable example is Feynman diagrams. Despite
their name, it is now recognised that they originated in the work of Ernst
Stueckelberg around 1941, and were only later independently re-derived by
Richard Feynman around 1947. In a lecture at CERN after having been
awarded the Nobel Prize Richard Feynman referred to this fact the moment
that Stueckelberg left the room: ‘He did the work and walks alone toward
the sunset; and, here I am, covered in all the glory, which rightfully should
be his!” (Mehra, (1994).

Penrose (1971)) was the first to introduce the particular kind of diagrams
we use in this book as an alternative to the abstract tensor notation (see
Section™ , which he also introduced. In fact, he already started using
diagrams when he was still an undergraduate student (Penrose, 2004)).

Paul Dirac introduced his new notation in (Dirac, 1939). The connection
between Dirac notation and the corresponding use of the triangle notation
for states and effects in string diagrams was observed in (Coeckel 2005).
The idea of treating diagrams themselves as the basic structure rather than
categories has recently become prominent in the quantum foundations com-
munity. It has been used, for example, in efforts towards crafting alternative
formulations of quantum theory and a theory of quantum gravity (Hardy,
2011} |Coecke, 2011} |Chiribella et al., [2010; Hardyl 2013)).

The unwillingness of many to accept diagrams as a rigorous mathematical
language (alluded to in Section [2.1.3)) may be largely due to the Bourbaki-
mindset in which mathematics has been taught for much of the previous
century. The Bourbaki collective aimed to found all mathematics on a set
theoretic basis (Bourbaki, [1959-2004). Great credit should be given to John
Baez, the pioneer of scientific blogging, who by means of his outstanding
didactical skills managed to convince many of the amazingness of diagrams.
His old weekly column ‘This Week’s Finds in Mathematical Physics’ is still
a great resource on diagrammatic reasoning (Baez, 1993-2010)).

The connection between circuit diagrams and algebraic structure (in the
form of symmetric monoidal categories, cf. Theorem was established
in Joyal and Street| (1991), where circuit diagrams are referred to as ‘pro-
gressive polarised diagrams’. Traced symmetric monoidal categories, and
their graphical notation were introduced in |Joyal et al| (1996]), however the
closely-related notion of a ‘compact closed category’ (whose diagrams are



82 Processes as diagrams

string diagrams, which we will encounter very soon) had already been known
for some time. The historical notes in the next chapter provide appropriate
references.

The proof of correctness of the graphical language for traced symmetric
monoidal categories has been sketched in various papers (e.g.
2008), and a full proof is given by [Kissinger| (20144). Following on
from Joyal and Street’s work came a plethora of variations of these diagrams
and corresponding algebraic structures (see Selinger, |2011b)).

Monoidal categories themselves were first introduced in Benabou| (1963).
Theorem [2.48 on coherence is crucial for connecting monoidal categories to
diagrams, and was first stated and proved by Mac Lane| (1963). The ‘little

dance’ in , a.k.a. the Eckmann-Hilton argument, is from
(1962).

Abstract tensor systems, and their associated ‘abstract index notation’,
were introduced by at the same time as the corresponding
diagrammatic notation, in order to talk about various kinds of multilinear
maps without needing to fix bases in advance. This notation is now very com-

mon in theoretical physics, and especially general relativity. Penrose provides
an introduction for a general audience in . The equivalence
between abstract tensor systems and traced symmetric monoidal categories
is given by Kissinger| (2014a).

If you want to read more on general category theory, some good places
to start are |Abramsky and Tzevelekos (2011)), for the connection between
categories and logic, (Coecke and Paquette| (2011)) for the generality of the
notion of symmetric monoidal categories, and Baez and Laudal (2011) for
the role categorical structures have played in physics. Standard textbooks
for mathematicians are Mac Lane (1998), Borceux (1994a) and

(1994b)), standard textbooks for computer scientists are (1991) and
Barr and Wells| (1990)), and standard textbooks for logicians are Lambek and

(1988)), and (2010). In the context of category theory, the idea

that morphisms represent processes emerged mostly in the context of appli-

cations in computer science, where programs are represented by morphisms
in a category and data types are the objects. Similarly in logic, proofs can
be represented by morphisms in a category, with propositions as the ob-
jects. This trifecta of morphisms, programs, and proofs are all connected
by what’s known as the Curry-Howard-Lambek isomorphism

Scotf, [1058).

The quote at the beginning of this chapter is taken from [Bohm and Peat|
(1987)). As discussed in Section Bohm’s views played a key role in making

process ontology more prominent in physics.
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String diagrams

When two systems, of which we know the states by their respective repre-
sentatives, enter into temporary physical interaction due to known forces
between them, and when after a time of mutual influence the systems
separate again, then they can no longer be described in the same way as
before, viz. by endowing each of them with a representative of its own.
I would not call that one but rather the characteristic trait of quantum
mechanics, the one that enforces its entire departure from classical lines
of thought.

— Erwin Schrédinger, 1935.

By 1935, Schrodinger had already realised that the biggest gulf between
quantum theory and our received classical preconceptions is that, when it
comes to quantum systems, the whole is more than the sum of its parts. In
classical physics, for instance, it is possible to totally describe the state of
two systems—say...two objects sitting on a table—Dby first totally describing
the state of the first system then totally describing the state of the second
system. This is a fundamental property one expects of a classical, separable
universe. However, as Schrodinger points out, there exist states predicted
by quantum theory (and observed in the lab!) which do not obey this ‘ob-
vious’ law about the physical world. Schrédinger called this new, totally
non-classical phenomenon wverschrdinkung, which later became translated to
the dominant scientific language as entanglement.

Quantum picturalism is all about studying the way parts compose to
form a whole. In the good company of Schrodinger, we believe that the role
of multiple interacting systems—especially non-separable systems—should
take centre stage in the study of quantum theory.

We shall see in the next section that it is easy to say what it means for
a process to be separable in terms of diagrams. Literally, it means that it
can be broken up into pieces that are not connected to each other. On the
other hand, enforcing non-separability requires us to refine our diagrammatic
language. To this end, we introduce special states and effects called cups and
caps, respectively. Intuitively, cups and caps act like pieces of wire that have
been ‘bent sideways’. Whereas all states in the classical world separate, these
states and effects are obviously non-separable, and thus witness a crucial
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quantum feature:

i i separable classical

= = 3.1
u non-separable quantum (3-1)

In addition to caps and cups, we’ll add adjoints to the diagrammatic lan-
guage, which we picture as the vertical reflection of a diagram. This reflection
operation associates each state 1 to a corresponding effect that tests ‘how
similar to ¢’ a given state is. This has a direct analogue in Dirac notation,
namely reflecting a ket into a bra. It will play a key role in modelling things
such as reversible state evolution (unitary processes), quantum measure-
ments (projectors and positive processes) and the probabilities associated
with quantum measurements (via the inner product).

The new diagrams we obtain by adding caps, cups, and reflection are
called string diagrams, and we will already start to see some strikingly non-
classical behaviour arising just from using the language of string diagrams.

For example, we will already encounter quantum teleportation in Sec-
tion Related to this feature is the fact that caps and cups confound
our ability to give a fixed time-ordering to processes composed in sequence,
which we will see in Section [3.4.3] We will also encounter several ‘no-go’
theorems for string diagrams. That is, we will show that several properties
which we expect to hold for classical (deterministic) physical processes are
in fact impossible in a process theory that admits string diagrams. One such
no-go theorem is the no-cloning theorem which says that in any process the-
ory which admits string diagrams it is impossible to have a cloning process,
that is, one that takes any state as input and returns two copies.

Remark 3.1 Throughout this chapter we are careful to say ‘non-separable’
rather than ‘entangled’. For a class of quantum states called ‘pure states’
(introduced in Section of Chapter , the notions of ‘non-separable’ and
‘entangled’ do indeed coincide. However, for more general states, identifying
quantum entanglement is a bit more subtle. Thus, we will hold off on giving
the most general notion of quantum entanglement until Section

3.1 Cups, caps and string diagrams

In this section, we first give a formal definition for separability, and hence
non-separability. Next we motivate string diagrams via the principle of process-
state duality, a correspondence between states of compound systems and
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processes—known in the special case of quantum theory as the Choi-Jamiotkowsksi
isomorphism—that is fundamentally connected to non-separability.

We then present the definition of string diagrams in two equivalent ways.
The first way is to extend the language of circuit diagrams with the ‘caps’
and ‘cups’ used to define process-state duality. The second, easier way is to
simply allow the wires in a diagram to connect processes in arbitrary ways,
including connecting inputs to inputs and outputs to outputs.

3.1.1 Separability

Definition 3.2 A bipartite state 1 is a state of two systems, and we call
such a state ®-separable if there exist states 1)1 and 19 such that:

) = \Y/ \¥y (3.2)

Here’s an example of a process theory with all bipartite states ®-separable:
Proposition 3.3 All bipartite states in functions are ®-separable.
Proof In Example we saw that states for functions are totally defined

by the element that they ‘point to’. If for a bipartite state this element is
(a1,a2) € Ay x Ay then we denote this state as:

Aq Ao

e

since both these states point to the same element. O

Now we have:

On the other hand, there are many (far more interesting!) process theories
that contain bipartite states that are not ®-separable, i.e. states that are
®-non-separable.

Proposition 3.4 There are ®-non-separable bipartite states in relations.
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Proof Recall from Example that states in relations are represented
by subsets. Consider the bipartite state:

® B )= (00)
DNz BT

C ={(0,0),(1,1)} B x B

Then:

Suppose for the sake of contradiction that:

TR A

for some B, B’ < B. Then, by ( -

that is:
(b,t))eC < be Bandb € B’

Since (0,0) € C, it follows that 0 € B. Similarly, (1,1) € C implies that
1 € B’. But these two facts imply (0,1) € C, which is a contradiction. [

The crux of this proof is the fact that the (non-singleton) set:

{(0,0), (1, 1)}

cannot be written as a cartesian product of subsets of B. If like in functions,
every such set is a singleton, then this is always possible.
A closely related notion to ®-separability is the following:

Definition 3.5 We call a process:

o-separable if there is an effect m and a state ¢ such that:

= X (3-3)
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Both ®-separability of bipartite states and o-separability of processes are
examples of ‘disconnectedness’ of the corresponding diagrams. Whenever no
confusion is possible we will simply say ‘separable’ in both cases.

Moreover, these two notions of separability are related to each other in
the following sense:

e If the process f is o-separable, then for any bipartite state ¢ the follow-
ing state is ®-separable:

Lg=]3-Leb-ve

o If the state 1 is ®-separable, then for any bipartite effect 7 the following
process is o-separable:

4
R
B

We also saw earlier that in functions all bipartite states are ®-separable.
So what kinds of process theories have all o-separable processes? The answer
is, ‘only the really boring ones!” When we apply a o-separable process to an
arbitrary state:

where:
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we cannot obtain anything other than a fixed state ¢ (ignoring the number
o), regardless of what the input ¢ was. That is, every process is essentially
a constant process. In other words:

nothing ever happens!

Thus it shouldn’t be surprising that the theory of functions does contain

o-non-separable processes:

Exercise 3.6 Show that identities (i.e. plain wires) in functions are o-
non-separable, and characterise those functions that are o-separable.

Remark 3.7 The ultimate boringness of process theories where all pro-
cesses are o-separable will play an important role in several ‘no-go’ theorems
that we develop later in this chapter. In particular, we will show that some
statement P is not true by proving a theorem of the form:

If P is true, then all processes are o-separable.

As this is an absurd condition for any reasonable process theory, and in
particular any theory of physics, we can take this as a proof that P is false.

3.1.2 Process-state duality

One feature of quantum theory is that one can turn a process into a bipar-
tite state and vice versa. This is in itself not very significant: we already
demonstrated such a conversion in the previous section in order to relate ®-
separability of bipartite states to o-separability of processes. What is signif-
icant about quantum theory is that this can be done in a reversible manner.
That is, we have a way to turn a process into a bipartite state and then back
into a process such that we obtain the original process, and vice versa. In
other words, the operations that send processes to bipartite states and bi-
partite states to processes are inverses of each other. Therefore, in quantum
theory, processes and bipartite states are in bijective correspondence.

As in the previous section, we will make use of bipartite states and effects
to inter-convert processes and states. However, we will not be using just any
state/effect pair but instead fix a special state and effect:

A A
% and % (3.4)
A A

for each system A. We call these states and effects cups and caps, respec-
tively. They can be used to convert processes to states and back via the
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following operations:

(%) ()
: t g - o3
Y

Theorem 3.8 The operations given in (3.5) are inverses of each other,
i.e. they give process-state duality, if and only if:

(a)

—~
o
=

(3.6)

In that case, the set of all processes with input type A and output type B
is in 1-to-1 correspondence with the set of all bipartite states of type A® B:

A B
(4
Proof First, assume equations (a) and (b). Then, if we first turn a process
into a state and back:

i uﬁ

we can simplify back to the original process using (

e




90 String diagrams

Similarly, starting with a state:

)
() ()
U
we can use (
(0)
Conversely, if the operations given in D are mutually inverse, then:
7 = * % W (3.7)
U

for all f and v. Taking f to be the identity yields (a) immediately. Proving
(b) using the above equations is left as an exercise. O

Exercise 3.9 Prove equation (3.6/b) using both of the process-state duality
equations (3.7, by setting:

-

Exercise 3.10 Show that process-state duality does not hold for func-
tions, but that it does hold for relations.

Remark* 3.11 A reader familiar with quantum theory may know about a
correspondence between processes and states called the Choi-Jamiotkowski
isomorphism. Process-state duality is in fact a generalisation of the C-J iso-
morphism. In Chapter |5, we will introduce the process theory of quantum
maps, in which case this generalised C-J isomorphism will actually be the
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familiar correspondence between bipartite (possibly mixed) quantum states
and completely positive maps.

3.1.3 The yanking equations

Equation (3.6)) is not very intuitive when viewed diagrammatically, but by
means of a simple change of notation we can fix this. We write the special
states and the special effects respectively as u-shaped and n-shaped wires:

e

Equation ({3.6)) now becomes:

AJ--UN e

This notation expresses the fact that bent wires involving a u-shape and a
N-shape can be yanked into a straight wire:

If we take this diagrammatic interpretation seriously then there are other
equations that should also hold for cups and caps. For example, we should
be able to ‘yank out crossings’:

6=U Q=K\ (3.9)

Or, stated with a little bit more effort:
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From (3.6) and (3.9)), we can also derive the equation to pull out loops:

= (3.10)

Exercise 3.12 Prove that equation (3.10)), or equivalently:

follows from (3.6) and ([3.9).

These are actually all of the equations we need to ‘yank’ any tangled-up
piece of wire straight. In fact, we already have some redundancy:

Proposition 3.13 The following are equivalent:

(i) a state and an effect satisfying:

| e
S
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(ii) a state and an effect satisfying:

@%@

Exercise 3.14 Prove Proposnzlon

From now on, we will refer to the three equations:

- M
m:‘ Q (3.11)
~ -

Example* 3.15 The Bell state and Bell effect from quantum theory:
1 (100 + 1) 1 (€00] +(11])

as the yanking equations.

provide the quintessential example of cups and a caps.

In Propositions and we already saw that, while in functions all
bipartite states are ®-separable, this is no longer the case in relations, as
we can easily find cups and caps for every system:

Exercise 3.16 Prove that for any set A the following relations:
\_J u#={(a,a)|ae A} [\ uVaeA:(a,a)— *
satisfy equations ((3.11).

Example 3.17 Taking A := B, we re-discover the state that we used as
an example of a non-separability in the proof of Proposition

e {(0,0), (1, 1)}

3.1.4 String diagrams

Equations (3.11) do look very appealing now, but we can do even better
than that. If every system-type has cups and caps satisfying (3.11)) then we
can introduce a more liberal notion of a diagram that has them built-in:
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Definition 3.18 A string diagram consists of boxes and wires, where we
additionally allow inputs to be connected to inputs and outputs to be con-
nected to outputs, for example:

(3.12)

Above we already indicated that we can replace the special states and the
special effects of the previous section by cup-shaped wires and by cap-shaped
wires, respectively. This is how we obtain a string diagram from a circuit
diagram in which there are states and effects satisfying . Conversely,
starting from a string diagram we can replace a wire connecting two inputs
with the special cup-state and a wire connecting two outputs with the special
cap-effect. Hence:

Theorem 3.19 The following two notions are equivalent:

(i) string diagrams and

(ii) circuit diagrams to which we adjoin a special state and a special effect
for each type, and for which (3.11f) holds.

in the sense that (ii) can be unambiguously expressed as (i) and vice-versa.

Bingo! We expressed non-separability in purely diagrammatic terms, and
not just only by adding some new boxes to (the now boring) circuit dia-
grams, but also by simply considering a different, more liberal kind of dia-
grams. Thus, the most important feature of quantum theory (according to
Schrodinger) is built right in to the kinds of diagrams we use!

Exercise 3.20 Write diagram (3.12)) in o and ® notation using cups/caps.
String diagrams also admit a formula-like presentation (cf. Section [2.1.3):

Definition 3.21 A string diagram formula is the same as a diagram for-
mula except for the fact that matched pairs of wire names, besides consisting
of an upper and a lower name, can now also consist either of two upper names
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or of two lower names, for example:

A1As B1C11.Cq

< JpD1D19B; A5t A

Remark 3.22 In Section we introduced special box names lﬁf to
represent plain wires in diagram formulas. If we need explicit cups or caps
in string diagram formulas, we can use two ‘plain wires’ with their inputs

or outputs, respectively, connected together:
A1Ay _ 1A17A2 ._ 143743
U =1y 1A3 N AL As ‘_1A11A2

This allows us to distinguish, for example:

AsAy B
— f4 and — VRN B,

We now explore the richness of these diagrams.

3.2 Transposition and trace

...are notions you may know from linear algebra. Quite remarkably, these
already arise at the very general level of string diagrams. We already know
from the previous section that cups and caps let us form new processes
from old ones by turning inputs into outputs and vice-versa. In the case of
process-state duality we have:

|| l
- SR

More generally, we can always inter-convert inputs and outputs:

Ee[=m N

This ability to inter-convert inputs and outputs for process theories that
admit string diagrams means that inputs and outputs have a less profound

status than in the case of other process theories that only admit circuits.
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In particular, any process with an input and an output has (at least) the
following four inter-convertible representations:

and in the case of several inputs/outputs there are many more. We also can
obtain new processes by connecting inputs and outputs together using cups

The transpose and the trace are the most prominent examples where caps
and cups are used to convert processes into new processes.

and caps:

3.2.1 The transpose

In a process theory that admits string diagrams we can associate to each
process another process going in the opposite direction:

Definition 3.23 The transpose fT of a process f is another process:

A

B

Definition 3.24 A process f from type A to type B has an inverse if
there exists another process f~! from type B to type A such that:

= |B (3.13)

Exercise 3.25 Show that if a process f has an inverse, it is unique.
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While the transpose can be realised by a diagram involving f:

= (1A®ﬂB)O(1A®f®1B)O(uA®13) (3.14)

this is not the case for an inverse, otherwise every process would have an
inverse, which is usually not true.

Remark* 3.26 The simple fact that the transpose in linear algebra can
be written using a cup and a cap as in decomposition (3.14)) is surprisingly
not very well known even among specialists.

Exercise 3.27 Prove that in relations the transpose of a relation R is
the converse relation, that is:

::ar—>b — ::br—>a

has no input, so we only have to convert the output into an input:

v

Hence, it is no coincidence that in relations any system-type A has the
same number of states as effects (see Example in the previous chapter),
since we have a bijective correspondence between states and effects:

g

This is a general phenomenon:

A state:

Proposition 3.28 For any process theory that admits string diagrams
there is a bijective correspondence between states and effects of the same
type. More generally, the correspondence:
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yields a bijective correspondence between the processes of a fixed input and
output type, and the processes with the opposite input and output type.

The transpose of a transpose yields the original process:

Or, symbolically:
U=
An operation which ‘undoes itself’ like this is called an involution.

Example 3.29 The transpose of a cup is a cap and vice-versa:

CAY - (M) -

Now comes the really cool bit. We can build the definition of transpose
into our diagrammatic notation. First, we deform our boxes a bit:

b

It doesn’t matter too much how we deform boxes, only that we break the
symmetry. For example,

would also work, but Dave might not appreciate being skewered. Now, we
express the transpose of f as a box labelled ‘f’, but rotated 180°:

bolg) -

This notation is clearly consistent with the fact that the transpose is an
involution since, if one rotates by 180° twice, one obtains the original box
again. However, the real advantage of this choice of notation comes when
transposes interact with cups and caps:
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Proposition 3.30 For any process f we have:

75 @)

Proof The first equality is established as follows:

and the proof of the second one proceeds similarly. O

Thanks to the clever shorthand for the transpose, it now looks as if we
can slide boxes across the u-shaped wires and N-shaped wires:

)l L -

Thus we can slide boxes around on wires like beads on a necklace. For
example, this is a valid equation:

This is also very easy to remember. Just think about what would happen
if we took the definition of the transpose (3.15) and yanked on the wires:
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The same notational trick also applies to states and effects. To make it
clear that they have been rotated, we chop off a corner:

@ ~ @7 and we set @ = (@7 (3.16)

It is not obvious why this is necessary at this point, since its pretty easy to
tell if a triangle as been turned upside-down. However, it will soon become
very important (starting in Section so we might as well get used to it.

Transposes also have an operational interpretation. Consider the first
equality of Proposition by interpreting the two systems as distant lo-
cations in space, each controlled by an agent, say Aleks and Bob. Then, we
have:

(3.17)

The equation says that, whenever two such systems are in a cup-state, if
Aleks applies f to his system, this will do the same thing as Bob applying
the transpose of f to his system.

Now, suppose we consider in the special case of states an effects:

Given that there is a bijective correspondence between:

e Bob’s states @7, and,
o Aleks’ effects @,

Aleks and Bob possess a pair of systems that are in perfect correlation. What
does this mean? Recall that an effect can be interpreted as a successful test.
Under this interpretation, we have the following property. For every state
on Bob’s system, there is a unique test on Aleks’ system such that:

as soon as Aleks obtains @ Bob’s system will be in state @
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A process that is equal to its own transpose is called self-transposed.

Example 3.31 Numbers are always self-transposed. By definition, the
transpose bends all the input wires up and all the output wires down. Since
a number has no wires, there’s nothing to do:

(@)T - (3.18)

3.2.2 Transposition of composite systems

One has to be a bit careful when dealing with joint system-types. On the one
hand, to be consistent with the ‘180° rotation’ notation for transposition,
we should define the transpose this way:

(3.19)

This would suggest that we should ‘nest’ the caps and cups inside of each
other to define caps and cups for A ® B. However, there’s a problem with
defining Uagp and Nagp as above:

The types don’t match! T\v

— —

A®B A®B A B B A
B
A®B T

Remark* 3.32 This type mismatch vanishes if we introduce for every
type A a dual type A*, but this is at the cost of having two distinct types
for the two systems involved in cups/caps, while in fact, these two types are
often essentially the same. In Section™® [3.6.2] we show how one can develop
a theory of string diagrams with dual types.
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We can avoid this type mismatch if we define cups/caps for A® B a bit
differently, namely as ‘criss-cross’ cups/caps:

N = AR o0
of N = o o

Proposition 3.33 The cup and cap defined in equations (3.20) and (3.21))
satisfy the yanking equations (3.11]).

Proof For the first yanking equation of (3.11)) we have:

LM AL

Proofs of the other two equations are similar. O

With these ‘criss-cross’ cups/caps, we obtain an alternative notion of
transposition, which introduces a twist for composite systems:

It is this twist which restores the matching of types, and since we define
cups/caps on A® B in terms of cups/caps on A and B individually, there is
no ambiguity when we apply this transpose on processes involving composite
systems. But, at the same time we lost a chunk of the elegant ‘180° rotation’
notation for transposition. @

In fact, it turns out that both versions of transposition can be useful. We
will take the first version, indicated in , to be the default and continue
to refer to this simply as ‘the transpose’. The second version, involving the
‘criss-cross’ cups and caps will be referred to as the algebraic transpose, since
it is in fact the one that is used in linear algebra (see Section . While
the transpose is (still) denoted by 180° rotation, we will use the symbolic
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notation ()7 to represent the algebraic transpose. So the equation:

now relates the transpose to the algebraic transpose. Of course, when a box
has at most one input/output wire, these two versions coincide. Unsurpris-
ingly, a process that is equal to its algebraic transpose is called algebraically
self-transposed.

3.2.3 The trace and partial trace

String diagrams give us a simple way of sending processes to numbers:

Definition 3.34 For a process f where the input type is the same as the
output type, the trace is:

tr = A (3.23)
A

and for a process g with one of its inputs having the same type as one of its
outputs, the partial trace is:

tra

the trace of the LHS and the RHS are in fact equal.
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Proposition 3.35 (cyclicity of the trace) We have:

tr(fog) =tr(go f) ' '

Proof This follows from the fact that the two diagrams are equal, i.e. the
LHS can be deformed into the RHS without changing how the boxes are
wired together. O

Alternatively, we can give a more step-wise proof of Proposition [3.35] us-
ing Proposition While not strictly necessary, this other proof is nice
because it takes the word ‘cyclicity’ quite literally, yielding a ferris wheel of

59

Remark 3.36 In the previous section we decided to distinguish the trans-
pose (which involves nested cups/caps) from the algebraic transpose (which
involves criss-cross cups/caps). Since equation also involves cups and
caps, we might ask whether for composite systems we need to make a similar

boxes:

distinction between ‘nested’ and ‘criss-cross’ trace. Luckily, we don’t:

- (7

Exercise 3.37 Show that there is only one trace i.e. any cup/cap pair
satisfying the yanking equations (3.11]) defines the same trace via (3.23)).

3.3 Reflecting diagrams

Having string diagrams at hand is already a substantial step toward the
quantum world, since it guarantees the existence of non-separable states.
They also give rise to some mathematical concepts that play a central role
in quantum theory such as transposition and trace.
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We will now identify one more diagrammatic feature that makes string di-
agrams a lot more articulate, namely wvertical reflection of diagrams. Vertical
reflection allows us to define things like adjoints, conjugates, inner products,
unitarities and positivity, all of which are major players in any presentation
of quantum theory.

Moreover, vertical reflection isn’t just some extra degree of freedom that
string diagrams happen to have, but has a clear operational meaning in terms
of testability of states. This operational meaning will lead to a number of
conditions that play an important role in quantum theory. These conditions
are in fact quite standard in the literature, but they are usually just stated
formally, without any conceptual justification.

3.3.1 Adjoints

In the previous section we explained how the transpose acts graphically by
rotating boxes 180°, and that operationally it captures the perfect correla-
tion between Aleks’ effects on one side of a cup-state and Bob’s states on
the other:

But what about the relationship between Aleks’ effects and Aleks’ states?

Recall from Section that effects can be interpreted as testing a state
for some property. Typically, we want to test whether a system is in a par-
ticular state. Therefore, we should have a means of relating a state ¢ to the
effect that tests a system for 1. String diagrams do not yet tell us how to
do this, so we extend our language by representing the effect testing for a
state 1 as its vertical reflection:

@}7 - @ (3.24)

Instead of ‘the effect testing for a state v’ we’ll simply say ¥’s adjoint.
This reflection operation extends very naturally to all processes. If f trans-

forms state 1 into a state ¢:
g - 535
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then f’s adjoint is the process that transforms v’s adjoint into ¢’s adjoint:

% - (3.26)

Note that, as in the case of states, we have depicted the adjoint of an arbi-
trary process as its vertical reflection:

YL

As a result, equation (3.26) ) is just equation ({3.25) ) upside-down. We use
to denote the operation sending f to its adJ01nt fT. As a special case, if we
take the adjoint of the effect from (3.24)), we get back to :

oL

Hence, like the transpose, adjoints bijectively relate states and effects, and
more generally, they bijectively relate processes from a type A to a type
B to processes from B to A. Also like the transpose, this is an involution,
which is plainly suggested by the diagrammatic notion:

i
- - (3.27)

In the passage from (3.25)) to (3.26), we saw one example where taking
the adjoint of a process reflected its entire diagram. This actually applies to
all diagrams, for example:

Equivalently (by Theorem E ), taking the adjoint preserves parallel com-
position and identities:

R S ST
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it reverses sequential composition and sends cups to caps:

A e
7

and it reverses the direction of swaps:

B A T A B
— (3.31)
A B B A

Exercise 3.38 Using Exercise |2.38] prove:
0f =0

So, we now know that adjoints are represented diagrammatically as verti-
cal reflection. However, we haven’t said how one should compute the adjoint
of a process. The answer is: it depends on the theory. Since a process theory
gives an interpretation for all diagrams (cf. Section [2.1.2)), it must in par-
ticular give an interpretation for the vertical reflection of a diagram. This
raises two questions:

1. Does there always exist such an interpretation?
2. Can there be more than one such interpretation?

The answer to the first question is yes, since one can always interpret vertical
reflection as the algebraic transpose.

Exercise 3.39 Verify that the algebraic transpose provides a candidate
interpretation for adjoints. In other words, show that it obeys (3.27)) and
(13.28]). Explain why we pick the algebraic transpose instead of the transpose.

The algebraic transpose is, in some sense, a trivial interpretation for ver-
tical reflection, since it doesn’t add anything that string diagrams without
adjoints didn’t have already. Of course, if this were the only example, we
wouldn’t have bothered with adjoints in the first place. In the next chapter,
we will encounter a very important non-trivial example of adjoints, which
cannot be replaced by transposition. So the answer to the second question
is also yes, there are multiple (trivial and non-trivial) ways to interpret the
adjoint. The fact that there may be many candidate adjoints for a process
theory raises yet another question:

3. What are good interpretations for the adjoint?
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Any interpretation of adjoints in a process theory should be involutive and
reflect diagrams in the sense of . However, to be a ‘good’ adjoint, it
should be consistent with the idea that it sends a state to the effect which
tests for that state. This has some consequences, which we will discuss now.

When we test a state 9 for ¢, there are two extremes:

(N (N
=0 and

\/ Y/

or equivalently:

$ =0 and $
since ‘1’ is just symbolic notation for the empty diagram. In the first case, we
are saying that it is impossible to get a ‘yes’ outcome when testing 1) for ¢.
For the process theories we’ll consider in this book, the second equation has
one of two interpretations: it either means that a ‘yes’ outcome is ‘possible’
(in the case of relations) or ‘certain’ (in the case of most other process
theories we will encounter in this book).

In light of the interpretation of the first equation, we would expect this:

That is, it should never be impossible to get a ‘yes’ outcome when testing a
state 1 for itself. However, there is one thing we overlooked: 1 itself could be
0, i.e. the ‘impossible state’. As we saw in Section[2.4.2] 0 absorbs everything,
so in particular, 0 composed with 0 will always be...you guessed it, 0. So, we
can state the condition above a bit more carefully:

=0 @7:0 (3.32)

In words: if it is impossible to get ‘yes’ when testing v for itself, then v must
already be impossible.

Next, we consider the other equation, i.e. when testing 1 for ¢ yields 1. If
we interpret 1 as ‘possible’, this means that ¢ and ¢ are not completely dis-
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tinguishable by tests, but it doesn’t tell us much beyond that. In particular,
it doesn’t tell us that they are equal (cf. Example [3.40)).
However, when 1 means ‘certain’, we can say something much stronger:

1 - &-&  ew

That is, we conclude (with certainty) that ‘¢ is ¢’.

Example 3.40 In Example[2.36] we established that in the process theory
of relations the states for a set A correspond to subsets B < A. We think
of these as non-deterministic states, consisting of a set of possible, ‘actual’
states b € B. Effects for A also correspond to subsets, and we think of these
as testing whether the actual state of the system is one of the elements of
B. If testing B for B’ yields 0, this means that none of the elements b € B
are in B’. That is:

N -~ 0 <« BAB =g (3.34)
\B/

There is in fact only one effect B’ which sends a state B to 0 if and only if
B n B’ is empty. That is the relational converse of B':

B = e

By means of (3.25) < (3.26)), this lifts to any relation:

ta—b = [}:&::br—»a (3.35)

Consequently the adjoint of a relation coincides with its algebraic transpose
(cf. Exercise [3.27).

Equation arose as an instance of , so the first equation of
‘goodness’ uniquely fixes adjoints in the theory of relations to be the re-
lational converse. But does it satisfy ? Should we expect it to? Since
the number 1 in relations means ‘possible’ and not ‘certain’, the answer is
no. In fact, there are many non-equal states where:

=1 (3.36)



110 String diagrams

because this merely means that B n B’ # 5. However, there is one situa-
tion in relations where the number 1 does mean certain: when comparing
‘actual’ (i.e. deterministic) states. That is, for b,V € A:

(N

=1 «— b=V (3.37)
&/

The following is a prime example of adjoints which will play a role through-
out the book, and are crucially different from the transpose. We give it as a
‘starred’ example here, as it will already be familiar to some readers. If not,
don’t worry, it will be introduced properly in the next chapter.

Example* 3.41 As the name suggests, adjoints in the process theory of
linear maps are given by the linear algebraic adjoint, i.e. for a linear map
f, the unique map f such that (in traditional notation):

W@lF(8)y = (W)

for all ¥, ¢. In terms of matrices, this is the conjugate-transpose. These ad-
joints satisfy (3.32)) and (3.33), where in the case of (3.33)), we restrict to
normalised states. We will see in Section that, if we were to inter-
pret adjoints using the transpose, both of these conditions will fail. So, the
transpose is definitely not a good choice for adjoints in linear maps.

3.3.2 Conjugates

So, what happens when we combine adjoints with transposition? Geometry
suggests that it shouldn’t matter if we first reflect vertically then rotate

180°:
S (3
! \\ O ‘/v“% ‘ )
= ‘\na \ A}\x, — (:W;}} :\:J W\
\ C\; . \fi’: '«,yfr \4 W
(v s
./ ) s
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...or if we first rotate 180° then reflect vertically:

In either case, we get a horizontal reflection. Using the definition of trans-
position in terms of cups and caps, the transpose of the adjoint is:

7 -t~ [

and the adjoint of the transpose is:

7 -7

Hence these are equal, since the following is just a deformation of diagrams:

-

Definition 3.42 The conjugate of a process is the transpose of its adjoint
(or equivalently, the adjoint of its transpose). Depicted graphically:

RN

Just like in the case of adjoints and the transpose, if we conjugate twice,
we get back where we started. So all together, boxes come in quartets:
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conjugate

1%

adjoint |

conjugate

adjoint

It should now also be clear why we cut out a corner for states and effects:

conjugate

v N
n
! K 7
1 N z
| N s
| N z

N
”~

adjoint |

fl"dllb])()ﬁ(‘,

|
\
\ g Ny
; @ @
L A

conjugate

x
\
\
1

1 ..
, adjoint
I

1

!

v

Like with adjoints, conjugation mirrors entire diagrams, but horizontally

rather than vertically:

L) NN .
NOZ L7 BN

In particular, if a box has multiple inputs and
order:

outputs, it reverses their
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This feature of course comes from the fact that the transpose reverses in-
put/output order, as we saw in Section

As with the transpose, we will occasionally want to avoid this. In that
case, we can use the algebraic conjugate, which is defined in terms of the
algebraic transpose as:

F=(NT ="
It keeps the order of inputs and outputs the same by introducing a twist in
the wires relative to the normal conjugate:

=N (3.39)

As in the case of the transpose, for single input/output wires the diagram-
matic and the algebraic notions coincide.

Remark* 3.43 We will see in Chapter [4| that for linear maps the al-
gebraic conjugate does exactly what one expects: it conjugates all matrix
entries. So linear-algebraic adjoints, transposes, and conjugates correspond
to adjoints, algebraic transposes, and algebraic conjugates, respectively.

Processes that are equal to their own conjugates will play an important
role in this book. A process is said to be self-conjugate if:

For joint systems, this becomes:

/=N (3.40)
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which of course only makes sense if A = C' and B = D, or more generally the
input and output types are palindromes like AQ B&Aor BRICKRCR L.
On the other hand, algebraically self-conjugate processes on joint systems
look like this:

|t = f (3.41)

Remark* 3.44 Algebraically self-conjugate matrices are those whose en-
tries are all real numbers.

The horizontal reflection of a cup/cap is just a cup/cap again, so the
following should not be surprising:

Proposition 3.45 Cups and caps are self-conjugate (and also algebraically
self-conjugate).

Proof The conjugate of the cup is:

(5D -

which is the same as the algebraic conjugate:

w -
The calculation for caps is similar. ]

Thus the ‘quartet’ for cups and caps is:

conjugate

.. I P
adjoint | W i adjoint

conjugate

Exercise 3.46 Prove that all relations are algebraically self-conjugate.
Of these, which relations are self-conjugate in the sense of (3.40)?
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To emphasise that a state (or effect) is self-conjugate, we revert to our
original notation using triangles:

b -

However, we should be a bit careful with compound systems. Since conju-
gation reflects diagrams, states consisting of multiple, self-conjugate states
are not, in general, self-conjugate:

L Y e Y - b

Example 3.47 States and effects for a single system in relations are
always self-conjugate, so we will depict them as above. In particular, we will
continue to depict the states from Example as:

vV

For numbers, since the transpose is trivial (cf. Example [3.31)), the conju-
gate and the adjoint coincide. Thus the ‘quartet’ for numbers collapses to a
‘couplet’ of the number and its conjugate:

conjugate

v v
i @ @ <
/ IS 2 \
1 N z \
| h 7 |

adjoint N . adjoint

! transpose !
\ I
\ g /
\l :: :: /

X A

conjugate

3.3.3 The inner product

When we first introduced Dirac notation in Section [2.4.4] we mentioned that
the diagrammatic language was missing one feature: the ability to turn a
ket into a bra, and vice-versa. This is exactly what the adjoint does for us,
so we can now amend the rules D2 and D3 to use adjoints:

D2: is written as (¢| and called a ‘Dirac bra’
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D3: is written as (p|¢)) and called a ‘Dirac braket’

The composition in D3 is important enough to give it a special name:

Definition 3.48 The inner product of states v and ¢ of the same type is:

(N
Y/

and these states are called orthogonal if:

The squared-norm of a state 1 is the inner product of v with itself:

and a state 1 is called normalised if:

Remark 3.49 We say ‘squared-norm’ because in linear algebra one typi-
cally takes the norm of ¢ to be the square-root of this quantity.

The meaning of the inner product immediately follows from our motiva-
tion for introducing adjoints. Since the adjoint of a state gives us the effect
that tests for that state, we have:

(N
Y/

In other words, the inner product computes ‘how much commonality’ states
have, and orthogonality means that there is no commonality whatsoever. At
the other end, we would expect to get 1 (i.e. the empty diagram) whenever we

= ‘testing state v for being state ¢’

are testing a state for itself. This is true precisely when a state is normalised
(which is a good reason to treat normalised states as the ‘default’).



3.8 Reflecting diagrams 117

Another useful intuition for ‘measuring commonality’ is the following.
When states are distributions of some sort (e.g. probability distributions),
the inner product computes how much those distributions overlap:

A = fect overlap
K% I I A ,,,,,,

(O

W/

= 0 /\ / \ no overlap
none of the above /><\ some overlap

Example 3.50 In relations we have:

\/ VAR

The first three inner products include cases of ‘perfect overlap’ as well as
of ‘some overlap’, since both correspond to the same number. In relations
overlap can be taken literally since:

/B\
7

means that the intersection of B and B’ is non-empty:

B@B/

On the other hand, the subsets in the last three inner products have no

intersection:
BQ QB,

The inner product and the corresponding squared-norm are standard no-

tions in linear algebra, and most of the defining properties of a linear al-
gebraic inner product already follow from the language of string diagrams.
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Those readers familiar with inner products will recognise these properties
more easily when denoting conjugation by ( ) and using Dirac bracket no-
tation:

Proposition 3.51 The inner product:

1. is conjugate symmetric:

(Ply = (Wl)

2. preserves numbers in the second component:

@A) = X-{olY)
3. conjugates numbers in the first component:

N o) = X (gl
4. and is positive definite:

@y =0 < [ =0

Proof For conjugate symmetry, we have:

&
/) Y 9/ &/

Next, setting:

we straightforwardly have:

T "%

(o) 0

At the end of Section [3.3.1] we moreover established:

=0 <= @7:0

as well as:
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as an instance of what makes for (good) adjoints. O

Remark 3.52 The reader may wonder what is ‘positive’ about ‘positive
definite’. This will become clear in Section [3.3.5

Remark* 3.53 Readers familiar with inner products in linear algebra
might have expected conditions 2 and 3 above to be ‘linearity’ and ‘conjugate-
linearity’. The only thing missing is that the inner product should also pre-
serve sums. This will naturally follow once we introduce sums of diagrams

in Section {.1.3]

3.3.4 Unitarity

As the inner product provides us with a measure of commonality /overlap,
the natural follow-up step is to identify those processes that preserve this
measure. That’s what we do in this section.

Definition 3.54 A process U is an isometry if we have:

B = |A (3.42)

In other words, UT satisfies one of the two equations from Definition
needed to be an inverse of U, i.e U is a one-sided inverse of U.

Proposition 3.55 Isometries preserve the inner product.

Proof We have:

If U' satisfies both inverse equations, we obtain the following notion:
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Definition 3.56 A process U is unitary if we have:

B = |a A = |B (3.43)

We know from Exercise that inverses are unique, so it immediately
follows that, for a unitary process U:

l l
01/ - [
{ {

From the diagrammatic definition of unitarity we also obtain:

Proposition 3.57 Identities and swaps are unitary, and the sequential
and parallel compositions of unitary processes are again unitary.

Here are some alternative characterisations of unitarity:
Proposition 3.58 For a process f the following are equivalent:

e f is unitary.
e f is an isometry and admits an inverse.
e fTis an isometry and admits an inverse.

Exercise 3.59 Prove Proposition [3.58

In Section we’ll meet several more equivalent ways to recognise
isometries and unitaries.

3.3.5 Positivity
In Remark we promised to explain the ‘positive’ part of ‘positive defi-

nite’. Its turns out that the inner product of a state with itself:

(3.44)

is a special case of a general notion of positivity that makes sense in any
process theory.
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Definition 3.60 A process f is positive if for some g we have:

= B (3.45)

So, in fact, the number given by (3.44) is positive by definition. In fact,
for many process theories:

N
@ — B simplifies to <>> = @ @
0/

That is, we can always take B to be ‘no wire’. Thus, as we will see in the

next chapter, this does in fact exactly capture the usual notion of a positive
number (i.e. a real number > 0) for the theory of linear maps. However,
this notion of positivity applies not just to numbers, but to any process with
the same input/output system.

From , it clearly follows that positive processes are invariant under
vertical reflection:

Proposition 3.61 Positive processes are self-adjoint, that is:

- (3.46)

So in particular, positive numbers are self-adjoint, and hence, since the
transpose of numbers is trivial, they are self-conjugate.

By positive definiteness, non-zero positive processes have non-zero trace.
In other words, we can figure out whether a positive process is zero by
computing its trace:

Proposition 3.62 For positive processes we have:
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Proof 1If f is positive then we have:

so the trace of f is the inner product of this state:

with itself. If this inner product is zero, then so too is the above state, by
positive-definiteness. Thus g itself is 0, and hence so is f. O

This general definition of positive process also implies a notion of positiv-
ity familiar from linear algebra. Namely, if f is positive, the number:

@IflYy =

NN

is positive for all 1. This can be easily seen by expanding Definition [3.60

NN

3.3.6 ®-positivity

We started this chapter with the observation that, via process-state duality,
we can relate o-separability of processes to ®-separability of bipartite states.
Similarly, we can relate self-adjoint processes to self-conjugate states:
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Proposition 3.63 A state v is self-conjugate if and only if the process f
corresponding to it by process-state duality is self-adjoint:

self-conjugate state A \-E N~ self-adjoint process

Proof The conjugate of a bipartite state 1 is:

(5105t

and this is equal to 9 itself if and only if:

that is, if and only if f is self-adjoint. O

In the case of positivity we introduce a new name for its ®-counterpart:

Definition 3.64 A bipartite state v is ®-positive if for some g we have:

A A
% - (3.47)
C

Proposition 3.65 A state ¢ is ®-positive if and only if the process f
corresponding to it by process-state duality is positive:

®-positive state - \_E R— positive process

Proof When we express a bipartite state 1 in terms of the process f then
®-positivity becomes:

- o = - |G
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for some process g, which is equivalent to positivity of f. O
We can extend the definition of ®-positivity of states to processes:

Definition 3.66 A process [ is ®-positive if for some g we have:

‘B
g | (3.48)
| A
or equivalently, for some ¢’ we have
‘B
g | (3.49)
4
Setting:
one can indeed pass from equation (3.48 i and vice versa:
(&
B~ |8 2 |5 |5 |5
L9 9 | = Ls 9 | = LdN /4]
4 | A | A c | 4 la \c/ |a

As a consequence, it is easy to see that ®-positive states are a special case
of ®-positive processes, where A is the trivial system.

Exercise 3.67 Show that the sequential composition of two ®-positive
processes is again an ®-positive process.

Example* 3.68 Some readers may be familiar with density operators,
which are an example of positive ‘processes’. Here we put processes between
quotes, since in quantum theory density operators are used to represent
states. Instead of density operators, we will use their ®-positive counter-
parts to represent quantum states in Chapter [5] We will also use ®-positive
processes, as opposed to completely positive maps, to represent quantum
processes. The motivation for this is clear: states should be represented as
states (not ‘processes’) and processes should be represented as processes (not
‘super-processes’ i.e. things that send processes to other processes).
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3.3.7 Projectors

We extend our vocabulary about processes a bit more:

Definition 3.69 A projectoris a process P that is positive and idempotent:

D—‘? r/
= (3.50)
r/

Proposition 3.70 For a process P, the following are equivalent:

(i) It is a projector.
(ii) It is self-adjoint and idempotent.

(iii) It satisfies:
[]:37 = (3.51)

Proof (i = ii) follows from Proposition [3.61] For (ii = iii) we have:

@iﬁ

For (iii = 1), it immediately follows from (3.51)) that P is positive. Thus in
particular, it is self-adjoint, so:

D_?

establishes idempotence. O
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We can build projectors from any normalised state v as follows:

&7
N

This is clearly positive, and for idempotence we have:

&7 : &7 & .

£ oo ©

We will refer to these projectors as separable projectors. In fact, as long
as 1 # 0, this recipe always yields a projector, up to a number (cf. Sec-

tion [2.4.3)): @7
% %
7@

Remark* 3.71 In linear algebra, separable projectors are precisely the

(3.52)

projections on to one-dimensional subspaces.

Now recall that any process f yields the following state, via process-state
duality:



8.4 Quantum features from string diagrams 127

Of course, by process-state duality, any bipartite state can be written in
terms of some process f, so:

Corollary 3.72 In any process theory that admits string diagrams, every
bipartite separable projector is of the form:

(3.54)

The following exercise concerns the composition of these bipartite sepa-
rable projectors:

Exercise 3.73 Show that:

= (3.55)

N

g = fsofaoffoflofiof (3.56)

Can you generalise this particular computation into a more general state-

with:

ment about diagrams involving projectors of this kind?

Note in particular that the order of the processes that make up g seems
at first sight to be totally unrelated to the order of projectors in the LHS
of . The resulting general statement on how these bipartite projectors
compose was, in the early days of diagrammatic quantum reasoning, referred
to as the logic of entanglement.

3.4 Quantum features from string diagrams

While not all process theories admit string diagrams, those that do have sev-
eral important features in common, which may at first sight seem weird. We
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already saw how process-state duality assigns to each process a state that
fully captures it, that the transpose assigns a converse to each process, and
more generally, that we can freely interchange inputs and outputs of pro-
cesses. We also just saw that bipartite projectors exhibit some pretty funky
compositional behaviour. These features have no counterpart in a process
theory that doesn’t admit string diagrams, such as the world of functions
(cf. Exercise . We will discuss some other simple consequences of string
diagrams, which are sometimes (perhaps prematurely) branded as ‘quantum
weirdness’, in the remainder of this chapter.

3.4.1 A no-go theorem for universal separability

One uses the terminology ‘no-go theorem’ to refer to a result that establishes
the impossibility of something that we might assume to be true in the light of
our every day experiences. The first no-go theorem we’ll meet states that if
a non-trivial theory admits string diagrams, then its bipartite states cannot
all be separable. Since a ®-separable state:

is described by describing the states 11 and 1o of the respective subsystems,
it follows that there must be states of composite systems that cannot be
described merely by describing their parts.

To put this in more every day terms, suppose we have two things, like a
plugstrip and a dodo. Then, it suffices to describe each thing individually to
describe the whole system consisting of both things. In a ®-non-separable
theory this is no longer true: the properties of the individual do not suf-
fice to describe the properties of the whole. If this were the case for the
dodo/plugstrip system, the properties of the two things would get all mixed
up. For instance, the colour of the dodo’s plumage could depend on whether
the plugstrip has UK or EU sockets. While this situation appears to be
nonsensical, there do exist some concepts in our daily world which are in-
trinsically ®-non-separable. One such concept is that of twins: twins are not
defined by each member having a particular property, e.g. blond hair, be-
ing tall, etc., but by the fact that whatever property one member has, the
other one has that property as well. Such a concept could, for example, be
modelled by the cups/caps in relations that we described in Exercise

The way we establish our no-go theorem for universal separability was
already aluded to in Remark [3.7. We show that if all bipartite states are ®-
separable, then all processes are o-separable, so we are dealing with a process
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theory in which all processes are constant, i.e. nothing ever happens. As this
is an absurd condition for any ‘reasonable’ process theory, all bipartite states
cannot be ®-separable.

Proposition 3.74 If a theory is described by string diagrams, and all
bipartite states are ®-separable, then all processes are o-separable.

Proof By assumption, the cup is ®-separable:

-

So, for any process f we have:

v S wh

for state ¢ := f o 1)y and effect 7 := 7. O

If all processes are ®-separable, in particular, identities are o-separable:

EN

Hence, by looking close enough, one may discover that wires are actually
not wires at all:

Conversely, we could as well have just shown that identities are o-separable,
since then, any process is also o-separable:
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i

Separable states inhabit one end of the spectrum of bipartite states. At
the other end of that spectrum are those states that are like cups, in the
sense that they satisfy yanking-like equations for some bipartite effect:

Definition 3.75 A bipartite state 1 is called non-degenerate, or cup-like,
if there exists an effect ¢ such that:

= |4 and = |B (3.57)

Similarly, an effect ¢ is called non-degenerate, or cap-like, if there exists a
state 1 satisfying the above equations.

A single cup-like state already yields a no-go-theorem on separability:

Proposition 3.76 Every non-degenerate state ¢ in a non-trivial process
theory must be ®-non-separable.

Proof If 4 is ®-separable then:

@
(T &6T -

i.e. a plain wire is separable. Hence % cannot be separable. ]

Remark 3.77 In Definition [3.75 we implicitly assumed that i was a
‘proper’ bipartite state. That is, neither A nor B are the trivial, ‘no wire’
type. Otherwise, 1) would of course be separable in a trivial manner.

In Section[3.3.6]we saw how certain kinds of processes translate via process-
state duality into certain kinds of bipartite states. In the same vein, non-
degenerate bipartite states arise via process-state duality from invertible
processes:
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Proposition 3.78 A state ¢ is non-degenerate if and only if the process
f corresponding to it by process-state duality is invertible:

invertible A : ’\

1( )11—(1(?{%(‘11(‘1'&“‘

-
5odo

From these equations, it clearly follows that f and f~! satisfy the inverse
equations (3.13) if and only if 1) and ¢ satisfy the non-degeneracy equa-

tions (3.57]). O

Example* 3.79 One often encounters non-degenerate effects like ¢ in lin-

Proof Setting;:

we have:

and:

ear algebra, under the name non-degenerate bilinear form. In quantum en-
tanglement theory, non-degenerate states are called states of full (Schmidt)
rank, or, SLOCC-maximal states for reasons that we explain in Section ?7.

Unitary processes are special kinds of invertible processes, so there also
are corresponding bipartite states that further specialise cup-like states:

Definition 3.80 A state v is mazimally non-separable if it corresponds to
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a unitary U by process-state duality, up to a number:

[U? ~ (@ (3.58)
unitary A ’\

maximally non-separable

Note, we use =~ to allow 9 to still be normalised even when the RHS of
equation (3.58]) is (almost) never normalised.

Exercise 3.81 What is the squared-norm of:

when U is unitary? When is this state normalised?

The following exercise indicates the utility of unitary processes in inter-
converting maximally non-separable states.

Exercise 3.82 Show that if one applies a unitary to one side of a maxi-
mally non-separable state:

that one again obtains a maximally non-separable state, and that this uni-
tary can always be chosen such that the resulting state is the cup (up to a
number).

Example* 3.83 In quantum theory, maximally non-separable states as we
defined above will be called mazimally entangled states, or, LOCC-mazimal
states for reasons that we will explain in Section ?7.

3.4.2 Two no-go theorems for cloning

One feature that is characteristic of classical computation is that we can copy
bits at will. For example, this book was once a PDF file on our computers,
but it has since been copied and sent all over the place. While this seems
like a totally obvious thing to do, ‘copying’ is no longer possible when we
are dealing with states and processes in string diagrams! While at first this
may seem really bad, this matches what goes on in the quantum world, and
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it also has some suprising benefits. For example, if someone wants to keep
a secret, like the pin code of a bank card, it becomes much harder in a
world without copying for someone to steal the code without the card owner
noticing. This principle forms the basis for quantum cryptography as well
as many other quantum security protocols, as we will see in Section [8.2.6

So far, most of the calculations we have done have been pretty trivial, and
all the things that we proved were plainly obvious from the string diagram
language. However, the next two theorems, and in particular the first one,
will require some slightly more intricate diagram acrobatics.

By a cloning process for a system of type A we mean a process:

A |A

A

that turns an input state 1 into two copies of :

"Gy e

There are some obvious conditions one expects from such a process. For
example, since it is producing two identical copies of a state as output, it
should not matter if we interchange them:

A /=] A (3.60)

Furthermore, when we have two cloning processes, one for type A and one
for type B, then we should be able to clone a state of type A ® B just by
cloning each system individually:

‘ B>’<A ‘ _ ‘A ‘B ‘A ‘B
: AT

Finally, we will assume our process theory contains at least one normalised
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state. That is, at least one state v such that:
= (3.62)

In essence, this a trivial assumption since otherwise there is nothing to be
cloned anyway!

Theorem 3.84 Consider a process theory that admits string diagrams. If

there is a cloning process of type A which satisfies (3.60)), (3.61]) and (3.62)),

then every process which has A as its input system has to be o-separable.

Proof Applying (3.61) for:

we have:

where all the wires have type A and (x) is just a deformation of the diagram.
Then converting the external outputs of LHS and RHS into inputs:

we discover that an identity on a pair of systems is separable, which should
already raise some eyebrows. Substituting the above equation into the dotted
areas below:



8.4 Quantum features from string diagrams 135

so we indeed obtain that any process f which has A as its input type is
o-separable. ]

Thus, in the light of our conception of ‘trivial’ outlined in Section
if there is a cloning process for a certain system-type A then the process
theory is trivial with respect to type A, and if every system-type admits a
cloning process, then the process theory is trivial as a whole.

The assumption that really makes things go wrong is . If one ‘thinks’
in the language of string diagrams it is pretty obvious that trying to copy
a non-separable state by doing something to each of the subsystems isn’t
going to work.

Theorem is quite different from the one that one finds in most text-
books. Firstly, a cloning process is usually introduced as a process with two
inputs and two outputs, whose second input is in some fixed state ¢ which
gets over-written by the copied state

) - P

Of course, a one input, two output cloning process arises as follows:

5 - w 5o

and we could then just as easily use - ) to prove Theorem m
Secondly, one usually assumes that the process A’ in equatlon is
unitary, which in turn means we don’t need assumptions (3.60|) and (| -
This is such a profound difference that it results in What should be con-
sidered as a different theorem, despite the fact that it aims to establish the
same feature. The assumption of unitarity is motivated by quantum theory
itself (cf. Section . In spite of the fact that this theorem relies on extra
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assumptions, it is still of interest because it additionally demonstrates pre-
cisely which sets of states can be jointly cloned by a single process, namely
the orthogonal ones. This joint-cloneability of orthogonal states is closely
connected to the fact that they can be used to encode classical data within
quantum systems, which we will exploit in Chapter [7] to give an elegant
diagrammatic representation of classical data.

Instead of using A’, we will use A defined as in equation [3.64] By unitarity
of A’, when ¢ is normalised, A must be an isometry:

So we assume the existence of an isometry A satisfying the cloning equa-
tion . Of course the biggest extra assumption in the traditional no-
cloning theorem is that we are dealing specifically with the theory of quan-
tum processes (which of course, we haven’t even defined yet!). However,
this assumption is a bit overkill. All we really need is to assume a couple of
things about the numbers of our theory:

(a) All non-zero numbers are cancellable, that is, if \ # 0:

i~ i

which is evidently the case for numbers either representing possibilities
(cf. relations) or probabilities.

(b) The number 1 means ‘certain’, as discussed in Section That is,
for normalised 1, Y9 we have:

Theorem 3.85 In any process theory which admits string diagrams and
satisfies conditions (a) and (b) above, if two normalised states ¥; and )9
can both be cloned by an isometry A then they must either be equal or
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orthogonal. That is, we either have:

@/=@ or ()

Proof First, note that:

"33

Next, consider two cases. If:

(b
0y

by assumption (a), we can cancel this number on both sides to obtain:

(b
N4

so by assumption (b) the states 11 and 12 are equal. On the other hand, if:

(b
N4

then 1 and 1 are orthogonal. O

# 0

=0

Theorem immediately yields the second no-cloning theorem:

Corollary 3.86 Under the assumptions of Theorem if a process the-
ory has at least two states of type A which are neither equal nor orthogonal,
then there is no cloning process of type A.

Remark 3.87 Note that the first no-cloning theorem applies to relations,
whereas the second one doesn’t, since it relies on condition (b). In fact, the
proof of the first no-cloning theorem doesn’t rely on adjoints at all, so in that
sense is more general. However, the second no-cloning theorem does avoid
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assuming extra equations about the cloning device (notably equation (3.61)
for cloning joint states), so it is not directly implied by Theorem

Remark 3.88 There is a subtlety about the statement ‘we can copy bits
at will’, namely, this assumes bits are deterministic i.e. they have definite
values. We won’t discuss this any further now. A full discussion of this issue,
as well as a more refined no-go theorem that avoids it is given in Section

E23

3.4.3 ...as if time flows backwards

Consider the following equal string diagrams:

Suppose we interpret the LHS and the RHS as processes happening at spe-
cific points in time tq,...,t4:

(3.66)

141
then something strange happens. When considering the LHS we have:

to : something happens involving ¢ ;
t3 : something happens involving f ;

On the other hand, when considering the RHS:

to : something happens involving f;
t3 : something happens involving ¢ ;

While for the LHS the output of the g-labelled process is the input to the
f-labelled process, for the RHS the output of the f-labelled process is the
input to the g-labelled process. So the order in which the processes happen
is reversed!
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The reason that something like this can happen is that two equal dia-
grams may actually correspond to very different operational scenarios. An
operational scenario is the manner in which a diagram is actually realised,
e.g. by wiring together some devices in a lab. The LHS and RHS above have
different operational readings, since the LHS involves three systems at times
to and t3, while the RHS only involves one system at any time. The cups
correspond with the creation of two systems while caps correspond with
the annihilation of two systems. As a result, we have a more complicated
operational scenario in the LHS, which is then simplified in the RHS.

Despite the difference in the two operational readings, what actually hap-
pens, according to our theory, is the same. We might call this the logical
reading of a string diagram. In this case, we can see that these diagrams
have the same logical reading by tracing the logical flow of the diagram:

which passes first through the f-labelled box and then the g-labelled box.
In the case of the logical reading, the cup and the cap make it seem as

if systems are actually travelling back in time! This has even led several

researchers to propose a cup and a cap as a model for time travel:

enter time-machine here

get out of it in the past

Does this mean that cups and caps provide a pathway to effectively building
a time machine? Of course they don’t! The main problem here is the fact
that, as we shall see later, caps cannot be implemented with certainty, but
only with some probability. The reason for this is what we will refer to as
the causality postulate (see Section . In particular, if anyone proposes
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you a trip in such a machine, we highly recommend you not to take it, since
as we shall see in Section you’d come out pretty scrambled up!

Exercise 3.89 Let T := {0, 1,2} be a three-element set (the set of ‘trits’).
Define relations f,g: T — T as follows:

e f:{0—~1,1—0,2 2};
e g::{0—~0,1—2,2—1}.

Note in particular that these relations do not commute:

5o
W

g

Let the cup and the cap be those of Exercise Verify the ‘time reversal’
equation (3.65)) by explicit composition of relations.

Exercise demonstrates how the ‘time reversal’ can be realised by
means of non-deterministic processes, in the following manner:

step 1: create non-deterministic perfect correlations for two systems;
step 2: apply two consecutive operations to one of the systems;
step 3: impose that the output matches the state of a third system.

third system correlated systems

In addition to string diagrams which simply have strange logical readings,
we may have diagrams that have more than one such reading, or none at
all, for example:

)
/9] 11/
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In the left diagram, is the ‘flow’ from g to f or from f to g7 And who knows
what is even happening in the diagram on the right? However, we can still
make sense of such diagrams by thinking about wires less as ‘flow’ which
has a definite direction, and more as ‘forcing the value at both ends to be
the same’, which is a symmetric concept.

3.4.4 Teleportation

We’ll now meet one of the ‘killer apps’ of quantum theory for the first time:
quantum teleportation. Perhaps surprisingly, the real ‘meat’ of quantum
teleportation can already be described using just the diagrammatic concepts
we’ve met so far. In Chapter [5] we will revisit this protocol and fill in the
details, such as careful definitions of quantum states and measurements.

Here is the challenge. Aleks and Bob are far apart, Aleks possesses a
system in a state 1, and Bob needs this state. Suppose they also share
another state: the cup-state. So, we have this situation:

Starting from this arrangement, is there something Aleks and Bob can do
in the ‘?’-marked regions indicated below, that results in Bob obtaining ?

Aleks ' ' Bob | Aleks ' ' Bob |
l ? e l ®7

Here is a simple solution:
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But is the cap (i.e. an effect) really a process that Aleks can ‘do’? Well...not
exactly. We’ll see in Chapter [5| that effects arise as the result of quantum
measurements. Now, a tricky issue about measurement is that Aleks might
not get the effect he wants (i.e. the cap), but rather the cap with some
(non-deterministic) error, which we can represent as a box:

Bob’s problem now!

Aleks doesn’t know in advance which error he will get, just that it will be
in some set {Up, Uy, ...,Up—_1}. It could be the case that Uy is the identity
process, i.e. no error. If he’s feeling lucky, he’ll just hope this happens, and
if it doesn’t, try the whole thing again with a new v and a new cup-state.
This is called post-selection. Thinking about it a bit more, Aleks realises this
seems a bit wasteful. Moreover, if he only possesses one system in the state
1, that state will be lost forever. Instead, Aleks decides to call up Bob and
tell him to fix the error. Bob can achieve that as follows, in the particular
case that U; is a unitary process:

v /]
error —» m @
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So, all Aleks needs to tell Bob is the value of i € {0,...,n — 1} so he knows
which correction to perform. And poof! Bob now has ¢ :

So this is it: quantum teleportation. In summary:

Bob’s fix of the i-dependent error

Aleks’ cap-effect with i-dependent error

(3.68)

cup-state shared by Aleks and Bob

One important thing to note is that it is crucial for Aleks to send Bob
the value of i, otherwise Bob can’t fix the error. In that case, Bob will
only get noise, as we shall see in Section This is why, for example,
quantum teleportation is compatible with relativity theory, which forbids
sending any signal faster than the speed of light. As a consequence, when
we use the term ‘teleportation’, we don’t really mean magically beaming
something through space. Instead, the teleportation protocol uses one kind
of information to send another kind of information. In this protocol, Aleks
communicates some classical data to Bob, and as a result, Bob obtains
quantum data (i.e. a quantum state). This is genuinely surprising since, as
we shall see in Chapter [6] the space of possible quantum states is infinitely
larger than the number of possible classical values.

Exercise 3.90 Write the teleportation protocol of (3.67)):

1. as a diagram formula, and
2. algebraically, using ® and o.
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We’re not quite ready to fully describe quantum teleportation. However,
there exists a totally classical analogue to quantum teleportation that can
be described using relations:

Example 3.91 (‘classical’ teleportation) Suppose Aleks and Bob both
have envelopes with a card inside that says either ‘0’ or ‘1’. They don’t
know which it is, but they do know that they both have the same card. We
can represent this non-deterministic state as the cup-relation:

e (0,0)
vy (L.1)

Now, suppose Aleks has a bit ¢ that he wants to send to Bob. As before,
they have a telephone, but unlike before, Aleks has a classical bit, so he
could just look at it, ring up Bob, and tell him what it is. On the other
hand, Aleks is a bit paranoid and doesn’t want any potential eavesdroppers
to get a hold of 1. So instead of just telling ¢ to Bob, he computes the
parity of 1) together with the bit stored in his envelope. That is, he looks at
both bits, and tells Bob over the phone whether they are the same, which
corresponds to the effect My, or different, which corresponds to the effect
Mli

If they are the same, Bob knows that the card in his envelope is the bit . If
they are different, he knows that 1) is the negation of the bit in his envelope.
In other words, based on the outcome of Aleks’ parity measurement, Bob
chooses a correction to apply to the bit in his envelope:

0—20 0—1
Up :: Uy ::
0 {1H1 ! {1»—»0

Noting that the effect M; can be re-written in terms of a cap and U;, we can
stick this all together, giving us this picture:
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which of course, is just teleportation!

Remark 3.92 In the world of computer security, Example [3.91] is called
one-time pad encryption. The bits in the envelopes correspond to the shared
key, or ‘pad’, the parity measurement encrypts Aleks’ bit, and Bob’s correc-
tion decrypts it. Above we noted that a teleportation protocol uses one kind
of information to send another. This interpretation applies here as well. In
this case, Aleks sends public (i.e. encrypted) data to Bob, and Bob receives
private (i.e. unencrypted) data at the end. So, the analogy between classical
and quantum teleportation goes like this:

| Aleks sends | Bob receives | Using a shared...

public data
classical data

one-time pad encryption:
quantum teleportation:

private data
quantum data

encryption key

quantum state
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Bob’s fix of the error (complements white box)

Aleks’ cap-effect with error (cf. white box) J

cup-state shared by Aleks and Bob

Figure 3.1 Teleportation is everywhere when you know how to recognise
it. Here it is in the highly recommended Cafe Cantine in Istanbul’s Taksim
square area.

3.5 Summary: what to remember

1. String diagrams realise what Schrodinger singled out as the characteris-
tic trait of quantum theory: non-separability. They have the following two
equivalent characterisations:
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Diagrams in which wires may con- | Circuits for which each type has a
nect inputs to inputs and outputs | special state and a special effect,
to outputs, resulting in cup-and | the cup-state and cap-effect which
cap-shaped wires. satisfy equations:

{w;
v" U U
=<

These two characterisations are related by setting:

T

and then the defining equations of the cup-state and the cap-effect become
the yanking equations:

~J-l o Q-n,

2. For string diagrams there is a bijective correspondence between processes

and bipartite states, called process-state duality, which is realised as follows:

B AS S

3. The string diagram language enables us to define the transpose, which we
represent the transpose as a 180°-rotation:

5\
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As a consequence boxes can slide along cups and

Y-l L -1

4. Tt also enables us to define the trace (see below), which gives us a way to

assign numbers to processes and obeys cyclicity:

5. We also introduce vertical reflection of diagrams. Adjoints give an in-
terpretation for vertical reflection within a process theory, and associate to
each state the effect that tests for that state. They also enable us to define
an inner product, as well as isometries, unitary processes, positive processes,

caps:

and projectors (see below for each of these).

6. Combining vertical reflection with transpose-rotation, we get a second,

horizontal reflection, called the conjugate:

conjugate

adjoint | , adjoint

conjugate
Conjugates enables us to define ®-positive bipartite states (see below).
7. We identified several ‘physical’ features of string diagrams:

e In any non-trivial theory there always exist non-separable states, most
notably the cup state. This state establishes perfect correlations, and
can create the illusion of systems travelling back in time:
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e There does not exist an operation:

eVt

that clones all states 1. In particular, the only states that can jointly
be cloned by an isometry must be orthogonal.

e We can describe teleportation, which boils down to this equation:

8. We introduced a plethora of diagrammatically defined concepts, which
we summarise here for the reader’s convenience:

W | M & oy

cup-state | cap-effect any number A | A’s conjugate

4=V & 9@

any state 1 1’s transpose 1’s adjoint 1’s conjugate
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v

EN

"

CHE

Y/

inner product of
states ¢ and ¢

isometry U (left equation only) and
unitary U (both equations)

any process f f’s transpose f’s adjoint f’s conjugate
@ :
wnit number impossible identity any impossible
number process process
= and =

(7

trace of f

(07

partial trace of f

D? A
9/
positive f

®-positive state 1)

®-positive process f
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state induced by any f

Dq

projector induced by any f

151
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3.6 Advanced material*

Following on from the advanced material in the previous chapter, we will
now look at how the additional structure of string diagrams is defined in
terms of abstract tensor systems on the one hand, and symmetric monoidal
categories on the other. In the case of the latter, before we can do so we will
need to refine our treatment of cups and caps a bit more.

3.6.1 String diagrams in abstract tensor systems*

String diagrams arise in abstract tensor systems just by adjoining special

AB

tensors U and N yp satisfying:

BC o MNBA = MAB
NABY = 614
UBA _ UAB

Drawing these equations as pictures, these are just the normal identities we
expect from caps and cups:

In tensorial language, the cups and caps are sometimes called index raising
and index lowering operations, because composing other tensors with them

raises or lowers an index (i.e. changes an input to an output or vice-versa).
This trick should already be familiar from Section [3.2

BC B c'c B BC'
4 = facr v flac = fi" nce
The tensor N 25 plays a key role in differential geometry, which is a branch
of mathematics that studies geometrical properties from inside of curved

surfaces. The cap is called the metric of a space. In that context, a more
familiar notation for cups and caps is the following:

g = UAB Guv ‘= NAB
where 4 := A and v := B. Much like the inner product can be used to
calculate lengths of vectors in plain old cartesian space, the metric can be
used to calculate lengths of paths in more general spaces, which can be
curved and distorted. These spaces play a central role in General Relativity,
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where the effects of gravity amount to distortions in spacetime (hence the
use of ‘g’).

3.6.2 Dual types and self-duality*

In order to simplify the presentation of caps and cups, we assume throughout
this book that caps and cups satisfy the property of self-duality:

/Q

A A

u same type

or, in other words, that all of our types are self-dual. We can relax the
requirement that these types are the same. Rather than taking cups and
caps as the main actors in the definition, the focus now moves to the ‘other
type’ involved in cups and caps, and ‘having cups and caps’ becomes ‘having
duals’:

Definition 3.93 For any type A, the type A* is called the dual type of A
if there exists a cup-state and a cap-effect:

A* 1A
A | A%

satisfying the yanking equations:

A
M
A = |a = |ar (3.69)
)
A

A type A is called (coherently) self-dual if A = A* and - ) holds.

Recalling Proposition where we gave two equivalent presentations
of the yanking equations, one can see that the equations above generalise
version (ii). But we seem to have lost this equation:

% = @ (3.70)

If A # A* thisisn’t even a meaningful equation anymore, since the types on
the LHS and RHS don’t match. However, just by deforming equations (3.69)),
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we can see that the LHS above gives a cup for A*. Pairing with the appro-
priate cap yields:

A* A

A* A
So, A is in fact a dual type for A*. Thus we can let:
(A" := A

in which case ) becomes:

R

When A = A*, we have two ways to the build a cup with the same type
(either as U4 or U 4% ), so (3.69) says that they should be equal.

For many examples in mathematics, it may indeed be more natural to
treat a type as different from its dual type. An important example comes
from linear maps, which are presented in Chapter [4l For those unfamiliar
with vector spaces, linear maps, or the tensor product, it might be worth
reading Chapter [4] before looking at the next example.

Example 3.94 For a finite-dimensional vector space A, let A* be the
dual space of A. That is, the elements £ € A* are themselves linear maps
from A into C. These form a vector space by letting addition and scalar
multiplication act ‘point-wise’:

€ +n)(v) :=&(v) +n(v) (A-&)(v) == A(v)
Furthermore, any basis {¢;}; in A fixes a dual basis {¢;}; via:
Gi(@;) =6

Now, we can show that A* is the dual type of A, by defining a cup-state and
cap-effect. The choice of cap-effect is very natural, we just take the effect
that evaluates £ € A* at the vector v € A:

% L W®E) ()
A A*
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The cup-state is given by summation over a basis:

A* | A

i 1’_’Z(Zi®¢i

It is possible to check that this cup and cap satisfy , and one can
also show that, unlike their self-dual variations, these cups and caps don’t
depend on the choice of basis {¢;};.

If we transpose f : A — B with respect to these new caps and cups, we
get a new map f*: B* —» A*:

A*
A* B
B* A
B¥*

which is sometimes called the linear operator transpose. Concretely, f* sends
an element of B* to an element of A* by pre-composing with f:

[ =¢of

which again doesn’t depend on a choice of basis (unlike the normal trans-
position).

Even when it is possible to choose A to be self-dual, having the freedom to
chose A* can sometimes be helpful. For instance, consider the ‘nested caps’
problem from Section [3.2.2

The types don’t match! T\

— —

AR B A®B A B B A
U v w
B
A®B
A

This problem goes away if we let:
(A® B)* := B* ® A*

But we seem to have lost some notational niceness when A # A*. Rather
than representing caps and cups as a piece of wire, we seem forced to use
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explicit boxes for N and U, otherwise we’ll end up with wires that say one
type at one end and another type at the other:

That doesn’t look right! However, there is a very elegant way to deal with
duals graphically. We just introduce a direction to the wires:

A% -

Wires of ‘normal’ types A are depicted as wires directed upward (i.e. as ‘stuff

flowing forward in time’), whereas wires of dual types A* are depicted as
wires directed downward (i.e. as ‘stuff flowing backward in time’). In either
case, we label the wire simply as A, and use the direction to tell us whether
the wire is A or A*. This little tweak to the notation allows us to once again
represent caps and cups as pieces of wire, but using directed wires this time:

Equations (3.69) become:

and (3.71) becomes:

- U

Maps to/from duals are depicted as boxes connected to wires with the
directions reversed. For example, a box with input type A ® B* and output
type C* ® D looks like this:
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Just as we were able to define string diagrams without referring to caps
and cups (cf. Definition , we can define directed string diagrams as
diagrams where we are allowed to connect any two wires, provided that the
types and directions are compatible:

That is, if we connect an input to an output, the types should be the same.
If we connect an input to an input (or an output to an output), the types
should be dual to each-other. For instance, the output of A with type C* is
connected to the output of g with type C.

3.6.3 Dagger compact closed categories*

A compact closed category is a symmetric monoidal category where every
object has a dual. We can say this in categorical language as follows:

Definition 3.95 A compact closed category is a symmetric monoidal cat-
egory C such that for every object A € ob(C), there exists another object
A* € ob(C) and morphisms:

ea:ARAY - T na:I—A*®A
such that:
(ea®14)o(1a®na) =14 (1ax ®€a) o (MAa®Lax) =1a% (3.72)

Remark 3.96 The adjective ‘closed’ means that for every two objects A
and B there is a special object [A — B] whose states ¢ : | — [A — B]
encode morphisms in C(A, B). For example, in the category which has sets
as objects and functions as morphisms, [A — B] is the set of all functions
from A to B, whereas in the category which has vector spaces as objects and
linear maps as morphisms, [A — B] is the vector space of linear maps from
A to B. ‘Compact closed” means that these special objects take the form:

[A— B]:=A*®B
i.e. that the category has process-state duality.

We can also account for adjoints in category theoretic terms:
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Definition 3.97 A dagger functor for a symmetric monoidal category is
an operation f that doesn’t alter objects:

At:=A
reverses morphisms:
(f:A-B)l.=f1:B> 4

is involutive:

(=71
and respects the symmetric monoidal category structure:
(gof)t =flog! (feg)f=fed ol 5= oBA

A dagger compact closed category is a compact closed category C with a

dagger functor satisfying:
e; = A%
Just as Theorem m gave the soundness/completeness for circuit dia-
grams with respect to symmetric monoidal categories, it is possible to show
the same for string diagrams and dagger compact closed categories:

Theorem 3.98 String diagrams are sound and complete for dagger-compact
closed categories. That is, two morphisms f and g are provably equal using
the equations of a dagger-compact closed category if and only if they can
be expressed as the same string diagram.

We can now extend our table from Section* [2.6.3

string diagram ‘general’ diagram circuit diagram

i.e. all to all i.e. outputs to inputs | i.e. admits causal structure
ATS with g-metric ATS ATS ‘without cycles’
T-compact closed strict traced SMC strict SMC
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3.7 Historical notes and references

The manner in which bipartite projectors compose discussed in Section [3.3.7]
is taken from (Coecke, (2003), and was the formal basis for the first formal
graphical presentation of quantum teleportation. So while it is therefore fair
to say that this paper kicked off the diagrammatic approach for depict-
ing quantum processes, it was refused by a Physical Review Letters editor
(without even consulting referees) on the basis of being too ‘speculative’.
The idea that these bipartite projectors should be interpreted in terms of
cups, caps and boxes as depicted in first appeared in |[Abramsky and
Coeckel (2004} 2005). Independently, a topology-based analysis of quantum
teleportation was given in Kauffman| (2005)).

But in fact, cups and caps appeared much earlier in Penrose’s diagram-
matic calculus for abstract tensor systems (Penrose, 1971)), where they rep-
resented the metric tensors of spacetime geometry. However, the further
development of string diagrams and obtaining an understanding of their
meaning in terms of mathematical models mainly took place within the cat-
egory theory community. Around the same time as Penrose’s paper, string
diagrams also appeared in Kelly’s paper which introduced compact closed
categories (Kelly, |1972), which as we explained in Section* are the
category-theoretic version of process theories that admit string diagrams.
The use of additional boxes besides cups and caps in the categorical con-
text is due to Yetter (see e.g. Freyd and Yetter) [1989)), who used the name
‘coloured tangles’.

Process-state duality is known, in the context of quantum theory, as the
Choi-Jamiotkowski isomorphism (Jamiotkowski, 1972 |Choi, 1975)). In fact,
the isomorphisms presented respectively by Jamiotkowski and Choi were not
equivalent. Choi’s is the one that we will use throughout most of this book,
and is basis-dependent. Jamiotkowski’s is the basis-independent counterpart,
resulting from the cups and caps of Example*

Dagger-compact closed categories were defined in [Abramsky and Coecke
(2004, 2005) in order to axiomatise the manner in which bipartite projectors
compose, resulting in a presentation of basic quantum theory in category-
theoretic terms. Around the same time, similar ideas were proposed by |Baez
(2006). Asymmetric boxes for representing transposes and adjoints are taken
from |Selinger| (2007)). As mathematical entities, dagger-compact closed cat-
egories had already appeared in |Baez and Dolan| (1995) as a special case of
a more general construct in n-categories. Theorem [3.98| is widely regarded
as folklore, with a formal statement in |Selinger (2007), citing an ‘implicit
proof’ first occurring in (Kelly and Laplazal, [1980)).
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The notion of ®-positivity was introduced in (2007) as (abstract)

complete positivity. The version of the no-cloning theorem presented in The-
orem [3.85] which preceded the emergence of quantum information, was in-
dependently proved by and [Wootters and Zurek (1982). The
version presented in Theorem which relies on the existence of cups
rather exploiting unitarity is taken from |[Abramsky| (2010)).

The word ‘teleportation’ was first coined in 1931 by anomalistics writer
Charles in a book entitled ‘Lo!” consisting of two parts, one of
which is entirely devoted to teleportation. However, the concept really took
off with the role of the transporter in the adventures of the starship Enter-
prise in Gene Roddenberry| (1966)’s Star Trek. Quantum teleportation was
first proposed in (Bennett et al., [1993), and its first experimental realisation
was in Bouwmeester et al.| (1997). A diagrammatic presentation of classical
teleportation was in |Coecke et al.| (2008b)), and a more detailed account is
in |Stay and Vicary| (2013).

The observation related to time-reversal of Section B.4.3] is taken from

\Coecke| (2003} 2004)), and the results of this paper were experimentally sim-
ulated in Laforest et al. (2006). The inspiration for the fact that cups and
caps can be used to simulate time-travel also came from this paper, and was
first stated as such in [Svetlichny| (2009)). This was later picked up again in
LLloyd et al. (2011) which received a lot of media attention, with some head-
lines claiming that time-travel had been realised. Much earlier, a different

theory of quantum time travel had appeared in (1991)).

The best overview for a wide variety of monoidal categories and their as-

sociated notions of diagram is |Selinger| (2011b). If you want to read more

about string diagrams in the context of physics, logic, and topology, we sug-

gest: Baez and Stay (2011), and in the context of physics and linguistics:
Heunen et al.| (2012a). To learn about a whole variety of (mostly) diagram-
matic constructions used in higher-dimensional category theory, see
(2004).

The quote at the beginning of this chapter is taken from
(1935).
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Hilbert space from diagrams

I would like to make a confession which may seem immoral: I do not
believe absolutely in Hilbert space any more.

— John von Neumann, letter to Garrett Birkhoff, 1935.

We have now seen how processes described by string diagrams already ex-
hibit some quantum-like features. It is natural to ask how much extra work
do we need to do to go from string diagrams to Hilbert spaces and linear
maps, the mathematical tools von Neumann used to formulate quantum
theory in the late 1920’s. The answer is: not that much...

We start by considering what it takes for two processes to be equal. In
many process theories, it suffices for them to agree on a relatively small
number of states. This feature leads very naturally to the notion of basis,
and we can use adjoints to identify a particularly handy type of basis, called
an orthonormal basis (ONB). When all types admit a basis, any process can
be completely described by a collection of numbers called its matriz.

Now, such a matrix identifies a particular process uniquely, but for any
matrix to represent a process we need to add a bit more structure. Therefore,
we allow processes with the same input/output wires to be combined into
one, or summed together. If a process theory admits string diagrams, has
ONBs for every type, and sums of processes, we can describe sums, sequential
composition, parallel composition, transpose, conjugate, and adjoint all in
terms of operations on matrices. We call this the matriz calculus of a process
theory.

Thus, by adding ONBs and sums, we have very nearly recovered the full
power of linear algebra, but with the added generality that the numbers A
are still very unrestricted (in particular, they need not be the elements of
some field like the real or complex numbers). In fact, a matrix calculus for
relations makes perfect sense, where the numbers are booleans.

The final step towards Hilbert spaces and linear maps consists of requiring
the numbers of the process theory to be the compler numbers. Thus, we
define linear maps as the process theory admitting string diagrams where:

1. every type has a finite ONB,
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2. for any n € N there is a type with an ONB of size n,
3. processes of the same type can be summed, and
4. the numbers are the complex numbers.

The system-types in this process theory are then called Hilbert spaces. For
those familiar with the Hilbert space formalism of quantum theory, the most
notable thing is the absence of any reference to the tensor product of Hilbert
spaces, nor to (multi-)linearity of maps. The reason for this is that the
language of string diagrams gives us these for free!

Our presentation of Hilbert spaces and linear maps is quite different from
the ‘bottom-up’ presentation one usually encounters. There, one typically
starts with small things, namely vectors, then defines special sets of vectors
called vector spaces, and specialises these to Hilbert spaces. Then, to turn
this into a process theory, one puts in an awful lot of work defining linear
maps, bilinear maps, composition and tensor product using a whole bag of
tools from set theory and algebra. These set-theoretic definitions are intrin-
sically reductionist in spirit: they are all about understanding bigger things
in terms of smaller things. This is much like the particle physicist’s dream
to have a ‘theory of everything’, which explains the world entirely in terms
of its smallest parts. By contrast, in our presentation a thing is understood
in terms of how it interacts with other things. Thus, it makes sense to adopt
a ‘top-down’ approach, where the whole process theory of linear maps is
defined by first stating how things compose, then filling in the remaining
blanks.

Now, this book is about using diagrams for reasoning about quantum
processes, so why do we even bother to introduce Hilbert spaces at all?
In fact, in Chapter [7] things like the existence of ONBs and sums will be
accounted for in terms of a new diagrammatic primitive, and something
similar will be done to account for the fact that there are multiple ONBs
for a single system, in Chapter [§] Nonetheless, there are at least three good
reasons to introduce Hilbert spaces:

1. Readers who are familiar with Hilbert space quantum theory may find
it useful to see the diagrammatic concepts represented in the language
of Hilbert spaces, because of their familiarity with that language.

2. Readers who are unfamiliar with Hilbert space quantum theory can
translate what they learn in this book into the language used in most
other texts on quantum theory.

3. Sometimes the hybrid approach we introduce in this section, combining
diagrammatic reasoning with sums, is convenient for calculation. Such
a blend has already proved to be very useful in some areas of pure



4.1 Bases and matrices 163

mathematics such as knot theory, where one encounters equations like

Kool o=
AN 7

And there is more. Even if one doesn’t care at all about the Hilbert space

this one:

formulation of quantum theory, one may still ask the question: ‘What can one
actually prove using string diagrams?’ When it comes to process equations,
the answer to this question is, surprisingly ‘exactly what one can prove in
Hilbert spaces’!

Using logical terminology, this means there exists a completeness theorem
for Hilbert spaces with respect to string diagrams. We carefully explain what
this means in Section 4.1

On the other hand, string diagrams come with substantially less baggage
than Hilbert spaces, so they leave enough room to seek out an alternative
to Hilbert space for the formalisation of quantum theory. So, two seem-
ingly unrelated historical developments: abandoning the Hilbert-space for-
malism for quantum theory (as von Neumann desired), versus, embracing
non-separability as the crucial feature of quantum theory (as Schrodinger
insists), go hand-in-hand in our tale:

DHN von NEUMANN

. MATHEMITICIAN
¥

FLLLPPPLPLIP PSPPI PP P

4.1 Bases and matrices

We now show how some standard notions from linear algebra, most notably
bases and matrices, emerge for certain process theories, and how the spe-
cial processes and operations that we identified in the previous chapters for
diagrams then transform into standard linear-algebraic concepts.

Throughout this section we will assume that process theories admit string
diagrams and have zero processes for every system-type.
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4.1.1 Basis for a type

Many of the processes that we have studied so far have this property:

l l

l l
for all@: ! _ == [/ = Lgr/ (4.1)

that is, if two processes do the same thing to all states, then they are equal.

In other words, a process is uniquely fixed by what it does to states.

Examples 4.1 Both functions and relations satisfy (4.1).
For functions, in Example we saw that the states of A:

€(17::*'—>a

are in a bijective correspondence with the elements a € A. By this corre-
spondence we have:

y y f(a) = g(a)

Thus, we can translate (4.1] ) as:
(forallae A: f(a) =g(a)) = f=g

which is of course true for any functions f and g.
For relations, we saw in Example that the states of type A:

are in a bijective correspondence with the subsets A’ € A. However, in the
light of (4.1)), considering all states A’ = A is overkill. If we just restrict to
singletons, we already have:

(forallae A: R(a)=S(a)) = R=S
That is, a relation is fixed by what it does to singletons.

As we just saw for relations, it is not always necessary to know what a
process does to every state to fix it uniquely. Sometimes it suffices to know
how it acts only on a special subset of the states:
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Definition 4.2 A basis for a type A is a minimal set of states:

o {77

such that for all processes f and g:

l l

forall@7€l§’: /o — f/ = Lgr/ (4.2)

where ‘minimal’ means that no state can be removed from B without sacri-
ficing (4.2)). The dimension dim(A) of the type A is the minimum size of a
basis for A.

Remark* 4.3 For a well-behaved process theory like relations, all bases
for a particular system will be the same size. In that case, we can just as well
define dim(A) to be the size of any basis. For the theory of linear maps,
this result is commonly known as the dimension theorem.

Exercise 4.4 Show that for a set A in relations the singletons:

BA::{@ aeA}

form a basis, that is, that no element can be removed from B4 without losing
the property of being a basis. Also show that all bases are of this form, and
consequently, that the dimension of a set A in relations is its number of

elements.

From hence forth, we will use:

wf
(&%)

The best kinds of bases are those whose states are perfectly distinguishable
by testing. That is, if we test the i-th state for being the j-th state, we should
get a ‘yes’ outcome with certainty if and only if ¢ = j. We give these sets of
states (and in particular, bases) a special name:

as a shorthand for:
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Definition 4.5 A set of states:

(6]

is orthonormal if for all 7, j we have:

where 5{ is the Kronecker delta:
5 _ ifi=4j
0 otherwise

If A forms a basis, it is called an orthonormal basis, or ONB.

Recall from Section that we can think of the inner product in (4.3)
as measuring the ‘overlap’ between states. In that case, we can think of an
ONB as a basis whose elements don’t overlap, like in this example:

Example 4.6 We saw in Example that the inner product of two
states in relations is 1 if and only if they intersect. Since the intersection of

any two (different) singletons is empty, the unique bases in relations from
Exercise d.4] are ONBs:

/o\ ifa=b

v (%) ifa#b
Some ONBs aren’t unique:

Example 4.7 In Section [£.3] we will see that linear maps admit many
different ONBs for a single system-type, and there is no unique choice of
‘preferred” ONB. This fact is very important for many quantum phenomena.

...some ONBs are even invisible:

Example 4.8 Since for all states 1 and ¢ of a system A, we have:

V.V~ -
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the empty diagram forms an orthonormal basis for the ‘no wire’-type, since

in this case orthonormality just means:

...while others are full of colour:

Example 4.9 Consider a process theory of lamps&detectors, where
states are lamps producing light of a certain colour, and effects are detec-
tors which click when they detect light of a certain colour. Numbers arise
when composing a lamp with a detector. The number 0 means ‘no click’,
i.e. nothing detected, and 1 means ‘loudest click’, i.e. maximal intensity de-
tected. Our interpretation of adjoints dictates that the adjoint of a lamp is
the detector for light of the same colour. Then red, green and blue lamps
are ‘orthonormal’; because they will never detect each other’s light:

‘lamp adjoint’
(a.k.a. detector)

CONRED

green

)

Gl-([T

)

{1

green green

green

[QSi

lamp

and they also form a basis. For example, suppose we have some unknown

detector, and this happens:
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green

Ce ) (D)a
-,
e ) (D)a

then we can conclude that:

/N /N

The minimality condition in Definition can be tricky to verify for a
generic basis. Fortunately, in the case of an ONB we don’t have to:

Proposition 4.10 If an orthonormal set of states of type A satisfies (4.2))
for all pairs of processes, then it must be minimal, and hence an ONB.

{w

(2

Proof Let:

be an orthonormal set of states satisfying (4.2). Suppose it is not minimal,
that is, there is some state ¢ such that:

-

still satisfies (4.2)). First, note that effect i cannot be equal to the zero effect
(depicted here as to avoid confusion) because:

A
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However, since the states in A are orthonormal, for all j # ¢ we have:

b g

But then by (4.2)) it follows that
which is a contradiction. O

Now is probably a good time for a quick word of warning about ONBs:

AWarning 4.11 In Section we introduced the notion of processes
being equal ‘up to a number’, and showed that the ~-relation plays well
with diagrams. On the other hand, it does not play well with ONBs. Just
because we prove that for all i:

l l

7. ”
l l

-

In order for this to be true, each of the instances of equation (4.4)) should
hold up to the same number, otherwise we may not be able to find a single

it does not follow that:

pair of numbers A, u such that Af = pg. For example, if f and g are effects,
this is just saying f and g are non-zero on the same set of ONB states.

For most uses of bases in this book we will use ONBs, with one notable
exception: tomography (cf. Section . To account for this, we will prove
a number of results in the following sections for the general case of non-
orthonormal bases as well. It will also be convenient (or sometimes even
necessary) to choose a basis consisting of self-conjugate states. If a basis
is self-conjugate, then the corresponding effects are also self-conjugate. We
denote these self-conjugate states and effects as follows:

LA I Y.
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Example* 4.12 In linear algebra, self-conjugate ONBs are those whose
matrices consist only of real numbers. The canonical example is:

1 0
0 :
: ) e 0
0 1

We will see in Section [4.2.3]that we can turn any ONB into a self-conjugate
one just by choosing the correct cups/caps (which are non-unique in general).
An example where it becomes necessary to deal with a non-self-conjugate
basis is when studying multiple distinct bases for the same system. It may
not, in general be possible to make a single choice of cap/cup to make all
bases simultaneously self-conjugate.

Example* 4.13 In quantum computing, the X-basis, Y-basis and Z-basis
for qubits have the property that only two out of three can be made simul-
taneously self-conjugate.

4.1.2 Matrixz of a process

When we have basis states around, we can often prove things about processes
by proving things about states. However, because we have adjoints, we also
have the associated basis effects, so we can actually do better. To prove
equality of processes, it suffices to just look at numbers:

Theorem 4.14 Suppose that B is a basis for A and that B’ is a basis for
B. Then for all f and g with input type A and output type B:

SN
forall@elg,@eb": f/ =19

_— f / = g

(4.5)
Proof We can prove this using one basis at a time. First, take any state j
in B’. Then, for all states ¢ in B, if we have:

/AN

f/ =19
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then, since B is a basis, it follows that:
L/ "L/

and applying the adjoint to both sides, we have:

.
v

The above equation holds for all states j € B, so since B’ is a basis:

f\N =19
l

{
Applying the adjoint to both sides again, we conclude that f = g. O

}

Exercise 4.15 Show that the converse to Theorem [4.14] is also true if in
addition we require B and B’ to be minimal, that is, whenever condition ({4.5)
holds, then (4.2) holds both for B and B'.

When the bases in Theorem [£.14] are orthonormal, we give a familiar name
to the numbers that uniquely identify a process:

Definition 4.16 The numbers:

oo (ﬁ @75@7B>

where B and B’ are ONBs and:

=11/ (4.6)
\/

is called the matriz of f. The numbers ff are called the matrix entries.

Usually we will use the same notation for a process f and its matrix,
but when we wish to distinguish the two, as above, we will use a boldface
notation f for the matrix.



172 Hilbert space from diagrams

In school, you may have seen a matrix written this way:

fll fs o fa
S CREE 73
RER C SR 4

Note how for each matrix entry we give the row index ( which arises from an
output basis element) as a superscript and the column index (which arises
from an input basis element) as a subscript. This ‘tensor-style’ notation
(cf. Section* [2.6.1]) will come in handy when we have multiple input/output
wires.

The matrix of a process with input A and output B will have dim(A)
columns and dim(B) rows. In Example we saw that the ‘no wire’ type
has a one-element basis. So, states give n x 1 matrices, called column vectors,
and effects give 1 x m matrices, called row vectors:

7|7 & eanw
:

Numbers, of course, give 1 x 1 matrices:

(1)

but we typically don’t bother to write them that way.

Though they are typically associated with linear maps, matrices are actu-
ally more general. For example, they provide a convenient alternative rep-
resentation for relations:

Example 4.17 We saw earlier that each type in relations has a unique
ONB given by the singletons, and in Example [2.36] we showed that there
are only two numbers:

0:= ¢ (a.k.a. ‘impossible’) 1: (a.k.a. ‘possible’)
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Then we have:

/0\

ﬂ _ 1 lf R a— b
0 otherwise

\Y/

Clearly these numbers fully characterise R since they identify precisely the
pairs (a,b) such that R :: a — b by assigning the number 1 to them. We can
label the columns of R’s matrix by the elements of A, and the rows by the
elements of B. Then, we see a 1 whenever the elements of the given row and
column are related, and 0 everywhere else:

al as as

ay = by bi /0 0 0

R - CLQP—>b2 - bg 0 1 0
ay > bs bl 0 1 0

a5 s by by\1 0 1

This matrix is sometimes called an adjacency matriz of R.

Not only can we represent processes by matrices, but the diagrammatic
operations of transpose, conjugate, and adjoint also correspond to familiar
operations on matrices.

Theorem 4.18 Let f be a process with associated matrix f. The matrix
of f1is the adjoint matriz £1, which is defined as:

(€1 = )

Proof The matrix entries of fT are computed as:

where 1 18)) is the fact that numbers are self-transposed. O

Note that the above theorem works for any ONB, not just the self-
conjugate ones. In contrast, for transposition and conjugation to work cor-
rectly on matrices, we need to assume that the ONBs are self-conjugate.



174 Hilbert space from diagrams

Theorem 4.19 Let f be a process with associated matrix f for self-
conjugate ONBs B and B’. The matrix of f7 is the transposed matriz f7,
which is defined as:

(7)) =1}

<

The matrix of f is the conjugate matriz £, which is defined as:

Proof The matrix entries of the transpose of f are computed as:

7 Y Y\
/1] - |07 2y a7)
\/ \/ \

and for the matrix entries of the conjugate we have:
£\ /\
VARV
\/ \/

where the equations marked (*) rely on B and B’ being self-conjugate. If
this were not the case, the resulting matrices would not be in terms of B
and B’, but rather in terms of their conjugate bases. O

So the transpose f7 of a matrix f is obtained by interchanging the roles
of the row and column indices, the conjugate f by conjugating each of the
entries, and the adjoint £7 consists of applying both of these operations.
For that reason, the adjoint matrix is also sometimes called the conjugate-
transpose. As in the case of diagrams, the order doesn’t matter:

£ = (£7) = ()"
Exercise 4.20 Characterise the matrix of a self-adjoint process.

So, we can already treat several operations on processes as operations on
matrices. However, we haven’t yet reached the full power of matriz calculus.
Theorem [4.14] says that f = ¢ if and only if f and g have the same matrix.
In other words, when there exists an f with a particular matrix, it is unique.
But then, given some arbitrary matrix, nothing guarantees (yet) that there
will always exist an f that has that matrix.
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Suppose we fix a bunch of numbers, and write them all in an n x m matrix:

g 9 9m
g 9 - 9

(4.8)
gt 95 0 G,

How might we go about obtaining some process g that has this matrix?
First, fix ONBs B and B’. Then, for any i, j, it is possible to build a process
gi; which agrees with g on the i-th input element of B and the j-th output
element of B’, and is zero everywhere else:

N 4
@

If we compute the matrix of §f , it indeed has precisely one non-zero entry,
g], at the (4, j)-th position:

0 0
Lol
0 0 0

| 1o 0 0
A on 0 0 0 (o 0

|0 g 0

d1 o A I R :n
of o0 o 0 o[ g 0

Then if we could only ‘overlay’ them somehow, we would get g.
It turns out, for certain process theories, ‘overlaying’ processes makes
perfect sense. If we denote this ‘overlaying’ procedure as a sum of processes,
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g can be expressed as:

=) 4 (49)
: J@

Thus, it only remains to make precise what we mean by...

4.1.3 Sums of processes

Sums are not something you can do for any old processes, for example,
what is the sum of two babies? However, for many process theories, it has a
perfectly well-defined mathematical meaning. This meaning directly emerges
from the intuition behind overlaying diagrams:

Definition 4.21 We say a process theory has sums if the following three
conditions are satisfied:

e Condition 1: For any two processes f,g with the same input and
output types, f+g is a process. We always assume that ‘4’ is associative,
commutative, and has a unit given by the zero process:

(f+9)+h=f+@+h) fH+g=9+f [f+0=f=0+f

and for a set {f;}; of processes, we write:

e Condition 2: Sums distribute over diagrams, that is, any time a sum-
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mation occurs in a diagram, it can be pulled outside:

oy oy
(s0/)0/ ) - 5| [/ [/
o o

e Condition 3: Sums preserve adjoints:

Note that Condition 2 subsumes distributivity of sums with respect to
parallel and sequential composition, e.g.:

2/)6/ - ¥/ 17

(Z)Z

and:

7

An important example of this is linearity of maps with respect to states:

@@) o @

Another one is the inner product. We have full-fledged linearity for states:

N (N
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and conjugate-linearity for effects:

(Z) . @ (1)

Distributivity also helps us derive the matricial counterpart to sums,
which unsurprisingly results in something that looks like the linear-algebraic
sum of matrices:

Theorem 4.22 Let {fx}; be processes with associated matrices {f}}5. The

matrix of the process > fi is the sum of the matrices )’ i, where:
k k

k

(; fk>J = Y ()

Proof We can use Condition 2 to compute the matrix of )] fj as follows:

A (&
(07) - 3|2/ | - g
G/ \/

O]

If there are multiple summations in a diagram, we can pull them all out-
side, though we may need to do some re-indexing (as in (*) below):

(27) o 607) _ (607)] (7

where we used:

D W as shorthand for Z Z W

ij (2

The order we pull out the sums doesn’t matter, so if we always use distinct
letters for indexes, we can forget about brackets and write the summation
symbols anywhere in the picture:
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T

However, we tend be boring and stick to writing sums on the left.

Remark 4.23 One can remember all the above rules concerning sums
simply by thinking of the sum-symbol as a ‘number’:

&

Of course it is not a number in the usual sense, but it can freely move around
the diagram just like a number.

As with ONBs, a quick word of warning about sums is warranted:

AWarning 4.24 What we said in Warning about the ~-relation not
playing well with ONBs also applies to sums. Just because we prove that
for all 4:

5/~ [ (4.12)

it does not follow that:

s/~ 5[/
(] K]
In order for this to be true, again each of the instances of equation (|4.12))

should hold up to the same number.

While the existence of sums rules out babies, relations are still hopping
along:

Example 4.25 In relations sums are unions. Setting:
Ri = Uz Ri

it can be shown straight-forwardly that Conditions 1-3 are satisfied. Ap-
plying it to the two numbers 0 and 1 we obtain:

0+0=0 0+1=1 1+0=1 1+1=1
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So ‘4’ for numbers in relations is the boolean ‘or’ operation. Writing ‘-’ for
(parallel/sequential) composition of numbers, we also have:

0-0=0 0-1=0 1-0=0 1-1=1

That is, we obtain the boolean ‘and’ operation, and Condition 2 now yields
the usual distributive law for ‘or’ and ‘and’:

z-(y+z)=(z-y) +(z2)

So, in a process theory with sums, numbers always have a ‘plus’ operation
as well as a ‘times’ (i.e. composition), with a distributive law between them.
Hence they are starting to look a lot more like actual numbers:

Example 4.26 We can regard any natural number n as a number in our
process theory. We just take an n-fold sum of 1’s (a.k.a. empty diagrams):

@ i=1+...+1 (4.13)

n times

If the numbers of the process theory are the real or complex numbers, then
these correspond precisely to the natural numbers (seen as a subset of R
or C). However, this need not be the case. For instance, if the numbers are
booleans as in Example all n’s are the same:

1+...+1=1
—_——

n times

One may even want to consider process theories with subtraction, where
for every process f, there exists another process —f such that f+ (—f) = 0.
As usual, we can abbreviate f + (—g) as f — g. In terms of overlays this
can be thought of as a layer that ‘neutralises’ another layer. Note that, by
distributivity, this is equivalent to assuming a special number ‘—1’ such that
1—1 = 0. If we include subtraction, the numbers of the process theory form
a ring. Without subtraction, they form a weaker kind of structure, some-
times called a unital semiring or rig (because it is a ring without negative
numbers).

Remark 4.27 Assuming the existence of additive inverses is actually
quite strong. In particular, it rules out the theory of relations, because
the booleans contain no number that behaves as the additive inverse of 1.
Our only two options are 0 and 1, and neither work:

1+0=1#0 1+1=1+£0
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In the following sections, we will see how every matrix now corresponds
to a process, and how composition of processes corresponds to composing
the corresponding matrices. All together, this is what we’re aiming for:

Definition 4.28 For a process theory...

e that admits string diagrams,
e has a (fixed, self-conjugate) ONB for every system-type, and

e has sums satisfying the conditions in Definition [4.21

the matriz calculus of that process theory refers to the matrices associated
with its processes, along with operations for summation, sequential compo-
sition, parallel composition, transposition, conjugation and adjoints of those
matrices.

As explained in the proof of Theorem we only rely on self-conjugate
ONBs to have matricial counterparts to transposition and conjugation.

4.1.4 Processes from matrices

With sums in hand, we are now able to build processes from matrices, as we

discussed at the end of Section [L.1.1}

Theorem 4.29 Fix an ONB B with m elements and an ONB B’ with n
elements. Then, for a collection of numbers g] where i ranges from 1 to m
and j ranges from 1 to n, the process:

=Y @7 (4.14)
: JQX

has the following matrix:

g 9 9m
g 9% - 9
gr 93 9m



182 Hilbert space from diagrams

Proof 1t suffices to show that the following numbers are equal, for all 4, j:

% < (4.15)

This is easily seen by substituting (4.14)) in

EN

o/ - % % oo <G -
v e

O]

A process written as in the RHS of equation (4.14)) is said to be in matriz
form, which means it is written as a sum, with each summand consisting of:

(1) a number,
(2) an ONB state, and
(3) an ONB effect.

It is called matrix form because the sum explicitly refers to all of the elements
of the matrix of g. For the special case of states, the matrix form is just a
state written as a sum of basis states with coefficients:

AR 1

We can turn this around to give another characterisation of ONBs:

Theorem 4.30 Suppose there exists a basis B for a type A. Then, another

(i)

7

orthonormal set of states:

forms an ONB for A if and only if it spans A, that is, if any state ) of type
A can be written in the following form, for some numbers A; :

@7 = 3 @ @7 (4.16)
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Proof For (=), assume A is an ONB. Then equation (4.16)) is given by the
matrix form of the state 1. For (<), assume A spans A, and:

l

|
forau@e/t; % g

Since A spans A, we can express any state i as:

7 -1

0 30l - L

In particular, f and g agree on all the states in the basis B, so f =g. O

So:

Another particularly useful special case is the matrix form of an identity
process. Given an ONB, the matrix entries of the identity are:

If we write these in a matrix, we get 1’s down the diagonal (where i = j),
and 0’s everywhere else:

1 0 - 0
01 - 0
00 1

i.e. we get the identity matriz. Translating this to matrix form yields:

R

Hence:
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Theorem 4.31 For any ONB we have:

. (4.17)

We refer to such a decomposition as a resolution of the identity.

The matrix form for the identity process gives us a handy way to compute
the matrix form for an arbitrary process:

| 267 67

s _ ] _ @
/= /=l = 2/
A A
Toe 8

The converse of Theorem [4.31] is also true, and provides a second, very
succinct alternative characterisation of ONBs:

Theorem 4.32 A set of states:

()

2

is an ONB if and only if:

VA
Proof From Theorem any ONB satisfies (4.18). Conversely, let .4
satisfy (4.18]), and suppose that for processes f and g we have:

l l

forall@efl: ! _

(4.18)

Then:
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so A indeed forms a basis, and hence an ONB. O

Another interesting corollary to Theorem concerns the number given
by a ‘circle’. We have:

017 s5-§--o

where, following Example [£.26}

@ = 1+...4+1 (4.19)

D times

So the circle counts the number of basis vectors. In other words, it gives the
dimension! Well, at least most of the time. Recall from Example that
may sometimes not be the actual natural number D, for example, in

relations it will either be 0 (for zero basis vectors) or 1 (for 1 or more basis
vectors). However, in the case of linear maps @ will always be dim(A).

Corollary 4.33 For D the dimension of a system-type A, we have:

AQ:@

where @ is defined as in (4.19).

Remark 4.34 Actually, we don’t like sums! The reason why is obvious:

Wire =—y = Z — 1o wire
Z'
Sums completely mess up the fact that diagrams are all about ‘what is con-
nected to what’, and it is this fact that makes diagrams so appealing. Hence,

we will always get rid of sums whenever we can find a better, diagrammatic
alternative.
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We end this section with a definition of (classical) probability distribu-
tions using matrices. A probability distribution assigns to each member of a
collection of mutually exclusive events a real number between 0 and 1, such
that all these numbers together add up to 1. Probability distributions, and
their matrix representation in particular, will become increasingly important
in this book.

Definition 4.35 Suppose the numbers of a process theory contain the
positive real numbers. A probability distribution is a matrix of the form:

pl
: (4.20)

T

p

with positive real matrix entries p’ summing to 1:
S0 -
7

Equivalently, probability distributions can also be represented as states of

the following form:
W - Sy
1

with p’ as above. The probability distributions corresponding to basis states:

1 0 0
0 0
0 0
: 0 0
0 . 0
0 0 1

are called point distributions.

Since a probability distribution is a matrix (or a state in matrix-form), it
always comes with a choice of ONB. We take this ONB to be self-conjugate
for the simple reason that conjugation has no part in probability theory.

4.1.5 Matrices of isometries and unitaries

In this and the following section we characterise isometries, unitaries, posi-
tive processes, projectors and ®-positive states in terms of their matrices.
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In the case of the first two, which are the ones that we consider in this
section, it will be useful to look at the rows and columns of these matrices.

Definition 4.36 Given ONBs for the input and output types of a process
f, the columns of f are the matrices of the following set of states:

whereas the rows are the matrices of the following set of effects:

As the name suggests, the columns of f embed as columns in the overall
matrix of f:

1 e
A
o L I R N (L
-

and similarly for the rows:

i 00"';)-2 Ug
of (£ 8 7T || :
IR PP

We say a set of column vectors forms an ONB if the associated states do.
Similarly, we say row vectors form an ONB if the (adjoints of) the associated
effects do. This now gives us a way to recognise matrices of isometries:

Proposition 4.37 For a process f, the following are equivalent:

(1) f is an isometry,
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(2) f sends orthonormal sets of states to orthonormal sets of states,
(3) the columns of f are orthonormal, and
(4) the rows of fT are orthonormal.

Proof For (1 = 2), given any orthonormal set of states

(9]

we need to show that the following set is also orthonormal:

%

7

This follows from the fact that f is an isometry:

7NN
BAN::

Lt/
4 4

(2 = 3) is immediate, since the columns of f are obtained by applying f to
a particular orthonormal set, namely the fixed ONB on its input system. (3
= 4) follows from the fact that the rows of fT are just the adjoints of the
columns of f. For (4 = 1), assume the rows of fT are orthonormal. Then,
we note by orthonormality that fT o f has the same matrix as the identity

process:
(N (N
n = 5 =
” i
\/ W/
Thus, f is an isometry. O

Using this proposition, it’s now straightforward to recognise unitary pro-
cesses in terms of their matrices. Essentially, we just need to replace or-
thonormal sets with orthonormal bases:
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Proposition 4.38 The following are equivalent:

(1) f is unitary,

(2) f sends ONBs to ONBs,

(3) the columns of f form an ONB, and
(4) the rows of f form an ONB.

Proof (1 = 2)If fis unitary then it is an isometry. Thus, for any ONB:

o~ (¥,

]

we know from Proposition that the states:

i
are orthonormal. It only remains to show that these states form a basis. For
this, we show that g = h precisely when g and h agree on all of these states.
Assume that, for all i:

Q—EQQ*

Since B is a basis, it follows that:

(4.21)

SISER ISIS)

EQQ*

Combining this with unitarity of f yields:

(14.21) [12%343 ’:}:7

S
BEE



190 Hilbert space from diagrams

(2 = 3) is immediate. For (3 = 1), we know from the previous proposition
that f is an isometry, so it suffices to show that fT is one too. Using (#.17):

Since the columns of f form an ONB, by Theorem (.31], the right-hand side
above is also a resolution of the identity:

Finally, (3 < 4) follows from noting that f is unitary if and only if fT is
unitary. [

The theorem above gives us a characterisation of unitaries as precisely
those maps which send ONBs to ONBs. It immediately follows that:

Corollary 4.39 Unitaries can equivalently be represented as:
2

5 Q>

for some pair of ONBs (with the same number of elements).

Remark 4.40 Proposition tells us that isometries send orthonormal
sets of states to orthonormal sets of sets. In particular, it sends an ONB
to some subset of another ONB. Thus, we can still use the representation
for isometries, provided we relax the requirement on:

4

)
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from being an ONB to an orthonormal set. In other words, we can think of
isometries as unitaries that have been ‘extended’ to a larger output system.

4.1.6 Matrices of self-adjoint and positive processes

In Theorem we characterised the matrix for the adjoint of a process:
(D = ()

From this, it directly follows that the matrix of a self-adjoint process is:

R
B f?
Lo o

where, in particular, the elements on the diagonal are self-conjugate:

.. _
=15/ = [/ = =1
\/ \/

Unfortunately, matrices of positive processes cannot be recognised quite so
easily, but we do at least know what the numbers on the diagonal look like:

NN

- (@) i
fi=1f/ = =
A 7

X% |

i.e. they are positive numbers. Then, by process-state duality:

Corollary 4.41 For an ®-positive state ¢ the numbers:

AN
N

wii .

are positive.
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Fortunately, for certain processes called diagonalisable processes, charac-
terising the numbers on the diagonal is good enough.

Definition 4.42 An eigenstate of a process f is a non-zero state 1 such
that for some number A we have:

7 -7

and f is called diagonalisable if there exists an ONB B such that all of the
basis states are eigenstates of f, that is:

for all @7 € B, there exists \; : g =\ 677 (4.23)

Here’s the reason for the terminology:

Proposition 4.43 If a process f is diagonalisable, then its matrix in the
basis of eigenstates is a diagonal matriz :

M OO - 0
o 0 a0
YA o (4.24)

C% 0 0 - A

Proof For the matrix entries of a diagonalisable process f we have:

A (14.23|) A .
f/ = )\i — N & (4.25)

from which (4.24) follows. O

If a process is diagonalisable, we can characterise self-adjointness, positiv-
ity, and projectors in terms of the numbers on the diagonal:

Proposition 4.44 For a diagonalisable process f:

(i) f is self-adjoint if and only if all A; are self-conjugate,
(ii) f is positive if and only if all A; are positive,
(iii) f is a projector if and only if all \; are positive and satisfy (\;)? = A;.
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Proof (i) follows from the characterisation of self-adjoint matrices at the
beginning of this section. For (ii), first assume f is positive. Then, by
the A; are all positive. Conversely, assume each of the J\; is positive. Then,
for some p;, \; = ,uZT o u;. For all the process theories in this book, it suffices
to assume each p; is also a number, so we first consider that case. Letting:

one can easily verify that f = ¢! o g. For a more general process theory,
w; need not be a number, in which case g needs to be constructed more
carefully (cf. Exercise* [4.45)). For (iii), let f be a projector. By (i) we know
the A; must all be positive. Moreover we have:

A (i (i
e n 2
)\z‘—__ = ()
A

Conversely, if the \; are positive, so is f, and f is clearly a projector precisely
when ()\;)? = \;. O

Put equivalently, a diagonalisable process f is self-adjoint, positive, or a
projector if and only if the numbers A; are respectively self-adjoint, positive,
or projectors themselves.

Exercise* 4.45 Prove (ii) from Proposition in the case where the
processes u; are each states of type A;. That is, where:

In all of the process theories we will consider in this book, the only num-
bers satisfying A> = X are 0 and 1, so diagonalisable projectors have only
zeroes and ones on the diagonal.

Why all this fuss about diagonalisable processes? One might think this is
a very restrictive condition. For instance, diagonalisability in some process
theories is totally uninteresting:
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Example 4.46 For relations, the only ONBs available are the singleton
bases. As a consequence, the only diagonalisable processes are those whose
matrices are already diagonal.

However! We will see in Section all self-adjoint processes in the
theory of linear maps are diagonalisable. Since positive processes and pro-
jectors are also self-adjoint, Proposition [£.44] gives a complete characterisa-
tion in that context.

On the other hand, there are many non-self-adjoint processes that cannot
be diagonalised in (virtually) any process theory:

Exercise 4.47 Show that in any process theory in which non-zero numbers
are cancellable (see Section [3.4.2)), for any non-zero states 1, ¢ where:

(o\
Y/

N

the process:

is not diagonalisable in any ONB.

4.1.7 Traces of matrices

In Section [3.2.3] of the previous chapter, we defined the trace of a process:

tr(f) := @7

We can derive the matrix form of the trace of f using the decomposition of

\/ (i\
@17 - | TN = Z (4.26)
1/ o/



4.1 Bases and matrices 195

In terms of the matrix of f, this is the sum over all entries of the form f/.
In other words, the trace of a matrix is the sum of its diagonal entries:

fi

Note that the diagonal entries of a matrix depend on the choice of basis the
matrix is written in. One might be tempted to assume the trace is therefore
basis-dependent. However, this is evidently not the case, since we initially
defined the trace without any reference to an ONB. The crucial point is
in : we can decompose the identity using any ONB, and the result will
be the same.

One can characterise the partial trace similarly. First note that we can
decompose the trace as a sum, similar to before:

C
ealf) = X[ f /
VP

However, now rather than numbers being summed over, we are summing
over processes from B to C. If we compare the matrices of each of these
smaller processes to the big matrix of f, we will see them occurring as block
matrices along the main diagonal:

f5

fp
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where:

[\ |°
( f; ) is the matrix of the process f 7

Var

So, the matrix of the partial trace of f is computed by summing up these
block matrices:

fi
: f, .. .
try = Z f;

where the size and the shape of the blocks depends on the dimensions of the
system-types B and C.

4.2 Matrix calculus

Great, we can now represent all processes by matrices, and conversely, each
matrix represents a process. We can identify special processes easily in terms
of their matrices, and also have matricial counterparts for transposition,
conjugation and adjoints. However, rather than processes in isolation, what
we truly care about is forming diagrams with processes. So we need to figure
out how diagrams translate into compositions of matrices.

We have essentially two ways forward here. One way, suggested by Theo-
rem [3.19] is to treat string diagrams as circuit diagrams to which we adjoin
cups and caps for each type and provide matricial counterparts to sequential
composition, parallel composition and cups/caps. We will do this over the
next three sections. In Section [£.2.4) we will show a more direct way to com-
pute the matrix of a string diagram, going via the string diagram formulas
introduced in Definition [3.21]

Once all of this is in place, we show that matrices not only provide a
manner for representing process theories, but also provide an easy way to
construct ‘abstract’ process theories where all that needs to be specified are
the numbers that serve as matrix entries.
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4.2.1 Sequential composition of matrices

First we investigate how sequential composition of processes can be seen as
an operation on the matrices of those processes.

Theorem 4.48 Let f and g be processes with associated matrices f and
g. The matrix of g o f is the matrix product gf, which is defined by:

(gf)F == gh £ (4.27)

Proof The matrix entries for g o f are:

O

There is an easy way to compute the matrix product using rows
and columns. First note that the matrix of a state consists of a single col-
umn, while the matrix of an effect consists of a single row. Applying the
composition formula to the case of a state ¢ and an effect ¢:

(6N
W/

wl
wQ

we obtain:

(o1 d2 - oén) = gt + .+ P

wn
This is sometimes called the dot product of 1 and ¢, though really it is

just sequential composition. Examining the resulting matrix entries in the
composition formula (4.27) for general processes f and g:

(gof)] = gifl+...+gLfl
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we see that we can compute the entry in the i-th column and the j-th row
of the matrix of go f by taking the dot product of the i-th column of f with

the j-th row of g:

< j-th row of g

< i-th column of f

L9/
Lt/
&/

resulting in:

f}
fi*

which is of course how most readers will have learned to do matrix compo-
sition in school.

4.2.2 Parallel composition of matrices
Next up is parallel composition. We will compute the matrix corresponding
to f ® g, given that we have the matrices of f and g. To do this, we must
first establish how we obtain an ONB for a joint system-type:

A B

given that we have ONBs for A and B.
Theorem 4.49 Let:

) el

be ONBs respectively for A and B. Then the set of states:

vv)

ij
forms an ONB for A ® B called the product basis.
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Proof We can show that the basis condition (4.2)) holds using one basis at
a time, much like we did in the proof of Theorem Assume any pair of
processes f, g with input type A ® B agrees on all of the states in (4.28):

l l

Ty v

which we can rewrite as:

and since B’ is a basis, it follows that:

7 - o7

and hence:

Orthonormality of states (4.28] ) means:

8-
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which follows from orthonormality of B and B’. Hence, by Proposition [4.10]
we have an ONB. O

If A has a basis of size D then A ® A has D? basis states. By extension,
n copies of A have 2™ basis states. So, the dimension grows exponentially
with the number of systems!

Remark* 4.50 Note how the proof of Theorem relies crucially on
cups and caps. So, string diagrams force the tensor product upon us for
describing composite systems. There simply is no other option available.
This is interesting in the light of the fact that physicists have asked for a
long time already why we use the tensor product for describing composite
systems, and not the direct sum. We leave it as an exercise to the interested
reader to try to construct a process theory where linear maps are combined
by means of the direct sum. What goes wrong?

Suppose now we wish to write the matrix for a process of the form:

Something we have implicitly assumed so far when writing down matrices
of processes is that we have given some ordering to basis states. Otherwise,
how would we know where to position each of the numbers in the matrix?
When they are labelled i € {1,..., D}, this is clearly the case. So, in order to
write the matrix of f in terms of product bases, we should fix an ordering of
product basis states. First, we can make our lives a bit easier by numbering
basis elements from 0. Then, for bases:

Vs ™ 1)

we can rely on the fact that each integer k& where 0 < k < DD’ can be
decomposed as :D’ + j for unique ¢ and j. We can therefore number elements

by e

This kind of convention extends naturally to any number of systems, and
if all systems have the same dimension D, we can think of (4.29)) as a rep-
resentation of some number in base-D. For example, when all system-types

in the product basis as:
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have dimension D = 2 we have:

T kA

since the number 117 can be written in base-2 as 1110101.

Remark 4.51 The fact that we can encode bitstrings as basis states of N
systems is very important for quantum computation. We already encoun-
tered a similar encoding in Example when representing bitstrings as
N-fold Cartesian products of the set B.

When working with product bases, it will almost always be more conve-
nient to index a matrix entry by individual digits, thus avoiding the extra
number-juggling from equation . Given a string of individual basis
states like in the RHS of , we call the state on the far left the most
stgnificant basis state, because changing it will change the ‘encoded’ number
the most, and the state on the far right the least significant basis state. This
follows computer science terminology, where one refers to the ‘most signif-
icant bit’ or ‘least significant bit’ in a bitstring. This is of course purely a
matter of convention. The important thing is to pick a convention and stick
to it.

For @) a two-dimensional system the dimension of Q&®Q is 4, so the matrix
of a state ¥ of type Q ® @ is a column vector with 4 elements:

¢00 A A
@ \nd z(l); where P =
e S

The use of subscripts and superscripts keeps things tidy, even with multiple
indices around:

980 981 9(1)0 9(1)1
ko._
< ( S RS | 1) where g := "
900 Y01 Y910 Y11 v v

So in general, we will encounter matrices with many upper and lower indices:

J1j2.---JN
11%2...0 01
Remark* 4.52 This is sometimes called tensor notation, where a tensor is
just a matrix with lots of indices. It is a precursor to abstract tensor notation

osik<Dk,0<jk<D;) (4.31)
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(cf. Section* [2.6.1]), and hence also to diagram formulas, neither of which
depend on fixing bases.

Now, suppose we consider a separable state ¥ ® ¢ of type Q ® Q. Since
this state is formed from states ¥ and ¢, we would expect there to be a
relationship between its matrix and the matrices of 1 and ¢. It can be easily
verified that this is indeed the case:

v w-() ve- Zﬁi°23

The final matrix consists of all the ways to form a product of one number
from the first matrix and one number from the second matrix. This is called
the Kronecker product of matrices. Let ¢ be the matrix for ¢. Then we can
write this more succinctly using a block matriz:

A7 Y

where 1¢’¢ means ‘multiply all of the elements in ¢ by ¥*’. The Kronecker
product works not only for matrices of states, but also for matrices of any

707

Theorem 4.53 Let f and g be processes with matrices f and g. The matrix
of f ® g is the Kronecker product f® g, which is defined by:

processes of the form:

(f@g)] = tl'g) (4.32)

Proof The matrix entries for f ® g are given by:

which exactly matches deﬁnltlon . . O
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In terms of block matrices, for:

flo In g
fi=1: oo - :
AR i1 g1

the Kronecker product is the (nn’) x (mm’) matrix:

g [
g - fm8

203

This applies to any dimension of matrix, so we can compute Kronecker

products of matrices of states, effects, and more general processes, etc. For
example, the Kronecker product of the 2 x 1 matrix of a state ¢ and the

2 x 2 matrix of a process f is computed as follows:

VOf]
<w0> o <f8 f?) _ <w0f> e
o fo fi O mys
D fo

Exercise 4.54 Give the matrices of these processes:

WO
WOf
U
Ui

AZA{ON N

assuming all of the systems are 2-dimensional.

We conclude this section by looking at transposition of matrices over
compound systems. Just like when we first computed transposes of matrices
in Theorem [£.19] we will assume for the remainder of this section that all

ONRBs are self-conjugate.

In Section [3.:2.2) we pointed out that there are two choices of transposition
for processes on joint systems: the usual transpose, which is just a rotation,

and the algebraic transpose, which uses the ‘criss-cross’ cups and caps. For
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the transpose we have:

VANV ANVAN VANVAN
- - 035
\/ N/ \/ N/ N/ Y/

and for the algebraic transpose we have:

= (4.34)

So, we see that the diagrammatic transpose interchanges superscripts and
subscripts and reverses the order, whereas the algebraic transpose just in-
terchanges superscripts and subscripts:

ko B33 i ko B3D i
[ij ik vs. [ij frl

Therefore, it is the algebraic transpose that performs the usual transpose of
a matrix from linear algebra:

00 00 00 00 00 01 10 11
00 01 10 11 00 00 00 00
01 01 01 01 00 01 10 11
00 01 10 11 (14.34) 01 01 01 01
A%
10 10 10 10 00 01 10 11
00 01 10 11 10 10 10 10
11 11 11 11 00 01 10 11
00 01 10 11 11 11 11 11

The algebraic transpose also keeps the most significant basis state on the
left, and the least significant on the right:

GM-¢oeN -+ 44

Contrast this with the usual, ‘rotational’ transpose. While really handy from
a diagrammatic point of view, it’s not very good at counting;:

GM-oam-$44-5
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Since conjugation is defined in terms of transposition, this distinction
appears there as well:

Exercise 4.55 Show that conjugation reverses the order of input/output
indices, whereas algebraic conjugation does not:

kl Ik kl kl

4.2.3 Matrixz form of cups and caps

We now have matricial counterparts to sequential composition and parallel
composition, i.e. a matricial representation for circuits. In order to obtain a
matricial representation for string diagrams, we additionally need matricial
counterparts for cups and caps. We begin by computing their matrix form:

Proposition 4.56 For any ONB we have:

Y O -34p e

Proof The ONB decomposition of the cup follows immediately from the
matrix form of the identity process, as in equation (4.17 )

NI - SV

The ONB decomposition of the cap is obtained by taking the adjoint. [J

So gives us the matrix form for cups and caps in a product basis.
But rather than two copies of the same ONB, this product basis consists of
an ONB and its conjugated counterpart. At first it may even seem that this
violates the yanking laws, e.g.:

oY

But it doesn’t. The key point is that Proposition holds for any ONB.
In particular, we can apply the proposition to the conjugate of our original
ONB and obtain the following equivalent characterisation of cups and caps:

A AR EI A B
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Using the two equivalent forms, the yanking laws follow straightforwardly.
However, we can avoid this complication by using self-conjugate ONBs, in

which case (4.35) becomes:

/) = Z€7€7 N = ZZ%Z% (4.37)

Remark 4.57 Translating equations (4.37)) to Dirac notation, we recover
the usual definition of the Bell state and the Bell effect that one encounters
in the quantum computing literature:

I - e 3RS - se

The matrices for cups and caps in 2 dimensions are:
1
NP I M e (100
1

Exercise 4.58 Give the matrix of cups and caps in 3 and 4 dimensions.
What is the relationship between the matrix of a cup/cap and the identity
matrix?

In fact, we could just as well take (4.37) to be the definition of the caps
and cups for a system of type A. We can then verify the yanking equations
directly, e.g.:

Exercise 4.59 Prove the yanking equation above without using a self-
conjugate basis.

Near to the end of Section 4.1.1] we stated that we can always choose
(unique) cups/caps to make a given ONB self-conjugate. We are now ready
to show which cups/caps to choose for this purpose:

Proposition 4.60 An ONB:

o)

(2
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is self-conjugate if and only if we have:

o - IV

Proof Assuming the cup and cap are as given above, we compute conjugates
of basis states in B as the transpose of the adjoint:

So each of the basis states is indeed self-conjugate. Conversely, suppose caps
and cups are chosen such that B is self-conjugate, that is, for all 4:

9- ¥

Then, using Proposition we obtain:

U IV T SW

4.2.4 String diagrams of matrices

In principle, the matricial counterparts of parallel/sequential composition, as
well as the matrices of cups and caps, give us everything we need to compute
the overall matrix of a string diagram. There is however a much more direct
method, which we already encountered a long time ago in Section [2.3.3] for
the particular case of relations. True, we didn’t even know then what a
string diagram was, but that turns out to not matter that much.

Recall that for a process:

we can write the matrix as:

11... 00

£ — (fjl“'jN ‘0<¢k<Dk,o<jk<D;)
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where Dy, is the dimension of A, D), is the dimension of By, and:

J1--JN
LA

Theorem 4.61 The matrix of a diagram is the corresponding diagram
formula subject to the substitutions:

e box names f become corresponding matrices f,
e wire names Ay become indices 0 < i < Dy, and
e all repeated indices are summed over.

For example, the matrix m of:

A1Ay B1Ch 1. Ch
— ¢ 95, s P as

has entries:
mil _ Z ¢i1i2 jlklhk’l

13 - &j1is iy
i2j1k1

If a diagram includes transposes, conjugates or adjoints then update the
matrix entries of those processes accordingly (cf. Theorems and |4.19)).

Exercise 4.62 Compute the matrix of:

4.2.5 Matrices as process theories

Matrices are not just a convenient manner of describing processes of many
process theories, but they also allow us to construct a wide range of process
theories, which will always admit string diagrams.
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Consider a set X, whose elements we will write as &>, @ , .. with:

(i) a multiplication satisfying the properties of parallel (or equivalently
sequential) composition of numbers, that is:

(&D)& = >(D D) Q=D
S =D& 0® =0

(ii) a sum obeying the conditions of Definition [4.21}

¢r-e  (30)0-160

(iii) a (possibly trivial) conjugation operation satisfying the properties of an
adjoint (or equivalently a conjugate) of numbers:

@ -¢ ©0-0® (T©)-z&

Then, we can define a process theory whose processes are matrices with
entries taken from X. In fact, all of the work of defining this process theory
is done already, since we now know how to combine matrices into string
diagrams and take adjoints, transposes, etc. Thus, just giving the set X of
numbers tells us all about the processes of our new theory.

But what are the system-types? They should be the stuff which mediates
when we can compose processes. For matrices, this is just the number of
rows and columns. Hence, we can take the types simply to be the natural
numbers N. Since numbers are 1 x 1 matrices, the ‘no wire’ type is ‘1’.

We can spell this out a bit more precisely:

Definition 4.63 Let X be a set of numbers with composition and sums
satisfying the conditions spelled out above. We construct the process theory
matrices(X) as follows:

(1) The systems are the natural numbers N.

(2) The processes with input type m € N and output type n € N are all
n X m matrices with entries in X.

(3) Diagrams are computed as in Theorem [4.61]

Of course, instead of the single rule (3) one could take:

(3a) The cups and caps are the matrices obtained in Exercise m
(3b) Adjoints are given by the conjugate-transpose of matrices.
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(3c) Parallel composition is given by the Kronecker product.
(3d) Sequential composition is given by the matrix product.

Moreover, we have seen in this chapter that matrices can faithfully rep-
resent processes in a process theory where every system-type has a finite
ONB. The following result should then be unsurprising;:

Theorem 4.64 If for a process theory we have:

(1) Each system-type has a finite orthonormal basis.
(2) There is at least one system-type of every dimension D € N.
(3) Processes of the same type admit sums.

and if the numbers of this process theory are X, then this process theory is
equivalent to the process theory matrices(X).

So what does it mean for two process theories to be equivalent? This is
actually a bit more subtle than one may think at first. The naive approach
is to simply require that:

e there is a bijection between system-types A, B,... of theory 1 and
system-types A’, B, ... of theory 2,

e for all system-types A, B (and corresponding system-types A’, B') there
is a bijection between processes from A to B in theory 1 and processes
from A’ to B’ in theory 2, and

e these bijections preserve string diagrams, for example, if ¢, g, h are in
correspondence with 1, ¢’, A’ then so too are:

(= [
7 [/ 7 [/

However, this notion of equivalence is often too strict. For example, if a
process theory has many types with n-element ONBs, then in matrices(X)
these all get smooshed onto the same type ‘n’. Still, for all practical pur-
poses matrices(X) is ‘equivalent’ to the process theory we started with.
Intuitively, equivalent process theories are defined as above, but with the
additional ability to ‘smoosh together’ types that are essentially the same
(in this case, types with the same dimension). This description of equiva-
lence will suffice for our purposes, but readers interested in the full details
are referred to Section* [4.6.4l
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Remark* 4.65 As detailed in Section* [4.6.4] this more subtle notion of
equivalence is known in category theory as an equivalence of categories,
whereas the more naive notion is called an isomorphism of categories.

In the case of the theory of relations we already saw in Example that
the numbers to consider are the booleans B. Let finrelations be the sub-
theory of relations which is obtained by restricting the types to finite sets.
In order to establish equivalence between the process theory finrelations
and matrices(B) we need to identify all sets with the same number of
elements. Doing so we can conclude:

Corollary 4.66 The theory finrelations is equivalent to matrices(B).

But we can pick many other sets of numbers X in order to form process
theories admitting string diagrams. For example, natural numbers N, inte-
gers Z, rational numbers QQ, real numbers R, or some totally wacky ‘numbers’
like the open sets of a topological space.

Exercise* 4.67 Consider the process theory matrices(Zq), i.e. matrices
over the two-element field, which differs from B in that 1+ 1 = 0 rather than
1+ 1 = 1. What are its properties? How does it relate to relations? Note
that the ‘complete’ answer to this question is still a topic of active research.

4.3 Hilbert spaces

We are now ready to define the process theory of Hilbert spaces and linear
maps, which is an important stepping stone toward the theory of quantum
processes. In fact, almost all of the pieces of the puzzle are in place. The
only remaining piece is to tell you what the numbers are...

4.3.1 Linear maps and Hilbert spaces from diagrams

We saw in Example that in functions, numbers are trivial. That is,
there is only one number. In Example [2.36] we saw that in relations there
are two numbers 0 and 1, corresponding to ‘impossible’ and ‘possible’. We
just saw that given any kind of numbers, we can construct a process theory
for these, for example all the real numbers. For Hilbert spaces and linear
maps even this is not enough. The new numbers we need will (for the first
time in this book) have non-trivial conjugation, and hence will yield adjoints
that do not coincide with the transpose. In other words, finally we will be
able to capture the full richness of string diagrams.
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Definition 4.68 The process theory of linear maps is defined to be the
set of all processes described by string diagrams where:

(1)

(2) There is at least one system-type of every dimension D € N.
(3)

(4) The numbers are the complex numbers C.

Each type has a finite orthonormal basis.

Processes of the same type admit sums.

A Hilbert space is a system-type in linear maps, and we’ll denote the D-
dimensional systems assumed in (2) as CP.

First note that Definition doesn’t really say what a Hilbert space
is. As far as we're concerned, it’s just some type that tells us which linear

maps can be plugged together. In fact, we know from Theorem [£.64] that we
could define linear maps equivalently as matrices(C), so for our purposes,
the system-types might as well just be natural numbers (i.e. dimensions).
This is in line with our usual attitude that processes are more important
than systems. For those really worried about this omission, we give the usual
set-theoretic definition of Hilbert spaces in Section [4.4.2] and show how it
connects to Definition [4.68]

We also haven’t recalled yet what a complex number is. Before doing so, we
want to stress that much of this book can be understood without developing
a profound familiarity with complex numbers since, as we mentioned in the
introduction, our ultimate goal is to replace matrices of complex numbers
with diagrams. A complex number consists of a pair of real numbers a, b € R,
which we write as:

a+1ib (4.39)

One can pretty much compute with complex numbers as one does with real
numbers, provided one adopts the following additional equation:

i =-1

From condition (4) of Definition [4.68] it should be understood that com-
position of numbers is the usual multiplication of complex numbers:

@ @ ~ (a1 +ib1)(az + ib2) = (aras — biby) + i(a1bs + byas)

sums are given by addition of complex numbers:

@ + @ ~ (a1 +1ib1) + (a2 + ib2) = (a1 + a2) + i(b1 + b2)

and hence, 0 (the ‘absorb everything’ diagram) and 1 (the empty diagram)
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are the actual numbers 0 and 1 in C. Finally, conjugation of numbers corre-
sponds to complex conjugatation:

<)>.—>® ~ a+ib — a—ib
Crucially, this conjugation is non-trivial!

Remark* 4.69 In fact, if we want an involution that preserves products
and sums, we have no choice but to choose the conjugation to be trivial
for the real numbers. Furthermore, complex conjugation is the unique (non-
trivial) product- and sum-preserving involution for complex numbers that
fixes the subset R.

In the light of Example complex numbers form a field, which means
that, along with subtraction, we can have diviston by non-zero numbers.
That is, for all A # 0, there exists a number % such that:

S -

Complex numbers can also be written in polar form:
ret® (4.40)

for r a positive real number and « an angle, called the complex phase. The

two forms (4.39) and (4.40) are related as follows:
{ a = rcos(a) { r=+a®+ b2

b = rsin(a) a = arctan (g)

which can be visualised in the complex plane as follows:

L (6}

—qQ—

From this, it’s fairly easy to see that conjugation flips the complex phase:

re'® —  re @
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Indeed, conjugation simply reflects the complex plane:

—qQ—

—qQ— I

-

Our choice of ‘reflection’ to represent conjugation in diagrams is inspired by

1s fact: : '_>
& S-9

4.3.2 Positivity from conjugation

Using standard terminology, a complex number is ‘positive’ if it is both
real and > 0. Since numbers are, in particular, processes, this definition of
‘positive’ should agree with our prior notion of positivity for processes. This
is indeed the case:

Proposition 4.70 For a complex number A the following are equivalent:

1. It is real and > 0.
2. There exists a complex number p such that:

& = < B (4.41)

3. It is positive in the sense of Definition [3.60], i.e. there exists 1) such that:

» = % (4.42)

Proof For (1 = 2), suppose A is real and > 0. Then letting p = i = v/,

we have equation (4.41)). (2 = 3) is immediate, since (4.41)) is a special case
of (4.42)). For (3 = 1), first note that any complex number multiplied by its
conjugate is real and > 0:

ap = (a+ib)(a —ib) = a® + b?
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Computing A in (4.42)) using the matrix of 1, we have:
wl
SR —\ | v? _
A= (@ ) [T = S
¢n

Since this is a sum of numbers of the form iy, it must be real and > 0. O

In Example* we claimed that the transpose in linear maps does not
provide ‘good’ adjoints. In particular, positive-definiteness:

-0 @7:0 (4.43)

fails to hold for the transpose. We are now ready to substantiate that claim,
then show how complex conjugation fixes the problem.

First, consider this (incorrect) expression of positive definiteness, involving
the transpose:

b 2\ (6
o N LI B B
P P 0

While this works for real numbers, it fails for complex numbers. For example:

C0)-rene e (34()

The problem is, for complex numbers, unlike real numbers, ()2 might be
less than zero (in this case —1). This is why we need the conjugate-transpose,
i.e. the adjoint, for (4.43). Translating this into matrix form, we get:

»! P! 0
(E ﬁ . W) w2 =0 — 77/)2 _ 0
(Gl Y 0
or, equivalently:
YUt =0 = foralli: ¢ =0 (4.44)

By Proposition all of the numbers 1 ) are real and greater than 0. So,
if any of the 1) are non-zero, the sum in (4.44)) will be greater than zero.
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4.3.3 Why mathematicians love complex numbers

In this section, we will look at a number of ways in which passing to complex
numbers makes mathematicians’ lives a lot easier. While many of the results
in this section rely on the explicit matrix forms of linear maps, we will later
be able to give their diagrammatic counterparts.

4.8.8.1 The spectral theorem

As promised in Section [4.1.6

Theorem 4.71 All self-adjoint linear maps f are diagonalisable, that is,
there exists some ONB such that:

D? - 3n ©7 (4.45)
e

where all r; are real numbers. If f is moreover positive, then r; > 0 for all 4,
and if f is a projector, then r; € {0, 1} for all . Consequently, every projector
P can be written in the following form:

%7 -5

for some orthonormal set (i.e. not necessarily a full ONB).

Proof We merely sketch this proof, as the full proof can be found in any
book on linear algebra. There are two key ingredients. The first is a standard
result that every linear map from a system to itself has at least one eigen-
state. This is a consequence of the fact that the numbers in linear maps are
complex numbers and the ‘fundamental theorem of algebra’. The second is
that self-adjoint linear maps preserve orthogonality with eigenstates. That
is, for any eigenstate 1, if ¢ is orthogonal to 1 then so too is f o ¢:

s

This enables us to keep choosing new eigenstates for f orthogonal to all the
previous ones until we build an ONB. Once we have established that f is
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indeed diagonalisable, the fact that each of the r; in Theorem [4.71]| are real,
positive, or € {0, 1} follows from Proposition O

Theorem [.71] is known as the spectral theorem. The following equivalent
presentation is particularly relevant for us. First we feed (4.45)) into process-

state duality:
75|

and then we exploit the correspondences established in Section [3.3.6

Corollary 4.72 For all self-conjugate bipartite states ¢ in linear maps
there exists some ONB such that:

@ = 2 r; @@7 (4.46)

where all r; are real numbers. If ¢ is ®-positive then r; = 0 for all .
The origin of the word ‘spectral’ in spectral theorem is the following:

Definition 4.73 For a self-adjoint linear map f we call the list (r;); from
Theorem the spectrum of f, and we denote it by spec(f). Similarly, for
a self-conjugate bipartite state 1, we also call the numbers from Corollary

the spectrum of 1, again denoted spec(v)).

In Section [7.2.5| we will provide a diagrammatic counterpart to Theorem
and hence also to Corollary

Now we will use the spectral theorem to prove a fact about adjoints of
linear maps which comes from taking the idea that an adjoint really is a
reflection seriously. Suppose we have a o-non-separable process. One could
then imagine that it has some internal structure, say a collection of tubes
or machines connecting some inputs to outputs:

If we now compose this process with its adjoint, i.e. its vertical reflection,
then these internal connections match up:
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so one expects the resulting process also to be o-non-separable. Conse-
quently, if the composite of a process with its adjoint is o-separable:

%
N

then also that process should be o-separable:

The spectral theorem indeed guarantees that fT o f detects separability of

f:

Proposition 4.74 For any linear map f we have:

39,6 - = | - (4.47)
Sl T

Proof The direction (<) is trivial. For (=), assume fT o f is o-separable.
Then, since it is positive, we can diagonalise fT o f

% @7



4.8 Hilbert spaces 219

but then, since fT o f is o-separable, it must be the case that:

7
=

for some j. Otherwise, fT o f could produce (non-zero) orthogonal states as

output, which can never happen if it is o-separable. Thus, for all ¢ # j:

(i
A

Lt/
/

by positive-definiteness. A resolution of the identity completes the proof:
-7
5 @ (;

Remark 4.75 Note that there is an analogy between condition and
positive-definiteness. While positive-definiteness tells us that the number
YT o1) allows one to detect whether the state 1 is zero, condition tells
us that fT o f allows one to detect whether f is o-separable.

=0 and hence =0

O

And now comes the really interesting bit. While in Example we es-
tablished that relations obey the positive-definiteness condition, relations

do not satisfy condition (4.47)):

Exercise 4.76 Verify that the relation with matrix:

6 1)

does not satisfy (4.47)).
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So in relations the intuition explained above that a gap in fT o f causes
a gap in f fails to hold, and this can be traced back to the failure of the
spectral theorem for relations. The main reason for this is that in relations
there simply aren’t enough numbers to guaranty a diagonal representation
for every relation.

Exercise 4.77 Along the same vein as Proposition show using the
spectral theorem that fTo f detects whether f is invariant under a projector,
that is, show that for any projector P:

f i £\ 1/ D?
[ = = -
fj £/ P/

4.3.3.2 The dimension theorem

We (somewhat perversely) defined dim(A) in Section as the size of the
smallest basis of a type A. This is quite annoying, since if we want to figure
out the dimension of A we need to look at all bases of A, just to make sure
that we have the smallest one. Fortunately, in linear maps we don’t have

to do that, because the complex numbers form a field. We can therefore rely
on the following theorem, called the dimension theorem:

Theorem 4.78 If a process theory admits a matrix calculus and its num-
bers form a field, then all bases for a given type A are the same size, namely
dim(A).

Thanks to the dimension theorem, in linear maps dim(A) is the size of
any basis for A. As a consequence, any orthonormal set of size dim(A) is an
ONB. To see this, we only need to show that...

Proposition 4.79 Any orthonormal set:

17

extends to an ONB containing .A.
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Proof 1t is straightforward to show that:

[]?ZZ and | Q/ = | -

are projectors. Using the spectral theorem we can diagonalise ) in terms of
a second orthonormal set of states A’:

75§

Since P is a projector, it easily follows that Po @ = 0, and from this it then
also easily follows that all of states in A" must be orthogonal to those in A.
Moreover, since:

| |
:’p +’Q =
N N

Au A’ gives a resolution of the identity, and thus, by Theorem Au A
is an ONB, which, evidently, contains A. O

Thus, if we have an orthonormal set A of size dim(A), there is an ONB B
containing A. But, by Theorem B must be of size dim(A), so A = B.

Corollary 4.80 Any orthonormal set of size dim(A) is an ONB.

Let’s now have a look at how the dimension theorem genuinely can make
life easier (rather than just ‘less annoying’). Recall that in Propositions m
and we gave characterisations of isometries and unitaries in terms of
their behaviour on orthonormal sets. Combining this with the dimension
theorem yields:

Proposition 4.81 For any isometry:

B

A

dim(A) < dim(B), and U is furthermore unitary if dim(A) = dim(B). So in
particular, any isometry from a Hilbert space to itself must be unitary.
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Proof Proposition [4.79| implies that any orthonormal set on B must be
of size < dim(B). Then, by Proposition U sends any ONB B on
A to an orthonormal set B’ of size dim(A). Thus, dim(A) < dim(B). If
dim(A) = dim(B), then by Corollary B’ is an ONB for B. Thus by
Proposition U is a unitary. O

4.3.4 Classical logic gates as linear maps

We assumed the existence of Hilbert spaces C" for every n. Of particular
interest is C2, because of its role in quantum computation, namely in the
description of quantum bits, or qubits. The Hilbert space C? has a two-

(v}

which is referred to as the computational basis or Z-basis. By analogy with

element basis:

(classical) bits, we choose to count the basis elements of C? from zero.

Remark 4.82 In Dirac notation, these basis states are denoted as:

{10), 11}

Classical logic gates are functions:

which form the basic building blocks in digital circuits. Thanks to the com-
putational basis, we can now write any logic gate as a linear map, by means
of the following translation, for a,b € {0, 1}:

Q1. m by by~ Y?H

Each such mapping of a particular input contributes a term:
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and the linear map is obtained as the sum of all the terms of this kind. For
instance, the AND gate:

(
AND :: (
(
(

induces the linear map:

T
EEINVRIVRIVRIVA

Similarly, for an ezclusive-OR, or XOR, gate:

the induced linear map is:

7 S b S A
We will see in Chapter that this process of turning logic gates into
linear maps plays a key role in the circuit model of quantum computing.
However, in that context one must restrict to logic gates that yield unitary
linear maps, for reasons that will become clear in the following chapter. The

AND linear map defined above is not a unitary map. In fact, it doesn’t even
have an inverse.

Exercise 4.83 Show that a logic gate will define a unitary linear map if
and only if it has an inverse (see Definition |3.24)).

A simple example of a logic gate with an inverse is the NOT gate :

NOT :: 01
1—0
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which induces the linear map:

g

Another important example is the controlled-NOT or CNOT gate:

(0, 0,0
1

CNOT :: (0, 0,
(1 1,1
1,0

o = O
= — =

i1

9 I

)

)

)
(L,1) — (1,0
The reason it’s called a controlled-NOT gate is that the first bit ‘controls’
whether we apply a NOT to the second bit. Its induced linear map is:

JR
o7 - XX KX XX KX

the matrix of which is:

1000
0100
0 001
0 010

Exercise 4.84 Use Proposition to prove that the NOT and CNOT
linear maps are both unitary.

Note how the matrix of the CNOT linear map has an identity matrix
in the top-left corner and a NOT matrix in the bottom-right corner. This
is a common shape for matrices of ‘controlled-(...)" gates, as the first basis
element is ‘selecting’ which of these two smaller matrices to apply to the
second:

/o\
CNOT / ((1) (1]> CNOT / <(1) (1)>
\Y/

Note also that the CNOT linear map is self-adjoint, which justifies a di-
agrammatic representation that is invariant under vertical reflection, which
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we will encounter below. On the other hand, it is not invariant under hori-
zontal reflection:

Exercise 4.85 Prove that the CNOT linear map is not invariant under
horizontal reflection:

L [
CNOT # CNOT
[ I

Hence, its diagrammatic representation shouldn’t be either.

4.3.5 The X-basis and the Hadamard linear map
An alternative perspective on the CNOT gate involves the COPY gate:
COPY :: 0~(0,0)
1—(1,1)

whose induced linear map is:

eI A A
L7 A

One way to perform a CNOT is to COPY the first bit, then XOR a copy of
the first bit with the second bit. That is:

w (4.48)
| CoPY /

Exercise 4.86 Prove equatlon 1

In most textbooks, one encounters the CNOT gate written this way:

4

This evokes the same ‘COPY+XOR’ interpretation of CNOT, given that
copying in classical circuits is usually expressed as a small black dot, and
the XOR operation as the symbol @:

COPY XOR
~ e
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However, we will adopt a more symmetric-looking notation:

-

This is because these XOR and COPY linear maps are very closely related.
They actually both arise as COPY maps, but for different bases. To see this,
let’s consider another basis for C2. First, note that since —1 € C, we can

C v-veoy
(-9)

subtract states:

1
2

©

1 -
v-svry) v
It is easy to check that:
v "
and since both of these states take real-valued coefficients in the Z-basis,
they are self-conjugate. Thus we now have two self-conjugate ONBs for C?:

A BRI A 4

Remark 4.87 In Dirac notation, the X-basis is usually denoted as:

{+):1-)}

referring to the fact that we take the sum and the difference of the states
of the Z-basis. We will use these bases in Section [5.1.2] to label the Z- and
X-axes on a sphere of states for a qubit, which justifies the seemingly ad-hoc
names ‘Z-basis’ and ‘X-basis’.

Now we can define two versions of all of the maps before, one for the
Z-basis and one for the X-basis. For instance, the COPY linear map now
has two versions:

- ;iy _ ;@ZSV

Evidently, such COPY maps make sense for Hilbert spaces of all dimensions
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n. Later on, we use these maps so much that it’s convenient to write them
just as dots of the appropriate colour:

% _ Z@ASV \?/
7
By writing the adjoints of these maps by vertical reflection as usual:
we can write the XOR-part of a CNOT gate as a grey dot, up to a number:

w

Proof We show this by computing matrix entries for the Z-basis. Using:

b-3.0 4.4

v (4848

This will be equal to \/i if i + 7 + k is even, and 0 otherwise. But then,

Proposition 4.88

1 i (_1)z‘+j+k:>

Q'H
[\V]
w\»—u

i+ j+kis even if and only if i@®j = k. If we ignore the %—factor, this gives
precisely the matrix of XOR. O

- L) e

Hence, we let:
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If we don’t ignore numbers we have:

\@Kg\=
ﬁH:

Example 4.89 Since it depends on subtraction, the X-basis doesn’t seem
to make sense for the theory of relations (see Remark [4.27)). However, since
the COPY process of the X-basis is the same as XOR, this process does live
in relations. Thus the ‘shadow’ of this basis, and crucially its interaction
Exercise 4.90 Prove that CNOT obeys:

=11 H-5

We will see in Chapter [§| that these are not just random diagrammatic
equations, but rather capture the fundamental concept of complementarity
in quantum theory.

and hence:

with the Z-basis, occurs there.

We can also define a unitary linear map that translates the X-basis into
the Z-basis by following the recipe of Corollary

Definition 4.91 The Hadamard map is:

The reason why we don’t draw the Hadamard map asymmetrically, like
most boxes, is the following:

Proposition 4.92 The Hadamard linear map H is self-conjugate and self-
adjoint, and hence, also self-transposed:

-
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Proof We can see that H is self-adjoint and self-conjugate if we expand the
X-basis in terms of the Z-basis:

5 V.Y (V.V.V V) s
I N

From (4.49)), we see that the matrix of H in the Z-basis is:

1 1
o L
S0 )
Exercise 4.93 What is the matrix of H in the X-basis?

Since the adjoint of a unitary map is its inverse, we also have:

Corollary 4.94 The Hadamard linear map is self-inverse:

Remark 4.95 Just like we did for the CNOT gate, later we will also
introduce an alternative notation for the NOT gate, namely:

®

The reason for it being grey is that it, like XOR, can be expressed naturally
in terms of the X-basis, which will be explained later. So, here are all of the
operations we met in this section:

YA Y A e

We will encounter the copy maps again in Section 2| when expressing
classical data in diagrammatic terms. Decorations such as the 7 in the case
of the NOT gate will be explained in Section and the interaction of the
two colours will be explained in Section [8.2] All of these pieces together will
play an important role in a very powerful diagrammatic language called the
Z X -calculus, described in Section
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4.3.6 Bell basis and Bell maps

We will now give a basis for C?> ® C? which is not simply a product of two
bases for C2. For the following four states:

- slvvrvy)

sy vw)
2y vw)
- Bvv-vY).

it is straightforward to show that they form an orthonormal set, e.g.:

(§9 59 55 59

= $(1+0+0+1)

(595939 39)

= 3(04+04+0+0) =

($9 99 99 59)

= 3(1-040-1)=0

-

. (4.50)

¢¢¢¢

\

£
N4

‘%'P

(B
N4

and so on. So the B; are an orthonormal set of size dim(C? ® C2?) = 4,
hence by Corollary they form an ONB. Indeed, we can write each of
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the elements of the product basis for C2 ® C? in terms of the states (4.50)):

v - s (lmr )

1

v - s i)
Vv - s -l
Vv - s ()

Definition 4.96 The ONB (4.50)) is called the Bell basis.

By Proposition we know that unitaries always send ONBs to ONBs.
So, another way to show that the states (4.50]) form an ONB is to show that
they arise from applying some unitary to another ONB:

=

-

Exercise 4.97 Show that the Bell basis arises from applying the following

O O
ﬁ#

Nl

In other words, show that the states (4.50) can be expressed as:

unitary linear map:

to the product basis:
tj

O
V2
V),
and hence that they form an ONB.

The first of the Bell states is just a cup multiplied with %, while the
other three are variations obtained by flipping bits or signs. From this, it
is easy to see that the Bell states are all non-separable. Moreover, they
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are all maximally non-separable in the sense of Definition a fact that
plays a crucial role in quantum teleportation. We can show maximal non-
separability by relating certain unitary linear maps, called the Bell maps, to
the Bell states as follows:

= (4.51)
where:
Exercise 4.98 Show that the matrix forms of the Bell maps are:
VY vy
and hence their corresponding matrices:
1 0 0 1
~(0 1) - (10
(4.53)

B (30) B - (1)

Also show that these linear maps are unitary.

Unsurprisingly, we call the matrices associated with the Bell maps the
Bell matrices. However, in most textbooks, one doesn’t tend to encounter
the Bell matrices, but rather their close cousins:
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Remark 4.99 The following matrices are known as the Pauli matrices:

(L0 (01
oo = = 0 1 01 =0x := 1 0
B (0= B (1 0
09 =0y = i 0 03 =0z = 0 —1

They are almost exactly the same as the Bell matrices:
oo = By o1 = B, o3 = By
where the only difference is that:
o2 = iBs (4.54)

We shall see in the next chapter that multiplying by ¢ has no effect on the
physical meaning of this process. So why should one care about these Pauli
matrices? We don’t! But others do. The reason for is to make all of
the Pauli matrices self-adjoint. In the usual presentation of quantum theory,
self-adjoint matrices are used to define measurements (see Remark .
However, our definition of measurement doesn’t depend on self-adjoint linear
maps, so we'll stick to Bell maps.

Note from equation that one obtains all Bell states by applying
certain processes to a fixed state. This fact is directly related to how the
Bell states and Bell maps play a role in quantum teleportation. We will
explain this in detail in the next chapter, but here’s a preview:

Exercise 4.100 Compute the state:

|
I
1
B; & Bell map

using the matrix representations of all of its ingredients and conclude that
up to a number we indeed obtain ), for every 1.
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The relationship that the Bell basis and the Bell maps enjoy is a particular
case of a general relationship between ONBs and certain families of linear
maps induced by processes-state duality:

Definition 4.101 A set of linear maps:

B
(4.55)
A

)

is called a Hilbert-Schmidt ONB if the associated bipartite states:

@ - L @7 (4.56)

form an ONB, for D = dim(A).
Taking the inner product of states (4.56)) yields:

B 3ofp

The rightmost expression (without the 1 $) is sometimes known as the Hilbert-
Schmidt inner product of linear maps. Evidently, we have an alternative
expression for orthonormality of (4.55)) in terms of this inner product:

tr = D(Sf

Recalling Definition of maximally non-separable states, the following
are moreover equivalent:

e the basis states @ are maximally non-separable, and

e the corresponding basis maps are unitary.
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4.4 Hilbert spaces versus diagrams

So what do string diagrams really have to do with Hilbert spaces and linear
maps? We defined Hilbert spaces and linear maps as a special kind of string
diagrams. However, in order to get there, we needed to assume bases, sums,
and the fact that the numbers are complex numbers, which all has a bit
of a brute-force feel to it. Moreover, many other things are also described
by string diagrams, for example, sets and relations, so the relationship with
Hilbert spaces and linear maps may not be that special.

However, we will present a surprising result, tightly relating diagrammatic
reasoning to Hilbert spaces and linear maps. Given that the additional struc-
ture of Hilbert spaces allows us to prove lots and lots of stuff about processes,
one might be tempted to think that we can prove more equations between
diagrams of linear maps than we could for just plain old diagrams, i.e. with-
out using bases, sums, etc. This turns out not to be the case. The equations
that are true between diagrams of linear maps are precisely those that can
be proven just by deforming diagrams. So, the first thing we will see in this
section is a precise statement of that fact.

The second thing we’ll do is derive the usual, set-theoretic definition of
Hilbert space from the one based on string diagrams. We’ll see in [4.4.2
that this definition, along with linear maps and the tensor product falls out
automatically by regarding the system-types for linear maps not simply as
labels, but instead as the sets of all their states.

Note that material in the next two sections is optional, and won’t be used
explicitly later in this book. However, many readers may find them useful for
understanding the power of diagrammatic proofs and connecting our notion
of Hilbert-space to the usual one encountered in the literature.

4.4.1 String diagrams are complete for linear maps

In this section we aim to characterise which new equations between diagrams
appear once we assume that the diagrams actually represent linear maps,
with the extra structure of sums, bases, and complex numbers around. And
as already indicated above, the quite surprising answer is: none! That is, the
language of string diagrams is already powerful enough to capture all of the
equations that hold for generic diagrams of linear maps. Using terminology
borrowed from logic:

string diagrams are complete for linear maps.

Another technical way to state this, which emphasises the fact that adding
ONBs, sums and complex numbers is ‘innocent’, is as follows:
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linear maps are a conservative extension of string diagrams.

Recall from Section that the data making up a string diagram are
the boxes in it, including specification of the input and output wires, and
how these boxes are wired together. That is, by ‘a string diagram’ we mean
the ‘drawing’ of boxes and wires without interpretation within a process
theory. In the same vein, string diagrams are equal if they can be deformed
into each other. In order to distinguish wires and boxes, we used labels:

Diagrams also come with a notion of vertical reflection, which is crucial to
the completeness result we will soon present. This result is about comparing
these ‘free’; or ‘interpretation-free’ diagrams, with diagrams interpreted in
the process theory of linear maps. Let us make the idea of interpretation
a bit more formal:

Definition 4.102 An interpretation in linear maps [ | of a string dia-
gram D consists of a choice of Hilbert space [A] for every type A occurring
in D and a choice of linear map [f] (respecting input/output types) for
every box f occurring in D.

In particular, an interpretation defines a linear map [D] obtained by plug-
ging all the linear maps [f], [g], .. . into the diagram D and evaluating them

as linear maps (using e.g. Theorem [4.61]).

Example 4.103 Consider this diagram:

B B
D = B
A

The diagram D has two types and two boxes, so here is an interpretation:

» Lol = G (1)>

[A]:=C® , [B]:=C* , [f]:=

_ Ot = DN
O O O

S Ot W o=
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Then, under this interpretation:

[D] =

[ B R
S Ot W N
Tt Ot s O

Similarly, we can give an interpretation for a collection of diagrams D, E, F, . ..
by interpreting all of the boxes and wires occurring in any of the diagrams,
which in turn yields linear maps [D], [E], [F], - .-

Now consider the following two equations which we encountered earlier:

o

Both equations are valid in the process theory of linear maps, however, in
the first one f and g can be any linear maps (with appropriately matching
types), while the second one only holds in the specific case of CNOT. In
other words, the second equation involves only a single interpretation of
the diagrams in linear maps, while the first one ranges over all possible
interpretations in linear maps. The equations we are concerned with here
are those of first kind, involving all possible interpretations in linear maps.
We are now ready to state the completeness theorem:

Theorem 4.104 String diagrams are complete for linear maps. That is,
for any two string diagrams D, E, the following are equivalent:

e D=F
e for all interpretations of D, F into linear maps, [D] = [E].

Proof (sketch) The proof of this theorem goes beyond the scope of this
book. Roughly speaking, it involves taking some diagram D and defining an
interpretation that is ‘characteristic’ of D. That is, the interpretation yields
some fixed linear map L for D, and for any other D’ # D, it is possible to
show that [D’] cannot possibly be equal to L. O

So the bottom line is:

An equation between string diagrams holds for all Hilbert spaces
and linear maps if and only if the string diagrams are the same.
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...which provides compelling evidence for the fact that string diagrams cap-
ture the compositional content of linear maps.

The condition that [D] = [E] for all interpretations is fairly strong, so
one still might ask if Theorem holds for any process theory that admits
string diagrams. This is not the case:

Theorem 4.105 String diagrams are not complete for relations. That is,
there exist non-equal string diagrams D # FE, where for all interpretations
as relations, [D] = [E].

Proof We just need to find two distinct string diagrams that are equal for
all interpretations as relations. Recall that the only numbers in relations
are 0 and 1. In both cases A\? = ), so the following two diagrams:

</\> </\> and @

are equal for all interpretations as relations. However, they are clearly not
equal as string diagrams. O

In other words, there are equations between string diagrams that hold
for (all) sets and relations that are not string diagram equalities. In light of
the fact that the only real difference between linear maps and relations
is the choice of numbers, it might come as a surprise that something very
simple like the booleans breaks completeness, whereas C, with all of its extra
structure, retains it.

4.4.2 The set-theoretic definition of Hilbert spaces

This section can safely be skipped by the reader who is perfectly happy
with our definition of the process theory of linear maps (and hence Hilbert
spaces). The main goal here is to connect our definition up to the traditional
one. In other words, we will define a Hilbert space H as a set with some
extra structure (sums, scalar multiplication, inner product) and linear maps
as functions that preserve (some of) this structure. Compound systems are
formed by constructing the tensor product of Hilbert spaces, which we will
also define. We provide this alternative definition for two reasons:

e For comprehensiveness, so the reader has some exposure to the tradi-
tional definition of Hilbert space.
e For contrast, to emphasise the different spirit of the two definitions.

Recall from Section that for functions, the states of type A are
in 1-to-1 correspondence with the elements of the set A. We will define a
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set-theoretic counterpart H to ‘our Hilbert spaces’ H (i.e. system-types in
linear maps) by mimicking this 1-to-1 correspondence:

H
H .= @7 ‘ 1 is a state of type H

That is, given a type H in linear maps we define a Hilbert space H to
be its set of states. Instead of states, we call the elements of H wectors. In
what follows we show that we also get all of the set-theoretic Hilbert space
operations (along with the tensor product!) ‘for free’ by expressing them in
terms of states. We begin with sums and scalar multiplication.

Since linear maps has sums, we have the following;:

~

° @EH
oif@ef[, eﬁthen@—kef[
oif@E(C, @eﬁthen@@ef]

In other words, the set of states in H forms a complex vector space:

Definition 4.106 A complez vector space is a set V with a distinguished
element 0 € V' and two operations:

o Y+ forally,peV
e \-¢pforall\eCandpeV

called sum and scalar multiplication respectively, satisfying;:

0+ =1
W) +E=Y+ (0 +E)
Y+ o=0+9

.0 =0

AN ) = (W) -y
AWt =AY+ A9
SN = A+ N e

for all ¥, ¢, € V and A\, N € C.

N O U W N~

We typically write the scalar product A -1 simply as M. As in Sec-
tion once it is established that (—+ —) is associative and commutative,
it is more convenient to use summation notation, and replace equations 6
and 7 above with their equivalents using the summation symbol:
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6. A (Z 7!%) = 2. (M)
1 1
7. (z Ai) b = X ()
7 7
Exercise 4.107 Use Conditions 1-3 in Definition M to show that H
satisfies the 7 equations of a complex vector space.
In linear maps every system-type has a finite basis:

{7}

)

From Theorem it follows that any v € H can be written in this basis:

7 -3O W

This means that our complex vector space is finite-dimensional:
Definition 4.108 A basis for a vector space V is a minimal set of vectors

which spans V, that is, for all ¢) € V there exist {¢;}; = C such that:

Y =2 Aigi (4.57)
If {¢;}, is finite, then Vis finite-dimensional and the number of elements in
{¢i},; is the dimension of V.

The theory of linear maps has adjoints, so we can form:

(0N
Y/

for all Y, ¢ € H. This gives us all the structure we need to define...

Definition 4.109 A finite-dimensional Hilbert space is a finite-dimensional
vector space H, with an additional operation:

(=|-Y:HxH—-C
called the inner product, satisfying:

L (@lAg + & = Mlo) + lE)
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2. O+ Bl = Wl + (610
3. (Ylo) = (dl¥)
4. (Plypy > 0 for all ¥ # 0

where (—) is complex conjugation.

Note that 1 and 3 imply 2. We already encountered most of these prop-
erties in Proposition of the previous chapter, with the exception of
the sum-preservation part of condition 1, which as we saw in Section [4.1.3

amounts to: A ) A
o IO

and similarly for condition 2.

Remark* 4.110 We only define finite-dimensional Hilbert spaces here,
because that is all we need for this book. The definition of an arbitrary
Hilbert space is more complicated, as the set of vectors is required to be
topologically closed under taking limits of certain sequences of vectors. This
condition is automatically satisfied in finite dimensions.

The usual notion of ONB for a Hilbert space matches ours:

Definition 4.111 A basis {¢;}, for a finite dimensional Hilbert space H
is orthonormal if we have:

(iles) = 61

The next thing to do is to introduce linear maps as certain functions be-
tween sets. General multi-linear maps (i.e. maps with many inputs/outputs)
require a bit of work to define using this definition of Hilbert space. However,
maps with precisely one input and one output are straight-forward. Given
Hilbert spaces H and K, by considering functions of the form:

f:ﬁ%:@mg

we indeed recover the usual properties of linear maps:

Definition 4.112 For vector spaces (or Hilbert spaces) H and K, a linear
map f: H— K is a function from the set H to the set K satisfying:

f) =Af() and  f(¢ + ) = f(¢) + f(9)
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These two conditions are referred to as linearity.

We can express both conditions more compactly using summation:
/ (z Aiz,z)l-) S () (4.58)

As we saw in Section [£.1.3] this amounts to:

wt sl

Remark 4.113 We initially defined the set-theoretic counterpart to Hilbert
spaces by mimicking the 1-to-1 correspondence between sets A and func-
tions from the set representing the ‘no wire’-type to the set A. In the case
of Hilbert spaces, it’s linearity that makes this 1-to-1 correspondence work.
First, note that C forms a particularly simple vector space, for which the
number 1 by itself forms a one-element ONB, since all the other numbers
A € C can be decomposed as follows (cf. equation (4.57))):

A=A-1

and the orthonormality condition is trivially satisfied. Addition of ‘vectors’
in C is just addition of complex numbers, by rule 7 from Definition

AN =X14+XN-1=QA+XN)-1=2+X.
Now, a vector ¢ € H defines a unique linear map:
1/; CoH:1m 1
since by linearity we now have, for all A € C:
Vid=A-1o A9
Taking H to be C itself, each A € C defines a unique linear map:
XMiC—>Cule A

Hence there also is a 1-to-1 correspondence between the elements of C and
the linear maps from C to itself. Thus linear maps, vectors, and numbers in
C are all instances of the same thing, which you knew already, because they
are all certain kinds of processes.
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For string diagrams, and hence linear maps, the adjoint is:

7 - I

For traditional linear maps we have the following standard result:

Proposition 4.114 For Hilbert spaces H, K and a linear map f : H — K
there exists a unique linear map fT such that for all ¢ € H, ¢ € K:

LW = @)y (4.59)

The unique linear map fT in the proposition is also called the adjoint.
With string diagrams, equation (4.59)) is a tautology. Indeed, since:

e |f(¢)) translates as
it follows that:

o (f1(¢)| translates as %
and so both LHS {¢|f(+)) and RHS {fT(¢)[y) of (4.59) are:

(0N
Lt/
/

The notions of unitary and positive maps are identical for both the tradi-
tional presentation of Hilbert spaces, and ours. That is, they are maps that
take the form of Definition and Definition [3.60| respectively.

The final, and trickiest, piece of the set-theoretic counterpart to linear
maps is defining the parallel composition of Hilbert spaces. We need to
define an operation ® which mimics at the level of Hilbert spaces H and
K the result of composing the types H and K in parallel. That is:

H ®I~( should match m

For two Hilbert spaces H and K, let’s look at some of the properties of
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HRK. Firstly, any states ) € H and ¢ € K yield a state:

V@

in m . At first glance, one might be tempted to define H ®f( as the
Cartesian product H x K, which is what we did for functions. However,

—~

this quickly goes wrong, since H ® K contains lots of states that are non-
separable. Recall from Section that we can build a basis for H ® K in
terms of the individual bases of H and K. In particular, given ONBs:

), = v

for H and K respectively, we can write all states ® € m as follows:

STl

So given Hilbert spaces H and K, we want to form a Hilbert space for which:

44

plays the role of an ONB. First we need to form the set of vectors, and one
way to do this is to simply consider the set of ‘formal sums’:

ij

ij

where {gbz}l and {qb; }j are ONBs of H and K respectively. We say ‘formal
sums’ since at the moment the sum-symbol really doesn’t have any meaning.
Nor does the ®-symbol between ¢; and gb;-. We could just as well have
represented these elements as lists of numbers indexed by (i, 7), i.e. matrices
of the \;; coefficients. However, we can make this set into a vector space, by
letting these formal sums act like ‘actual’ sums in our definition of vector
addition and scalar multiplication:

v

(z Az-j@@qb;) - (z A;j¢i®¢;> = 3 (g + X)) © )
1) )

A (Z >\z’j¢i®¢;‘> = 20 ® ¢
ij ij
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Also, in this form, we can clearly relate the elements of H and K to the
corresponding ones in H ® K. More specifically, to

Shgie H and Y Ngie K
i i
we can associate the element:
ZZJM/\}@@% e HRK
We denote this mapping also by the symbol ®, and hence obtain:
(Z )\Z-@) ® (; A}(ﬁ;) = iZinA;@ ® ¢

This equation is called ® -bilinearity. Also like the case of linearity, this fol-
lows diagrammatically just from shuffling numbers and summations around:

26T DT - 56T G

Horizontal composition of linear maps on separable vectors is defined as:

(f@®9W®e) = f()®g(¢)
The definition for non-separable vectors then follows from linearity:
(189 (®) = (189) (S6:0: ) = £1(6) Sl

Diagrammatically this is nothing but:

It only remains to show that H®K is a Hilbert space, i.e. that it has an
inner product. For separable vectors in H ® K, we can define it as:

@R[V ) ge i =) V)%

The definition for non-separable vectors again follows from linearity:

BV = <z¢i®¢; zchiw;->~ R AT

H®K ij
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As with the rest, this equation falls right out of the picture:

Definition 4.115 The operation ® on Hilbert spaces and linear maps
that we constructed above is called the tensor product.

Remark 4.116 Above we explicitly relied on ONBs of Hilbert spaces in
order to form their tensor product. This can be avoided, which then also
shows that the tensor doesn’t depend on the choices of ONBs. However, this
ONB-independent construction is much more involved.

Now we have all the ingredients to define a new process theory:

e Systems types are set-theoretic Hilbert spaces H.
e Processes are set-theoretic linear maps f.
Horizontal composition is set-theoretic composition.

Vertical composition is the tensor product .
e The no-wire type is the one-dimensional Hilbert space C.

Let’s call it line;r\rnaps.

Theorem 4.117 linear maps and line/a_r\aaps are equivalent process
theories in the sense explained in Section [4.2.5
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4.5 Summary: what to remember
1. Linear maps is a process theory admitting string diagrams such that:

1

(1) Each type has a finite orthonormal basis.

(2) There is at least one system-type of every dimension D € N.
(3)

(4)

3
4

Processes of the same type admit sums.
The numbers are the complex numbers C.

Here, an orthonormal basis (ONB) is a set of states satisfying:
7 "

Admitting sums means that for any set {f;}; of processes of the same type

and:

there exists a process of that type:

2

i

such that these sums can always be pulled out of diagrams:

vy vy
(s0)07) - 2| B/ 7
v v

and preserve adjoints:
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A Hilbert space is a type in linear maps, and the traditional set-theoretic
notion of Hilbert space arises as the set of all the states for a fixed type:

H
H = @7 ‘ 1) is a state of type H

2. In linear maps each process admits a matriz:

o I A\
B

> . o . where ::
o o M

which allows them to be written in matriz form:

The matricial counterparts to sums, sequential composition, parallel com-
position, transposes and adjoints of processes are usual matrix operations
from linear algebra. The matrix m of a diagram:

A1As Bi1Ci1Cy
(G 9B A, hA3

is computed via its diagram formula:

mil — Z ,lpilig jlklhkl

i3 £ gj1i2 i3
i2j1k1

3. Linear maps is equivalent to the process theory matrices(C):

(1) The systems are the natural numbers N.

(2) The processes with input type m € N and output type n € N are all
n X m matrices with entries in C.

(3) Diagrams are computed as explained above.
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Moreover, for any set of numbers X admitting sums the matrix calculus
matrices(X) is a process theory admitting string diagrams. The process
theory relations also arises in this manner, as matrices(B).

4. We introduced a handful of linear maps that will come in handy later:

AR
VAVARAY
VARAAY
e VAR

SRV 7R b
(13 -

e The copy-maps for the Z-basis (white) and the X-basis (grey) are:

AR v VY
RSN Sl A

e The Hadamard and CNOT maps are:

B OGNS

e The Bell basis is:

Sl

|
Sl

Sl

( )
( )
( )
( )

¢ &qq

!

!

o O O =
o O = O
o O O
O = O O
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5. The spectral theorem states that self-adjoint linear maps diagonalise:

7wl

for some ONB and real numbers r;. This has many consequences, an impor-

tant one being that fTo f detects separability of f:

= |w.¢" -
o o

Interpretationally, this fact naturally follows from taking seriously the idea
that an adjoint really is a reflection:

3, ¢

; % separates

/
/

separates =

A The statement of the spectral theorem involving sums is only a
temporary one. In Chapter m we will picturalise this theorem.

6. String diagrams are complete for linear maps: the equations that hold
between diagrams of linear maps are exactly all string diagram equations.

7. Many diagrammatic concepts have a corresponding representation using
a (self-conjugate) orthonormal basis. Here is a summary:
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concept | diagram |

in terms of basis

/N
sz with
\/

process [J?
state @7 ;@ %7 with @ = @
. v
identity >
4
| A
|~ | hn
dimension Q XZ] = dim(H)
trace FZ_é
i 'i&“
transpose éfj sz with as above
conjugate ifj %X with as above
adjoint [‘é ZJX with as above

251
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4.6 Advanced material*

In this section, we look at the definition of Hilbert space beyond finite di-
mensions, and highlight some interesting examples, as well as some of the
difficulties they cause. After that, we continue our venture into category the-
ory a bit more, by looking at how category theoreticians represent sums and
ONBs. We also explain how knot theoreticians use a similar blend of dia-
grammatic reasoning and sums in their work. Last but not least, we explain
how the pioneers of category theory effectively formulated what it means for
two process theories to be equivalent.

4.6.1 Beyond finite dimensions*

Recall that the inner product gives us a norm: ||v| := 4/{v|v). This plays
a much bigger role in the infinite-dimensional case, because it allows one
to talk about the convergence of sequences, which is the missing piece of
the definition of a Hilbert space, which we can safely ignore in the finite-
dimensional case. The full definition of a Hilbert space goes like this:

Definition 4.118 A (possibly infinite-dimensional) Hilbert space is a com-
plex inner product space that is additionally Cauchy complete. That is, for
any (Cauchy) convergent sequence (v;); of vectors in H, there exists v € H
such that |v; — v| — 0.

This means we can take limits of sequences, so we can hit Hilbert spaces
(and hence quantum mechanics) with a whole big bag of tools from func-
tional analysis. For one thing, having limits around allows one to define
infinite sums:

0 n
Dot = lim Y
1=0 1=0

There are two examples of Hilbert spaces which have historically played
a major role in quantum mechanics as (equivalent) presentations of the
quantum mechanical state space:

Example 4.119 L2 is the set of all functions ¢ : R* — C whose ‘squared-
integrals’ are finite:

Jw@mex<w

This forms a Hilbert space by letting:

(Mt + Aad)(2) = M) + had()  and www=[w@mex
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Example 4.120 /2 is the set of all (countably infinite) sequences of com-
plex numbers, whose ‘squared-sums’ are finite:

o0
Z a;a; < 00
1=0

This forms a Hilbert space by letting:
o
)\1 (az)z + /\Q(bz)l = (Alai + /\Qbi)i and <(a2)1](bz)z> = Z CTZbZ
1=0

Both L? and ¢? allow one to express the state of a quantum particle
and compute is position or momentum. What is surprising is not only that
these are both the same kind of mathematical object (an infinite-dimensional
Hilbert space), but they are in fact isomorphic Hilbert spaces (see Historical
Notes for more details).

So, this brings us back to Q3 from the FAQ in Chapter ?77:

Why don’t infinite dimensional Hilbert spaces play a role in this book?

Or...in the majority of quantum computing, for that matter? The short
answer is that many things just don’t seem to work as well. Suppose for
example, that we take the caps and cups that we know (and love) by now,
and try to run them in infinite dimensions. Naively, things look good at first:

(assuming for the moment that the ‘infinite sums’ above are well-defined).
However if we introduce a circle, things really go wrong:

This problem comes from the fact that caps and cups are not bounded
linear maps. That is, they do not satisfy the property that |[M(v)| < o
whenever |v| < co. Thus, infinite-dimensional Hilbert spaces and bounded
maps form a process theory, but since we have no caps and cups, only circuit
diagrams are well-defined.

One might argue that this is a problem with string diagrams. On the other
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hand, situation (4.60)) occurs not just for caps and cups, but for any perfect
correlations. Thus, the Hilbert space formalism explicitly rules out:

perfect correlations between infinite-dimensional systems.

It’s far from clear whether this is a ‘property of nature’ or simply an ar-
tifact of the mathematics of Hilbert spaces. This suggests two interesting
questions:

1. How much of the process-theoretic development of quantum theory can
be extended to infinite dimensions (i.e. without recourse to string dia-
grams)?

2. Can the theory of Hilbert spaces and bounded linear maps be modified
to accommodate string diagrams and/or perfect correlations in infinite
dimensions?

While some progress has been made toward the first question (see Sec-
tion [4.7)), the second is largely open.

4.6.2 Categories with sums and bases*

A large sub-discipline of category theory (sometimes called Abelian category
theory) studies categories whose morphisms can be added. A category that
has some extra structure on its sets of morphisms is called an enriched
category. The extra structure we are interested in is that of a commutative
monoid, i.e. a set M with an associative, commutative and unital sum. For
example, by Definition Condition 1, processes of the same type in a
process theory with sums form such a commutative monoid. Condition 2
moreover guarantees that the categories corresponding to process theories
with sums also have the following structure:

Definition 4.121 A category C is said to be enriched in commutative
monoids, if for every pair of objects A and B, the set C(A, B) forms a commu-
tative monoid and the monoid structure is compatible with o-composition:
Oof=0=g00
ho(f+g)=(hof)+(hog)
(g+h)of=1(gof)+(hof)

A related notion to the sums of morphisms is the direct sum of objects
(e.g. vector spaces). In categorical terms, this is called a biproduct.

Definition 4.122 Let C be a category that is enriched in commutative



4.6 Advanced material* 255

monoids. Then, C has biproducts if for every pair of objects Ay, Ao, there
exists a third object A1 @ Ao, along with a pair of maps:

[,j . Aj i Al @ AQ
called injections and a pair of maps:
7Tj . A1 @ AQ — Aj

called projections, satisfying:

la, ifj=k
t1om +ig0m = 14,94, T OLj = 0 o )
otherwise

Look familiar yet? If not, let’s get the dagger involved.

Definition 4.123 Let C be a dagger compact closed category that is en-
riched in commutative monoids. Then, C has dagger biproducts if for every
pair of objects Aj, Ao, there exists a third object:

A1 @ Ay
along with a pair of maps:
Lj Aj - Al @ AQ

satisfying:
1A- if j =k
o] + 0] =144, ot =4 Y ’ .
0 otherwise

If Ay = As := 1, the trivial object, these conditions look like this:

W
ONMONS v

That’s right:
{ }k

forms a 2D orthonormal basis! Using the equations in Definition it is
possible to show that @ is associative (up to isomorphism), so we can define
biproducts of 3 objects:

APB®C:=(A®B)@C =A@ (B@®O)
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or similarly, N objects. Objects which are N-fold biproducts of I:
AxT@I®.. ®1 (4.61)

then have N-dimensional ONBs. To see if an object admits something like
an ONB, we can first decompose it into its irreducible components:

Definition 4.124 An object is called irreducible if it cannot be written as
a biproduct of two non-zero objects.

The reason relations and linear maps have ONBs for every type is
that the only irreducible object is the trivial system. In other words, we
can decompose any object as in . However, there are many interesting
algebraic categories (rings, modules, (representations of) algebras, etc.) that
have a much richer collection of irreducibles. Interestingly, we still have
a useful matrix calculus, but now instead of matrices of numbers we get
matrices of processes. Suppose we look at some complicated map like this:

Then g can be decomposed into a ‘matrix form’ that generalises the matrix
form given in equation (4.14)):
g 92 " Im

n gt 95 0 Im
Rather than numbers, the components in the matrices are all morphisms

g;?:AjHBk

If we start to compose matrices, everything looks just like normal matrix
composition, where sums are sums and ‘multiplication’ is composition of
morphisms. So, we can pretend like we are doing normal matrix calculus,
but actually, we’re doing something much more general (and powerful!).

4.6.3 Sums in knot theory*

In this book wires are like electrical wires, in the sense that only connections
matter. In contrast, if they were ropes, then one may care if they are knotted
up or braided together. In particular, one may wish to distinguish these two
diagrams:
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A= X

There is an area of mathematics called knot theory which is all about ropes
either being knotted /braided or not. In fact, figuring out if a rope is knot-
ted/braided at all turns out to be extremely difficult.

The study of knots and braids is not only of interest for its own sake, but
is also the foundation of a particular model of quantum computation called
topological quantum computation, where the structure of braids is used to
encode quantum gates. In the historical material at the end of this section
we provide some pointers to the existing literature.

In the introduction we already gave an example of an equation that one
encounters in any modern knot theory textbook:

We will now explain its use, as an example of a hybrid calculus that uses
both diagrams and traditional mathematical notions. The Kauffman bracket
(4.62)) allows one to associate a polynomial to any given knot.

Consider the trefoil knot:

Applying (4.62) to one of the crossings we obtain:

=

Deforming the diagrams this becomes:

O o
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Then, a second application of (4.62)) yields:

,x<:> +—<i:> +‘r2<:> = Q+1+A4)<:>

Besides (4.62)) a second equation is:

() -

so we are left with a polynomial in A:
A+1+ 272

This polynomial is called the bracket polynomial, and a suitably nor-
malised version of it is called the Jones polynomial, which is a knot invariant.
That is, it is the same for all knots that can be deformed into each other.
This makes it it an extremely valuable tool for the classification of knots.

4.6.4 Equivalence of symmetric monoidal categories™

In Section we gave an informal definition of equivalence for process
theories. In this section, we will make this definition formal, using the lan-
guage of category theory.

In order to talk about equivalence of categories, we first must say what it
means to interpret the morphisms (i.e. processes) in one SMC as morphisms
in another. We do this using functors, which are the standard kind of ‘map’
one considers between categories.

Definition 4.125 A (strict) symmetric monoidal functor F from SMC C
to SMC D consists of a function mapping objects of C to objects of D:

F : ob(C) — ob(D)

and for every pair of objects A, B, a function mapping morphisms of C to
morphisms of D (also written as ‘F’):

F:C(A,B) - D(F(A),F(B))
such that ‘F' preserves diagrams’, i.e.:
1. F preserves parallel composition and unit for objects:

F(A® B) = F(A)® F(B) F(I)=1
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2. F preserves parallel and sequential composition for morphisms:
F(f®g) = F(f)®F(g) F(go f) = F(g) o F(f)
3. F preserves identity morphisms and swaps:
F(14) = 1pa F(oa,B) = 0pa),r(B)

As in the definition of monoidal category, the adjective ‘strict’ means
equations involving parallel composition of objects hold on-the-nose, rather
than up to isomorphism. If we dropped it, condition 1 above would become:

F(A® B) ~ F(A)® F(B) FI) =1

and we would need to require that these isomorphisms obey certain coher-
ence equations like those for a non-strict SMC.
The simplest functor is the identity functor:

le:C—>C

which just sends every object and morphism to itself. We can define sequen-
tial composition of functors in the obvious way:

(GoF)(X) = G(F(X)) (GoF)(f) = G(F(f))
in which case it clearly follows that:
Fole=F=1poF

The stricter sense in which two categories can be ‘the same’ is isomor-
phism, which is defined just like isomorphism between other kinds of objects:

Definition 4.126 Two symmetric monoidal categories are isomorphic if
there exist symmetric monoidal functors:

F:C—D G:D—-C

such that:
GoF =1¢ FoG=1p

In other words, if we take a round-trip through F' and G, we get back
to exactly where we started. However, in many cases, such as the equiva-

lence between linear maps and matrices(C), we don’t get back where we
started. However, we end up somewhere which ‘looks exactly the same’ as
where we started. In other words, for every object X, the object G(F(X))
should be isomorphic to X. Let’s give this isomorphism a name:

nx : X — G(F(X))
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Of course, we don’t get just a single such isomorphism, but a whole family
of them nx,ny, ... for every object in C.

That tells us what it means for objects to look exactly the same after a
round-trip, but what does it mean for morphisms to look the same? In other
words, what does it mean for:

fiX oY and  GF(f)):GF(X)) — GF(Y))

to do ‘the same thing’? It means if we ‘encode’ X as G(F(X)) via the
isomorphism 7x, then do G(F(f)), then ‘decode’ the result, this should be
the same thing as just doing f:

ny' o G(F(f))onx = f (4.63)

This means that 7 is not just any old family of isomorphisms, but what’s
called a natural isomorphism. By moving ny to the right, we have:

G (f))onx =nyvof (4.64)

a condition which is usually expressed using a commutative diagram:

X / Y
nx {ny (4.65)
G
arx) Y airary

A commutative diagram is a visual way to express equations between mor-
phisms. It asserts that any two paths with the same start and end point
yield the same morphism by sequential composition. So, the diagram above
says the exact same thing as equation .

Remark 4.127 The definition of natural isomorphism actually makes
sense for any pair of functors:

D,E:C—>D
in which case it becomes a family of isomorphisms:

{ex : DX) = E(X)} xec
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satisfying:
pexy 2 by
Lx oy
Bo) 2L By

Then, (4.65]) is the special case where D := 1¢ and E := G o F'. We can also
drop the requirement that each tx be an isomorphism, in which case such
a family is called a natural transformation.

Example 4.128 Let C x C be the category whose objects are pairs (A, B)
of objects in C and whose morphisms are pairs (f,g) of morphisms in C.
Parallel composition in an SMC then induces two functors from the product
category C x C to the category C:

{(A,B)HA(@B {(A,B)HB(@A
Py P
(fi9)— f®g (9. f) —9®f

The swap morphisms in C then give a natural isomorphism from P; to Ps.
Writing down what naturality in this case gives:

AoB 1% ven
Bod 2% pea

which, as an equation between diagrams, should look very familiar:

B’ A’ B’ A’
A B A B
Similarly, the associativity and unit isomorphisms for non-strict SMCs men-

tioned in Section™® which respectively are:
QABC: (AR B)®C - A® (B®C)

MI®A—-A pAART — A
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also give natural isomorphisms for suitably-defined functors.
The final ingredient we need for capturing ‘sameness’ of SMCs is to define
a natural isomorphism that respects parallel composition of objects:
nxey = Nx @ny

which is called a monoidal natural isomorphism. Then, an equivalence of
SMCs is a pair of functors where each round trip (G o F' and F o ) yields
something (monoidally, naturally) isomorphic to what we started with:

Definition 4.129 Two symmetric monoidal categories are equivalent if
there exist symmetric monoidal functors F' : C — D and G : D — C such
that there exist monoidal natural isomorphisms:

{nx : X = G(F(X))}xeone and {ev 1 Y = F(G(Y)}yeobp

So, we should be able to see the relationship between linear maps and
matrices(C) in these terms. As SMCs, these are usually called FHilb (for
finite-dimensional Hilbert spaces) and Mat(C), respectively. For Hilbert spaces

(&), @),

F : FHilb — Mat(C)

Then, let:

be the functor that sends each Hilbert space to its dimension and each linear
map to the matrix with elements:

0=/
&/

G : Mat(C) — FHilb

be the functor that sends each natural number d € ob(Mat(C)) to the Hilbert
space C? and each matrix with entries f/ to the linear map:

4
=

In the other direction, let:

> f
ij
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So, we have:

F G
A — d=dim(4) — ¢

Now, A # C%, but since these two Hilbert spaces have the same dimension,

there is a unitary:
* =3 7
i

which is, of course also an isomorphism. If we now look at the round-trip of

C (B, By
S| S sy
) T h

which is not exactly the same linear map. But, it can be ‘decoded’ as we did
in equation (4.63) using the natural isomorphisms:

’ &
’ 4
75\ O\
ewdn/ = 2lf/ > -
04/ 8/
=

- 30/

The other round trip is even easier, because it just sends a matrix to itself:

a linear map, we have:

]

fGng@if
=
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So the second natural isomorphism is just given by identity morphisms:

for all d € ob(Mat(C)).
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4.7 Historical notes and references

The name Hilbert space was coined by John von Neumann in his math-
ematical formulation of quantum theory, ultimately culminating in his fa-
mous book on the subject (von Neumann 1932)). Hilbert spaces united two
seemingly different mathematical formalisations of quantum mechanics: the
wave-function picture due to Schrodinger| (1926)) and matrix mechanics orig-
inating with [Heisenberg| (1925)) and formalised by Born and Jordan (1925).
In mathematics, many examples of Hilbert spaces had already been studied
extensively, including by David Hilbert when studying integral equations,
but it was von Neumann who was the first one to provide an axiomatic
treatment, so they may as well have been coined ‘von Neumann spaces’. A
detailed account on the history of Hilbert spaces can be found in (Bourbaki,
1981}, [1987).

The name ‘matrix’ was coined by Sylvester in 1848. The origins of the
complex numbers trace back way over 1000 years, to Arab algebra. Euler
introduced the notation ¢ and Hamilton was the first to treat complex num-
bers as a pair of real numbers, which constituted the first algebraic definition
of the complex numbers. Gauss coined the name ‘complex number’.

As mentioned in Remark the Bell-maps are typically introduced as
the (marginally different) Pauli matrices, which first occurred in the Pauli
equation, a variation on Schrédinger’s equation that takes into account the
interaction of the spin of a particle with an external electromagnetic field.

Unfortunately, in the literature, the terminology concerning Bell states
and the Bell basis is a bit all over the place, mainly for historical reasons.
Firstly, the ‘Bell state’ typically refers to the first element of the Bell basis
(i.e. the cup), whereas the ‘Bell states’ refer to the whole basis. Sometimes
the Bell state is also called the ‘EPR-state’, but more commonly, FPR-state
is understood to be B3 from . The reason for singling-out this state is
that it is the only anti-symmetric state of the Bell states, and in fact, the
only anti-symmetric state for a pair of two-dimensional quantum systems.
Here, anti-symmetry means that if we swap the two systems, we get the
same state up to (—1):

term-wise swap

N ACAA A%

Systems that obey this anti-symmetry are called fermions. The three other
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Bell states are bosons, which means that if we swap the two systems, we get
the same state on-the-nose.

The use of sums and matrix structure in addition to string diagrams for
modelling quantum systems was initiated by Abramsky and Coecke| (2004),
in the form of categorical biproducts, the category-theoretic counterpart to
having a matrix calculus, as explained in Section™ On a personal note,
the second author of that paper never really liked biproducts. If one were to
stick with biproducts, this chapter would have been where this book ends.
Aiming beyond biproducts has produced the remaining 200%.

Biproducts arose from the study of Abelian categories, or categories that
resemble the category of Abelian groups in several important ways. These
first occurred in Mac Lane (1950), following discussions with Eilenberg
about the appropriate categories for treating homology and cohomology of
topological spaces. Following further developments by Buchsbaum| (1955)
and |Grothendieck! (1957)), such categories grew to play a role in mainstream
algebraic topology and geometry. A standard text is Freyd| (1964).

Category theory was invented by [Eilenberg and Mac Lane (1945) pre-
cisely to say what it means for process theories to be equivalent. However,
the concept that a morphism should be thought of as a process didn’t be-
come widespread until much later (see Baez and Lauda, 2011). The pro-
cess theories Eilenberg and MacLane originally had in mind (metaphorically
speaking) only had sequential composition, not parallel composition, so their
notion of equivalence only had to preserve o. However, with the advent of
parallel composition, i.e. monoidal categories (Benabou, [1963; [Mac Lane,
1963)), came the notion of monoidal equivalence of categories introduced in

Section* [4.6.4]

Selinger| (2011a)) proved completeness of string diagrams for linear maps,
building further on a similar result for vector spaces (i.e. without adjoints)
due to Hasegawa, Hofmann and Plotkin (2008)).

Discussions of quantum protocols in terms of non-self-dual cups and caps,
and a discussion of the upshot of doing so, are in |Coecke et al.| (2008a);
Paquette (2008)); Kissinger| (2012). Much earlier they had been extensively
studied in mathematics, for example in the area of quantum groups (Kassel,
1995)). The Jones polynomial, which first appeared in |Jones| (1985), earned
Vaughan Jones the Fields Medal, sometimes also called the Nobel Prize for
mathematics. A few years later Louis Kauffman introduced his bracket as an
easy manner to produce the Jones polynomial, in Kauffman| (1987). Kauft-
man| (1991) surveys the interplay between knots and physics. |Panangaden
and Paquette| (2011)) survey topological quantum computing and the inter-
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play between crossings and the kind of diagrams this book is all about is
surveyed in |Fauser| (2013)).



5

Quantum processes

The art of progress is to preserve order amid change, and to preserve
change amid order.

— Alfred North Whitehead, Process and Reality, 1929.

From now on, no more babies, plug-strips, or cooking: we now focus exclu-
sively on quantum processes. Naturally, our first goal is to construct the
theory of quantum processes. Fortunately, the work that we have done so
far brings us fairly close to that goal.

For one thing, the process theory of linear maps is not too far away from
full-blown quantum processes. In particular, the theory of quantum pro-
cesses will inherit its string diagram description from linear maps. This
provides us with a high-level language that will make reasoning about quan-
tum processes very easy, for example in the context of quantum computation
and quantum protocol design. This also means that we already know several
features of quantum processes from Section namely those that happen
to hold in all process theories admitting string diagrams: the existence of
non-separable states, the no-cloning theorem, teleportation, and so on.

Note that we say linear maps are not too far away from quantum pro-

cesses, not that they are quantum processes. A first issue is that, as a
model of quantum processes, linear maps contain some redundant data,
namely ‘global phases’. These will never be detectable by quantum measure-
ments (which we’ll meet in the next chapter) and hence have no discernable
effect on which process actually happened.

But so what? Who cares? We could just carry on using linear maps,
and ignore global phases whenever necessary. In fact, many textbooks on
quantum theory would do just that. On the other hand, the generalised
Born rule:

test {
probability (5.1)
state {

wouldn’t work, because the numbers generated are not positive real numbers
(which we can interpret as probabilities), but complex numbers.
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We address this issue by performing a simple construction on the process
theory of linear maps to produce another theory called quantum maps,
which truly describes the processes that may take place in quantum theory.

First, in Section we turn linear maps into pure quantum maps by
doubling every process. This magically solves the problem of global phases
and probabilities in one fell swoop.

After this, we show in Section[5.2.1]that pure quantum maps fail to include
one very important process: the process of discarding a system. Often we
wish to ignore some part of a larger system when it is out of our control (e.g. a
potential eavesdropper in a security protocol) or simply irrelevant (e.g. some
electrons flying around on Mars). By adding this discarding process to pure
quantum maps, we obtain quantum maps. Many new impure (or, mized )
quantum maps arise by composing pure ones with the discarding process.

An alternative interpretation of the impurity of certain quantum maps is
probabilistic mizing. In classical physics, probabilities can be seen as a way
of accounting for our lack of knowledge about the state of a system. For
example a branch of physics called statistical mechanics describes the states
of a system using probability distributions, since its nearly impossible to
know what each tiny little particle is up to. This is also what probabilistic
mixing means in quantum theory: having a lack of knowledge about which
process is actually happening.

Note that we said quantum maps describe processes that ‘may take place’.
Unlike classical physics, quantum theory has processes which are irreducibly
non-deterministic. That is, there exist non-deterministic processes that can-
not be accounted for solely by a lack of knowledge about the quantum sys-
tem. Regardless of how perfectly we know the state of a system, such pro-
cesses will not have a fixed outcome until after they occur. This is the feature
of quantum theory which Einstein found deeply upsetting, as he famously
said ‘God does not play dice.” To account for this ‘quantum dice-throwing’,
the third and final step in this chapter is to define quantum processes as
collections of quantum maps which together make up the alternatives of
what may happen. The rule that tells us which quantum maps together
make up a valid quantum processes is called the causality postulate.

These irreducibly non-deterministic processes are absolutely essential to
quantum theory, for at least two reasons:

1. Quantum measurement, which is our only means of interacting with
quantum systems, is a non-deterministic quantum process. (Recall Dave’s
non-deterministic travels narrated in the introductory chapter.)

2. The causality postulate places a strong restriction on which quantum



270 Quantum processes

‘double’ to get probabilities

adjoin discarding

/ adjoin non-determinism

linear maps ~ pure quantum maps ~» quantum maps ~ quantum processes

Figure 5.1 The passage from linear maps to quantum processes.

maps can occur as deterministic quantum processes. For example, the
only deterministic quantum effect is discarding. On the other hand, ev-
ery quantum map can be realised as part of a non-deterministic quan-
tum process. This fact is crucial to realising quantum teleportation,
among many other things.

The causality postulate is tightly connected to the concept of causality in
physics. In particular, we will see in Section [5.3.2]that it forbids ‘faster-than-
light signalling’, hence guaranteeing that quantum theory is not in conflict
with that other funky physical theory, relativity theory. We don’t want to
make Einstein even more upset than he already is!

5.1 Pure quantum maps from doubling

In the previous chapter we put a lot work into defining and studying linear
maps, so one may think that quantum theory is all about these. This is
almost true. Recall from Section that effects can be interpreted as
‘tests’, and from Section that the adjoint of a state v corresponds to
the testing whether a system is in the state ». When such a test is composed
with a state, we want it to yield the probability of that test returning ‘yes’.
However, in the case of linear maps, if we pick any old states 1 and ¢,
it’s quite likely that their inner product won’t even be a real number, much
less a probability (i.e. a real number between zero and one). Taking this
into account, linear maps is not an appropriate candidate for describing
quantum processes. However, we can turn it into one by means of what we
call doubling, and call the resulting process theory pure quantum maps.
Moreover, doubling has two other nice consequences:

1. It automatically eliminates redundant global phases (Section [5.1.2)).

2. It makes space for two new ingredients that didn’t exist in linear maps:
the discarding map (Section [5.2.1.1)) and classical wires (Chapter [7)).
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5.1.1 Doubling generates probabilities

Recall from Proposition that if we multiply a number by its conjugate
we automatically get a positive number, so:

0 < (5.2)
Y/

Furthermore, if v and ¢ are both normalised, this will be a real number
between 0 and 1, i.e. a probability. Rather than proving this fact directly,
we prove a more general fact that will be useful later:

Lemma 5.1 For any ONB and any normalised state 1 :

>, =1 (5.3)
Proof We have:
E17) %
1- D5 3 % - 3
where the last step uses the fact that numbers are self-transposed. O

This theorem says that any normalised state along with any ONB, con-
sidering ‘doubled inner products’:

,,,,,,,,,,,,

(mirrored) copy 2 —j k copy 1

yields a probability distribution (cf. Definition [4.35)), that is, a list of positive
real numbers that sums up to one.

Remark 5.2 In the next chapter we will see that ONBs represent cer-
tain quantum measurements and then Lemma will guarantee that the
probabilities for all of the possible outcomes add up to 1.
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We showed in Proposition that any orthonormal set extends to an
ONB. In particular, a single normalised state ¢ extends to an ONB:

{@:Z@,@,...,@y}

For this ONB, the only way (| can hold is if:

48

Corollary 5.3 For normalised states and effects we have:

iy o
A

These doubled inner-product diagrams constitute the main mechanism for

SO:

computing probabilities in quantum theory, and they are what is called the
‘Born rule’ in standard textbooks. At first, this new thing doesn’t look like
the generalised Born rule we met back in Section [2.4l However, it will soon!

Remark 5.4 One typically encounters the second and/or the third of the
following three equivalent forms of the Born rule:

The first equation follows from the fact that numbers are self-transposed,
and the second is just a diagram deformation. In more traditional notation,
these alternative forms respectively become:

PloX oIy = [y tr(Plgy o)

where

Py = pgy 1= [
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The upshot of our expression of the Born rule is what much of the remainder
of this section is about: by transforming states and effects into a ‘doubled’
form, the Born rule reduces to the simplest way we can produce a number
from a state and an effect: composing them.

A key point is that the probabilities in the doubled inner product (5.4))
do not depend precisely on 1 but rather on ‘“iy-doubled’:

(mirrored) copy 2 —j K copy 1

So in order to realise them as an instance of the generalised Born rule (5.1]),
we can simply treat ¢¥-doubled as a first-class citizen. That is, we treat it as
a state:

in a new ‘doubled process theory’. In other words, for any state ¥ of a
Hilbert space A we define a new state @Z which is the doubled version of 1,
and to 12 we attribute a new type 121\, which is secretly just two copies of A.
Diagrammatically:

Together the new state and effect yield:

tost{ A —
stato{ V =

Bingo! We now see the Born rule (5.4)) from quantum theory arising as a
special case of the generalised Born rule ([5.1)).

probability
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We call these doubled states and effects pure quantum states and pure
quantum effects, respectively. We sometimes will use the following notation:

() G -
doub|e<> - I\ -

Remark 5.5 This ‘doubling trick’ is closely related to a construction which

is familiar in quantum theory. Namely, the passage from a pure state vector
|1) to its associated density operator :

b = [YXy|

This has the same data as a doubled state, which can be seen just by trans-
posing the effect 1 into the conjugate of the state :

%
@”@@7

If 7 is normalised, then by the density operator @Z is a projector.
These projectors play the role of quantum states in the traditional literature.
However, the process-theoretic paradigm takes states to be processes with
no inputs. Clearly density operators break this convention, which becomes
a bit of a pain later on (cf. Remark [5.50). On the other hand, our doubled
states (conveniently) retain it.

5.1.2 Doubling eliminates global phases

As we already mentioned, the probabilities produced by the Born rule do
not depend precisely on i but rather ‘@-doubled’. This distinction might
seem trivial, until one realises that the correspondence between states and
doubled states is not one-to-one, but rather many-to-one. This phenomenon
already occurs for numbers. There are many complex numbers A such that:

=1 (5.5)

for example, 1, —1, 4, —i.
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In Section [4.3.1, we saw that it is possible to write any complex number
as:

re'®

Equation (5.5)) just means r = 1, so any such A is a number of the form:

eia

By definition, these numbers vanish when they are multiplied by their
conjugate, so they have no effect on a doubled state. In fact, this is the only
data that gets lost in the doubled state:

Proposition 5.6 Two states ¢ and ¢ become the same state when doubled
if and only if they are equal up to some number €@, i.e.:

Y& -dG — b-ed

for a € [0,27). The number €' is called a global phase.

The proof is an instance of a more general one, given below as the proof
of Theorem [5.17

In fact, from the very start of quantum theory, as formulated by von
Neumann, global phases were declared meaningless, but remained an explicit
part of the formalism. Most textbooks on quantum theory deal with this fact
by reserving the term ‘quantum state’ for an ‘equivalence class’ of states,
namely those that are equal up to a global phase. However, doubling gives
us a more elegant and simpler way to deal with this problem.

The usual justification for declaring global phases physically meaningless
is that they are not empirically accessible, i.e. they cannot be discovered
by means of quantum measurements, which we’ll study in Chapter [ This
is already apparent from the fact that all of the probabilities produced by
quantum theory come from the Born rule, which only makes use of doubled
states and effects. Thus there is really no point in distinguishing two states
that only differ by a global phase.

Ignoring global phases has a useful practical consequence as well: it allows
our puny human brains to actually picture quantum systems in a geometric
way. This is something quite handy for physics, and we do it all the time.

The states of the simplest non-trivial quantum system, qubits, live in C2.
Since we can represent such a state with two complex numbers, we can do
it with four real numbers. So, naively, one may think we need 4D space to
write down the state of a qubit. But that’s one too many dimensions for
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(most) humans to picture! The job becomes much easier by just looking at
normalised states. Suppose:

@7 VALV,

Then, if v is normalised, it must be the case that |a|? + |b|?> = 1. Thus, if
we want to know |a| and |b|, we can ask Pythagoras:

(o]

lal

If you remember your trigonometry, this means |a| = cos@ and |b] = siné.

If you flunked trig, just take our word for it.
As a matter of convention, it’s slightly more convenient to use g instead
of 0, so let |a| = cos% and |b| = sin g. Then, we can then drop the absolute

values by introducing complex phases, which gives us:

0 . 0 .
@/7 = coS 2626@ + sin 267'7%7

So, we’'ve replaced 4 real parameters with 3 angles. This is where doubling
comes in. Since doubling kills global phases, the angle 5 is actually redun-
dant, because we can multiply the whole thing by e~**. For some a (namely
a = — f3), we can therefore write the quantum state 12 conveniently as:

0 0 ;
@ := double (COS2€()7 + sin 26104%7)

Since the quantum state is now totally described by two angles, we can plot
it on a sphere, called the Bloch sphere:
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This picture is useful for our intuition. For example, the more ‘similar’
two states are, that is, the higher the value of their inner product, the closer
they are on the Bloch sphere. In particular, orthogonal states are always
antipodes. Remember Dave’s travels from Section We now know what
sort of sphere he was hopping around on:
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Exercise 5.7 Show that the following points:

v el )
AR CISAE7)

)
¥ - one(s(-0)

are located on the Bloch sphere as follows:

v

—1

é%é%é%é%

v
v v
v
v

5.1.3 The process theory of pure quantum maps

We will now construct a full-blown theory of doubled processes. Besides
states and effects, arbitrary linear maps can also be doubled:

In fact, this extends to processes with any number of inputs and outputs.
However, we should be a bit careful with which pairs of thin wires should
be taken together to form a thick wire. We should always pair the first
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input/output of f with the first input/output of f’s conjugate, the second
with the second, and so on:

m 21 12 m
Note that since f’s conjugate is the mirror-image of f, we count inputs
and outputs from right-to-left rather than left-to-right. As a result, pairing
up inputs and outputs introduces a ‘twist’ in the wires connected to the
conjugate process:

/
T
W\
L1 (M N]

One of the benefits of using the new thick boxes and wires is that the extra
complexity of all this twisting remains hidden within the notation.

Doubling all processes yields the following new process theory:

Definition 5.8 The process theory of pure quantum maps has as types
A for all Hilbert spaces A in linear maps, and has as processes doubled
linear maps f for all processes f in linear maps.

The processes in pure quantum maps aren’t really all that new: they
are just special kinds of linear maps. In other words, pure quantum maps
is a sub-theory of linear maps:

pure quantum maps < linear maps

Notably, the fact that linear maps admits string diagrams is inherited by
pure quantum maps. Applying equation (5.7)) to the cup yields a ‘twisted’
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double cup:

i o

When we compose these two, the ‘twists’ cancel out, yielding the first yank-
ing equation:

[
- I

I

I

I

L

J
!
|
|
|

J

Concerning the other two yanking equations, first applying equation (5.7)
to the swap map yields a double swap:

>< = double <><> -

and when we compose it with a cap or a cup, we obtain:

- U Q-

Since there are cups and caps, there also is a notion of transposition for

the doubled theory:
f = [l = ‘ f.;. \

which turns out to coincide with transposition in the un-doubled theory:
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Proposition 5.9 Doubling preserves transposition:

double = f

Proof In the single input/output case we have:

double @ =

The many input/output case from equation (5.7) can be shown similarly. [

The fact that doubling preserves transposes is an instance of a more gen-
eral fact that doubling preserves diagrams. This can be best seen by de-
composing a string diagram in its constituent processes. We already know
that doubling sends cups/caps to cups/caps. Evidently doubling preserves
sequential composition:

Q)

double =

Exercise 5.10 Show that doubling preserves parallel composition:

e (717)- 7

The doubled theory also inherits its adjoints from the non-doubled theory:

k)

(5.8)

)
I

If we put all of these pieces together, we can conclude:
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Corollary 5.11 Doubling preserves string diagrams:

=y | (=w

double -

Sl BNy4va

As a result, any of the calculations we have previously done for diagrams

of linear maps lift straight-forwardly to pure quantum maps just by
doubling all of the diagrams.

Example 5.12 In Section we realised teleportation in the theory
of linear maps using the Bell maps. To pass to quantum maps, we simply
double everything (except Aleks and Bob of course):

double

Example 5.13 In Sections and [4.3.5 we showed how to turn classical
logic gates into linear maps. Now, by relying on doubling, we can turn them
into quantum (logic) gates. For example, the quantum NOT gate is:

¢ - (o)

the quantum CNOT gate is:

H .= double (H)

and the Hadamard gate is:

-t

which doesn’t even have a classical counterpart. Quantum circuits constitute



5.1 Pure quantum maps from doubling 283

the application of quantum gates to a fixed number of qubits, for example:

The circuit above isn’t very quantum yet. Aside from the Hadamards, we
can do everything above using classical logic gates. Things will start to get
much more quantum when we introduce phase gates in Chapter

Example 5.14 When doubling the Bell-matrices of Section then:
B/ (0]
1 0

becomes self-transposed, since doubling eliminates global phases:

e | e oo
5] - Bl - \alw) - [/

For the corresponding Bell state we then also have:

double <@7€7 = @@) — double <€7€(7 = %7@)

Generally, we will carry on using the same terminology for pure quan-
tum maps that we use for processes in any other theory. However, certain
concepts are important enough to get dedicated ‘quantum’ names:

Definition 5.15 A ®-non-separable pure quantum state is called an en-
tangled state.

So, an entangled pure state is any bipartite state 1Z in pure quantum
maps which does not factor into single-system states 1 and )s:

A
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An example is the (doubled) Bell state:

1 _ 1
double (\/5 \J) - 5\
As mentioned in Remark we will need to refine this definition of

entanglement once we pass from pure states to more general quantum states.

We do this in Section [[.3.5]

5.1.4 Things preserved by doubling

By Corollary doubling preserves string diagrams, so if two diagrams
are equal, then their doubled counterparts will also be equal:

Corollary 5.16 Any equation that holds between string diagrams of ‘sin-
gle’ processes also holds for its doubled version:

N\
7

Then clearly the equality between diagrams of ‘single’ processes together
with its conjugated version yields the doubled equation.

The converse of Corollary is almost true. Since doubling eliminates
global phases, we need to re-introduce them to get ‘if and only if’:

Theorem 5.17 Let D and D’ be arbitrary diagrams in linear maps, and
D and D’ be their doubled versions in pure quantum maps, then:

e iz? :em — [/ - [o
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Proof (=) directly follows from Corollary For (<), we can use Corol-
lary to replace a diagram of doubled maps with one big, doubled map.
So, it suffices to show that for any linear maps f and g such that:

Q) -

L
f =

(5.9)
there exists some « such that:
: / — eia wJ: /
Let A and p be defined as:
Then:
AN = = pp

where the dotted lines indicate where we use ([5.9). There are two cases:
either A # 0 or A = 0. In the first case, divide both sides of the equation
above by A\:

So & is a global phase, i.e.:

for some «, and:

so we indeed obtain f = e'®g.
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In the second case:

Thus by positive definiteness (see Section |4.3.2)):

so f = 0, hence f = 0, and hence by assumption, g = 0. This can only be
the case if g itself is zero. To see this, attach cups/caps to g:

and using positive definiteness just like we did in ([5.10) we obtain g = 0.
Hence f = ¢"®g = 0 where now a can be any angle. O

Of course, if in Theorem we replace equality with equality up to a
number (cf. Section [2.4.3]), the phase vanishes:

Corollary 5.18 For D and D’ arbitrary diagrams in linear maps:

o/ - -
Remark 5.19 Besides what is actually being proven in Theorem
there is another surprising lesson to be learned from this proof. The crux of

this proof is purely diagrammatic! In particular, we define the numbers A

Gy el

and p as diagrams:
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and we show by means of diagram substitutions that:

= -

where A\ = p i, and the only place we use some specific structure of lin-
ear maps, namely the complex numbers, is to put this equation in a form
involving €', which is also what requires cases. But, this can be entirely
avoided (see references in Section . This implies that not just for linear
maps, but also for any other process theory, doubling identifies precisely

those processes that differ only by these ‘generalised global phases’. The
lesson to take from this is to not judge a book by its cover: what at first
looks not at all diagrammatic (e.g. eliminating global phases) may turn out
to be fundamentally diagrammatic.

We now show how a number of properties of processes coincide in the
doubled world and the un-doubled world:

Proposition 5.20 A pure quantum map f is an isometry (respectively
unitary) if and only if f is an isometry (respectively unitary).

Proof 1If f is an isometry, f is an isometry by Corollary Conversely,
we can use Theorem to convert doubled equations into single equations
up to a phase:

That is, for fan isometry, f is an isometry up to a global phase ¢’®. We can
furthermore show that « = 0. First, for any normalised state 1, we have:

(N (N

e

Y/ 4

The LHS of the above equation is the inner product of a state with itself, so
it must be positive. Since the only global phase which is also a positive real
number is 1, ! = 1, so f is an isometry. Unitarity is proven similarly. [
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We now prove a similar result to Proposition for positive maps and
projectors, but with a small caveat. If f is an isometry/unitary, then e f is
also an isometry /unitary, so we can choose any ‘un-doubled representative’
of f However, this is not the case for positive maps and projectors, where
we need to choose a particular representative to get the desired property.

Proposition 5.21 A pure quantum map f is positive (respectively a pro-
jector) if and only if there exists a positive linear map (respectively a pro-
jector) f" with f/ = f.

Proof Again, one direction follows from Corollarw For the other di-
(

rection, suppose f is positive and apply Theorem moving the global

phase to the LHS):
—ia [;? - (5.11)

From thls we see that fli=e"fis pos1t1ve Since doubling removes global
phases, f f’ If f is a projector, then ) holds for g := f (cf. Proposi-
tion |3.70)). Hence f’ is also a pl"OJGCtOI“.

] _ewm_m
LA A A

Here’s one more variation on the same theme:

Exercise 5.22 Show that a pure quantum state 12 is normalised if and
only if 1 is normalised, and that two pure quantum states ¢ and ¢ are
orthogonal if and only if ¢ and ¢ are orthogonal.

A consequence of all of the results above is that we can (mostly) work with
pure quantum maps as if we are working with plain old linear maps, but
with the added benefit that the Born rule is now nothing but a state-effect
encounter, and that the redundant global phases are eliminated.

Of course there are some exceptions, otherwise there wouldn’t have been
any point in doubling everything in the first place:
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5.1.5 Things not preserved by doubling

The definition of linear maps included three requirements:

e the numbers are the complex numbers,
e there exist sums for processes, and
e there exists an ONB for each type.

None of these defining features of linear maps are preserved under dou-
bling! More specifically:

e the doubled numbers are not the complex numbers,
e sums in the doubled theory are not doubled sums, and
e doubled ONBs are not ONBs in the doubled theory.

However, the things we obtain instead all play a key role in quantum theory.
5.1.5.1 The doubled numbers are ‘probabilities’
This was of course our initial motivation to do doubling:

Proposition 5.23 The numbers in pure quantum maps are the positive
real numbers.

Proof This follows from Proposition characterising positive numbers:

=B - O

In particular, every positive number is a pure quantum map. ]

5.1.5.2 Sums in the doubled theory represent ‘mixing’

Sums of doubled processes:

are in general not the double of the summed processes:

double | >

%

In fact, non-trivial sums of doubled maps are not even pure quantum
maps, so they can’t be obtained by doubling at all.

The crucial point is that unfolding the doubling operation, yields two
independent summations (i.e. over different indices):



290 Quantum processes

double [ > =

(2

These off-diagonal terms will not go to zero in general. We can already see
this for the case of numbers. Letting Ag = A\; = 1, we have:

doub|e<zi: @)=doub|e(1+1)=4#2=1+1=;®

This is a feature, not a bug. Summing pure quantum maps has an im-
portant conceptual meaning, which has no counterpart when summing the
underlying linear maps. It can be given a clear physical interpretation as in-
troducing some uncertainty in which process happened. This is called ‘mix-
ing’, and will be discussed in detail in Section

The other kind of sums, that is, those that are made in linear maps
before doubling, gives rise to quantum superpositions. We discuss these in
the following chapter in Section So in the end we have two kinds of
sums around, each meaning a different thing.

On the other hand, the fact that doubling doesn’t preserve sums confirms
what we already pointed out in Remark namely, that sums are out of
place in diagrammatic reasoning, and they may easily cause mistakes. Thus
it is prudent to avoid them as much as possible. Over the next two chapters,
many concepts will be initially introduced with sums, but gradually replaced
by their purely-diagrammatic counterparts.
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5.1.5.3 Doubled ONB effects are ‘quantum measurements’

atd

contains at least two states, then:

- 7]

is not a basis in pure quantum maps. To see this, consider two states:

V-3 @y

where the «; are all distinct. Since ¢ has at least two terms with non-equal
coefficients €', 1) and ¢ are not within a global phase of each other, so:

v

However, one can easily verify that for all i:

So double(B) cannot possibly be a basis.
The reason why double (B) is not a basis in pure quantum maps is that

If an ONB in linear maps:

)

%

it misses out on all of the ‘local’ phase information (i.e. the numbers %
above) from ¢, which (unlike global phases) are highly relevant to the quan-
tum state $ An important physical consequence of this fact is that quantum
measurements can only extract a fraction of the information about the state
of a system. In the next chapter, we will define quantum measurements and
show that measurements defined in terms of ONB effects are in fact the best
we can do (though still pretty poor!) when it comes to extracting information
from a single quantum state.

At this point, you might start to wonder whether the theory of pure
quantum maps has bases at all. We saw from Theorem in the last
chapter that bases allow us to completely characterise processes by a finite
set of numbers (namely, its matrix). This is an important feature which
forms the cornerstone of quantum tomography, which as we’ll see in the next
chapter, is all about identifying a state or a process by means of quantum
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measurements. The only way we can do something like this is if there are
still bases around. Thankfully, this is the case:

Theorem 5.24 For any ONB:

on a Hilbert space A, the set of states double(B3) can be extended to a (non-
orthogonal) basis in linear maps for the type A ® A, consisting entirely
of pure quantum states. Hence, in particular this is also a basis in pure
quantum maps for the doubled system-type A.

Proof There are many ways to extend a basis for pure states. For example,
let A be the set of all states of the form:

{get) e
<57. ;<¢7+¢¢7> it > &

Each basis state j € B is then given as 1;;, so B < A. To show:

s - (7|

is a basis for A® A, it suffices to show that any element of a product basis:

o)

can be obtained using sums of states of the form Ay, for A € C, which is
left as an exercise to the reader. O

(Sl

So we can still distinguish processes by how they act on states, but it’s
not nearly as easy as it used to be! In particular, there is no way to build
an ONB of pure quantum states.

Convention 5.25 Even though Theorem [5.24]implies that the ‘dimension’
(in the sense of Definition of a quantum system A is D? when the
dimension of A is D, when we talk about the dimension of a quantum system,
we are always referring to the /(Pmension of the (un-doubled) Hilbert space.

For instance, we still refer to C2 as a two-dimensional quantum system.
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Remark 5.26 In the statement of the previous theorem we distinguished
between double(.A) being a basis in linear maps and being a basis in pure
quantum maps. These are indeed two different things. A basis in linear
maps needs to uniquely fix all linear maps via:

vj,k;;: :"fl:‘gl

whereas a basis for pure quantum maps only needs to uniquely fix linear

maps of the form f,g,... via:

| | | |
which is a weaker requirement. We will use the full strength of Theorem
in Section 5.2.1.21

Vi k:

5.2 Quantum maps from discarding

In the previous section we transformed linear maps into pure quantum
maps via doubling. So far, doubling was merely a way of recasting an exist-
ing thing into something derived, which we depicted by making it boldface.
However, the new types are made from two wires rather than one, and since
two is more than one, there actually is some extra space for genuinely new
stuff, that has no counterpart in the underlying process theory of linear
maps. We will now show that we are missing out on a very important
process, namely the process of discarding a system, which is hiding in this
extra space. In fact, this is the only extra thing we need to throw in to get
all quantum maps.

5.2.1 Discarding

When we introduced effects back in Section the first example we gave
was ‘discarding a system’. Here, ‘discarding a system’ may mean ignoring
it, destroying it, or maybe firing it off into space, never to be seen again.



294 Quantum processes

Alternatively, it could be the case that there is some piece of a bigger sys-
tem that we simply do not have access to, so we can think of it as being
‘discarded’ for all intents and purposes.

In this section, we will home in on discarding, by looking at its behaviour
and showing that this behaviour forces us to make one particular choice. We
begin with the realisation that...

5.2.1.1 Discarding is not a pure quantum map

To see this, it suffices to consider how a discarding process should behave
on the state of a single system. Discarding should do nothing but remove

(A
\/

or put another way: it is a test which succeeds with certainty, but otherwise

that state from the picture:

tells us nothing about the state. In particular, the discarding process cannot
depend on the state of the system that gets discarded.

Proposition 5.27 For non-trivial Hilbert spaces, i.e. with dimension > 1,
there exists no pure quantum effect ¢ such that for all normalised pure

(\
N/

Proof Suppose that g’b\ is a pure discarding effect. Clearly g’b\ cannot be zero.
Thus there exists some A such that \¢ is normalised. By Theorem pY0)
extends in an ONB. Since the dimension is at least two, let ¢’ be a distinct
state in that ONB. It must therefore be orthogonal to A¢, and hence also
orthogonal to ¢. Consequently:

quantum states i) we have:

= (5.13)

and hence:

(\
N/
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which is a contradiction. O

Remark 5.28 In Section [3.3.3] we gave a good reason for considering
the normalised states by default, namely that these are precisely the states
which return ‘yes’ with certainty when tested for themselves. To even get a
discarding map in the first place, this restriction is essential. If for some 12
we have then for 212 this would no longer be the case:

2@:2 #

so ((5.13) would simply be impossible to satisfy.
Since we cannot use any pure effect, here is what we propose instead:

Definition 5.29 We define discarding to be the effect:

[l |

_T_ . LYﬂ» (5.14)

[

...and this effect indeed behaves as required:

Proposition 5.30 For any normalised pure quantum state {b\ we have:

% _ (5.15)

Proof Since 7,2 is normalised, so is ¢ (cf. Exercise , so we have:

O]

Discarding as defined in ([5.14]) certainly doesn’t look like a pure quantum
effect:

. disconnected
connected f
Vo =
/ \
- = | @ ﬂ
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which is consistent with Proposition It also behaves as expected on
states, so it looks like we’re done. But before we hang up our hats, its worth
asking whether this is our only choice for a discarding effect (spoiler alert:

yes!).

5.2.1.2 There is only one linear map fit for purpose

Theorem 5.31 The discarding map defined in Definition is the unique
linear map sending all normalised pure quantum states to 1.

Proof Suppose there exists some other effect:

N

that sends all normalised pure states to 1. From Theorem we saw that
there exists a basis double(B’) of pure quantum states for A® A in linear
maps. Let double(B”) be the basis formed by normalising each of the states
in double(B’) (which is clearly still a basis). Then, for all aﬂc € double(B"):

= C(a\
A

Since d and discarding agree on a basis, they must therefore be equal. Hence
discarding is unique. O

Now that we know that discarding is uniquely defined by its intended
behaviour, we can derive what it should be in certain special cases:

Exercise 5.32 Show that:

he.. o = | |a - —F" (5.16)
and that:
= (5.17)

(noting that C is the ‘no wire’ system for pure quantum maps)

5.2.1.8 Discarding does not preserve pure quantum states

If we start with a pure quantum state on two systems and discard one
system, the resulting state typically won’t be a pure quantum state. In fact,
the only case where it will be a pure state is when we start with something
that is ®-separable:
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Proposition 5.33 For any pure quantum state 12, the reduced state:

is a pure state if and only if 12 is ®—separable:

N7

Proof For (<), we have:

T 1, - % (5.18)

In the proof of Proposition we already saw that:
@7

which is a positive number. Since every positive number is pure (cf. Propo-
sition [5.23)), the state ((5.18) is a pure quantum state. For (=), assume there
exists some pure state ¢ such that:

<P

(5.19)

We will rely on Proposmon 4.74 Wthh states that fT o f is o-separable if
and only if f is. Unfolding the doubled maps in .

we obain:
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By process-state duality and using transposition we get:

Then, by Proposition [£.74] there exist 11 and 15 such that:

L
1" 4

(Note that there is no loss of generality by depicting the effect 19 in conju-
gate form.) Thus, again using process-state duality, ¥ is ®-separable:

N

Doubling the equation above yields the required condition. ]

As reduced states are not, in general, pure quantum states, we need to
introduce a more general family of states to account for the fact that parts
of systems may be discarded.

5.2.2 Impurity

When we compose arbitrary pure quantum maps with the discarding map
lots of new stuff emerges. For example, consider the transpose (or equiva-
lently, the adjoint) of the discarding map:

[l |

_ bl r*w

- ﬂ*‘ | | | |

J_ = = J 1 = | \

-— [l il il

- I I
[

This state is so important that its normalised version gets a special name:

Definition 5.34 The maximally mized state is:

Ll

ol
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This maximally mixed state is an example of a reduced state (cf. Propo-
sition 5.33]), namely what’s left after discarding half of a Bell state:

As we mentioned in the introduction, the term ‘mixed’ has to do with a lack
of knowledge about the actual state of the system. In Section we'll see
that the maximally mixed state means we have no knowledge whatsoever
about the state of a system.

We can now generate other new quantum states either by applying a pure
quantum map to a system in a maximally mixed state:

or equivalently, by discarding one system of a bipartite pure state (repre-
sented here by means of process-state duality):

The resulting form is moreover totally generic:

Theorem 5.35 Any state obtained by composing pure quantum maps and
discarding is a quantum state, i.e. a state of the form:

(5.20)

Proof For a diagram consisting of some pure quantum maps and discarding:
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we can always pull all of the discarding maps (or maximally mixed states)
down to the bottom, using caps as necessary:

We can then combine all of the maximally mixed states into a single state
(cf. equation ([5.16)) upside-down). Thus, we obtain a pure quantum map,
applied to a maximally mixed state. ]

Recalling the definition of ®-positivity from Section [3.3.6] we obtain:
Corollary 5.36 Quantum states are ®-positive states in linear maps.

The form of quantum states generalises that of pure quantum states, where
the map f in has a trivial input wire. In particular, not all quantum
states are pure states. When they fail to be pure states, we call them impure.
Unfolding the form of an impure quantum state p and a pure one 12 the
difference comes down to the presence of a wire connecting the left half to

the right half:

mixed —" R—r pure
So purity itself is a diagrammatic notion.

Remark 5.37 Note that we should take the absence of a wire as evidence
for purity. Conversely, the presence of a wire only indicates the possibility



5.2 Quantum maps from discarding 301

of being impure. For example, suppose f itself is disconnected:

with X\ := V7t o . Then the resulting state is pure.

Example 5.38 In quantum teleportation it doesn’t matter if the state
that we teleport is impure, since the picture stays exactly the same:

While this is a proper generalisation, the reason that it doesn’t require any
additional work is the compositional nature of string diagrams. The key to
the above equality being true is the fact that have:

Then, clearly it doesn’t matter whether we plug in QZ or p at the input.

5.2.3 Weight and causality for quantum states

Now, the cautious reader may have noticed something sneaky about Defini-
tion namely, that the maximally mixed state is not normalised in the
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sense of Definition [3.48}

(5.21)

o=

since the circle is equal to the dimension D, as we saw in Corollary £.33] On
the other hand, if we discard the maximally mixed state we do get:

So unlike in the case of pure quantum states, where in Proposition [5.30]
we showed that the squared-norm and the number arising from discarding
coincide, this ceases to be the case for the maximally mixed state, and more
generally, will no longer hold for impure quantum states. This justifies the
introduction of a new name for the numbers obtained when discarding;:

Definition 5.39 The weight of a quantum state p is:

7

and p is causal if its weight is 1 i.e.:

@ = (5.22)

How should we interpret this quantity? The Born rule tells us that:

effect { —

probability
state {
¢

So, the weight is the result of performing a trivial test on the state (i.e. ‘is
this a state?’). Normally, we would expect this test to return ‘yes’ with
probability 1. However, we will see later in this chapter that a state may be
the result of a non-deterministic process. In this case, the weight then tells
us what the probability is to end up in this state. Causal states are then
those that occur with certainty. In other words, what we call a quantum
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state is really a combination of two things:

7

an ‘actual’ state of a system (the causal state p), and some probability p
that it occurred (i.e. the weight of p’). We continue this discussion in Section
when we introduce non-deterministic quantum processes properly.

Ignoring non-determinism for the moment, the only ‘actual’ states are the
causal ones. So, we can more fundamentally interpret the causality equation
as follows:

If a state is discarded, it may as well never have existed.

This is obviously a reasonable, and furthermore necessary, assumption to
make. There are many systems out there (e.g. on Mars) that we have no
control over and know nothing about. So, we ignore (i.e. discard) them in
our calculations. If we weren’t allowed to do so, we pretty much couldn’t
do any science. There is also a hint of relativity theory here: if something is
sufficiently far away (i.e. or ‘space-like separated’, to use relativity lingo), it
should not be able to affect what is happening locally, because light simply
cannot travel fast enough. This feature, called ‘non-signalling’, is fundamen-
tal to relativity theory. We will see how non-signalling and causality are
closely connected in Section

For states, the constraint imposed by causality is fairly weak: it restricts
the weight to 1. Hence, any non-zero state can be turned into a causal one
simply by composing it with the appropriate number. However, we shall see
in Section that for arbitrary processes the constraint is more drastic,
and, as we will show in Theorem for effects it is pretty extreme!

For pure states, we already know that normalisation and causality coin-
cide. More generally:

Proposition 5.40 For any pure state 12:

A
o\

Proof This can be shown by unfolding then transposing the effects:

G- 86 -vvov-§¢
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O]

The fact that normalisation and causality coincide for pure states is then
just the special case where the squared-norm and the (squared-)weight are
both equal to 1.

Example 5.41 Since the circle is equal to D, the Bell-state is causal:

However, as we already saw in , the squared-norm can be smaller
than the squared-weight for impure states. The fact that these two quantities
do not always coincide is actually useful, since it gives us a useful way to
figure out when a state is pure:

Proposition 5.42 For any quantum state p we have:

(P\ =\’
< @ (5.23)
and we have equality if and only if p is pure.

Proof Since p is an ®-positive state, by the spectral theorem (and Corol-
lary in particular) there exists some ONB and positive numbers r; such

G -3V

It is then straight-forward to compute the squared-norm and the weight:

(N O
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2

Since all r;7; = 0 the first claim follows. If p is pure, then by Proposition
the squared-norm and the squared-weight coincide. Conversely, assume the

Thus:

squared-norm and the squared-weight are equal. Then:
Z riry = 0
i#j

which is only true if, for all 7 # j, we have r;r; = 0. In that case, at most

one r; is non-zero, So:
@ -V

which is a pure quantum state. O

Proposition does much more than provide a means of detecting
whether a state is pure. As a causal state becomes more and more impure,
the squared-norm will go lower and lower, until it hits 1/D for the maximally
mixed state. Thus, it is a quantity that actually measures the impurity of a
state. We will explore this and other measures of impurity in Section 77.

We can also visualise the difference between the quantities in . For
the weight we have:

@ . = (5.24)
and for the squared-norm we have:
= = (5.25)
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In the case of a pure state it is the absence of the following wires that results
in the squared-weight and the squared-norm becoming the same:

vanishes for pure states

—\2 7N

@) 7

Otherwise, it is the difference in wiring that causes the difference in numbers.

Remark 5.43 Recall from Remark [5.5] that we could translate between a
pure state and its representation as a density operator, which in that case
was a projector. This generalises to (causal) mixed states, whose associated
density operator is a positive map which has trace 1. The translation be-
tween our doubled representation and the density operator representation is
provided by process-state duality:

In the density operator representation, from ([5.24]) it follows that discarding
a state means taking its trace:

-3

so a density operator with trace 1 corresponds to a causal state. Similarly,

from ([5.25)) it follows that:
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(P\
N/

|
|
—+
=
—
™
)
SN—

and so (5.23)) becomes in terms of density operators:

tr () < (tr (7))

5.2.4 The process theory of quantum maps

We passed from pure quantum states to quantum states by adjoining dis-
carding. In fact, the entire process theory of quantum maps is also obtained
in that manner:

Definition 5.44 The process theory of quantum maps has as types
doubled Hilbert spaces A and as processes all diagrams made from pure
quantum maps and discarding:

717/

...and it should come as no surprise that:

Theorem 5.45 The theory of quantum maps admits string diagrams.

Proof Quantum maps inherit their caps and cups from pure quantum
maps, so it suffices to show that quantum maps have adjoints. The adjoint
of a pure quantum map is another pure quantum map and the adjoint of
discarding is just its transpose:

(T) - U
which is the composition of a pure quantum map (the cup) with discarding.
Thus it is again a quantum map. Since adjoints need to preserve diagrams

and all diagrams in quantum maps are made up of pure quantum map
and discarding, every quantum map has an adjoint. O
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Just as we saw with quantum states in the previous section, we can put
any quantum map in a ‘normal form’ by grouping all of the discarding maps
together into a single effect:

Hence we have:

Proposition 5.46 All quantum maps are of the form:

for some linear map f.

So, quantum maps are precisely those linear maps which are ®-positive
processes (cf. Definition [3.66). Proposition also shows that arbitrary
quantum maps arise by ignoring part of the output of a process. Conversely,
given any quantum map ®, we know that there must exist a pure quantum

map f such that:
7 - ‘TZL oo

Definition 5.47 We refer to the pure quantum map f in 1) as a
purification of the quantum map .

It might be tempting to think that quantum maps are precisely those
maps which send quantum states to quantum states, but this is not the
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case. For example, the swap linear map, when conceived as a linear map
from type A to A:

(5.27)

(it actually conjugates them!) However...
Proposition 5.48 The linear map (5.27) is not a quantum map.
Proof For any quantum map ® and any linear map f the following number:

R

e/ |Lf

will also be a quantum map, namely a positive number. However, if instead
of ® we take ((5.27)) we obtain:

a3

This number is not of the form of a linear map composed with its adjoint,

so it cannot be positive for all f. And indeed, picking:

0 -1
1 0
yields —2, which is a contradiction. O

Being a quantum map is actually stronger than just preserving states
of a single system. The reason is that quantum maps should not only be
well-behaved in that special case, but should be well-behaved when they are
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included in any diagram. For example, applying a quantum map to just one
part of a state on multiple systems, as in below, should again yield a
quantum state. In fact, this (seemingly more specific) condition is actually
equivalent to being a quantum map:

Theorem 5.49 A linear map:

is a quantum map if and only if for all quantum states p we have that:

(5.28)

is again a quantum state.

Proof If ® is a quantum map, must be a quantum state simply
because quantum maps is a process theory. For the other direction, let p

in - ) be the doubled cup—state Then by assumption, this is _a quantum
state, so by Proposmon 5.46, there exists a pure quantum state w such that:

NS4

So by process-state duality it follows that:

and hence, ® is indeed a quantum map. O

Remark 5.50 We pick things up where we left off in Remark First
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note that we can equivalently represent a general quantum map as follows:

(5.29)

Here, the small dashed box represents a hole where we can insert a den-
sity operator p, and obtain ®(p). The ‘super-operator’ (i.e. a map taking
operators to operators):

d() = L (5.30)

is usually called a completely positive map, or CP-map. They are also com-
monly seen in an equivalent form, involving the trace:

The ‘complete’ part refers to the fact that a CP-map preserves positivity
(i.e. ‘being a quantum state’) even when applied to just part of a system, as
in . The super-operator analogue to preserving positivity only when
applied to entire systems is called simply positive. In the case of the
positive super-operator looks like this:
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which, by Proposition is not of the form (5.30)).
When specialising Proposition to the case of a bipartite state:

o

we now obtain a means of determining if a quantum map is pure, as well as
a quantity that represents the degree of impurity for general quantum maps:

Corollary 5.51 For any quantum map ® we have:

< iy (5.31)

and we have equality if and only if ® is pure.

5.2.5 Causality for quantum maps

We now generalise the definition of causality from states to maps:

Definition 5.52 We call a quantum map ® causal if we have:

o/ = T (5.32)

In fact, causality for quantum maps means preservation of causal states:

Proposition 5.53 A quantum map is causal if and only if it sends causal
quantum states to causal quantum states.

Proof For a causal quantum map ® and a causal quantum state p we have:
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x

so (=) indeed holds. For (<), suppose ® sends any causal state p to another
causal state p’. Then we have:

N

Thus the following effect:

o

sends all causal states (and in particular, all normalised pure states) to 1.
Then, by Theorem [5.31] on uniqueness of discarding;:

o

so the quantum map P is indeed causal. ]

We can also interpret ([5.32)) directly:

| If the output of a process is discarded, it may as well have never happened.

which is a straight generalisation of the interpretation we gave for causal
states in Section [5.2.3]
Despite seeming innocent at first, causality has a somewhat shocking con-
sequence when applied to effects. By equation , discarding the ‘no wire’
system is the same as doing nothing. Since effects have no outputs, causality

ONES

which forces any causal effect to be equal to discarding!

reduces to this equation:

Theorem 5.54 There is a unique causal quantum effect: discarding.
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So causal effects in quantum maps are utterly uninteresting. If causality
is going to play such an important role, why did we even bother to intro-
duce effects at all? Don’t worry, your time hasn’t been wasted! Once we
consider non-deterministic quantum processes, we will be able to realise all
quantum effects non-deterministically, and this will be vital for applications
like quantum teleportation.

Remark 5.55 The analogue to causality for CP-maps (cf. Remark [5.50)
is that they are trace-preserving:

tr (8(7)) = tr(p)
since trace preserving CP-maps send density operators to density operators,

just as causal quantum maps send causal quantum states to causal quantum
states, as we saw in Proposition [5.53]

5.2.6 Isometry and unitarity from causality

So what is the constraint imposed by causality for pure quantum maps? We
already saw in Section that for pure states causality means normalisa-
tion. Realising that a normalised state is just a special case of an isometry,
when the input system is trivial, we can generalise this statement:

Theorem 5.56 For pure quantum maps, the following are equivalent:

1. ﬁ is causal:

- T

k

2. U is an isometry:

3. and, U is an isometry:
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Proof Unfolding the causality equation, we have:

f-) -

so we obtain the isometry equation by bending the left input wire up:

5oy

and hence we obtain 1 < 2. By Theorem [5.20| we obtain 2 < 3. O

We already saw above in Theorem that discarding, which of course is
not pure, is the only causal quantum effect. Hence, there are no pure causal
quantum effects. More generally, Theorem [5.56] implies that there exist no
pure causal quantum maps from A to B if dim(A) > dim(B), because in
that case there exist no isometries from A to B (cf. Proposition .

Now recall from Proposition that any isometry from a Hilbert space
to itself must be a unitary. This yields an easy corollary to Theorem [5.56

Corollary 5.57 A pure quantum map from a system A to itself is causal
if and only if it is a unitary.

Of course, this fact depends on the dimension theorem, which we have only
established for linear maps in particular. On the other hand, Theorem
does not rely on any special properties of linear maps. A similarly general
consequence is the following. By Proposition [3.58] invertible isometries are
unitary. Combining this with Theorem thus yields:

Corollary 5.58 For a pure quantum map, the following are equivalent:

1. It is causal and invertible
2. It is unitary

Remark 5.59 In many textbooks, unitarity is assumed from the start,
without (much) justification. However, causality, with its simple physical
interpretation is much easier to justify. Thus, a pleasant consequence of
doubling is that isometry (and hence unitarity) fall out so easily, as in equa-
tion (|5.33)).

We already made implicit use of the unitarity requirement:



316 Quantum processes

Example 5.60 Recall that in Section where we presented quantum
teleportation we assumed that U; needed to be unitary in RHS of:

Bob’s problem now!

in order for Bob to be able to fix the error. Now we know why: in order for
Bob’s correction to be causal, it needs to be an isometry, and in order to
undo U; it must furthermore be unitary.

So what about impure processes? If we combine the fact that all causal
pure quantum maps are isometries with the fact that all quantum maps can
be purified, we can immediately see that every causal quantum map can be
represented as an isometry with one of its outputs discarded:

Theorem 5.61 (Stinespring dilation I) For every causal quantum map ®
there exists an isometry U such that:

(5.34)

Proof By Proposition [5.46] we know that there always exists a pure quan-
tum map U such that holds. By causality of ®, it follows that U must

also be causal:
77 -0/ - T

which, by Theorem implies that U is an isometry. ]

In fact, we can boost this result from isometries to unitaries, but this
requires a bit more work. First, note that we can replace any isometry with
a unitary and a pure state:

Lemma 5.62 For any isometry U:
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s}

U
|4

there exists a unitary U’ and a pure quantum state @’b\ such that:

1

Proof Fix ONBs for A and B such that:

(),

J

!/

Then, fix a linear map U’ from A ® B to B ® A which sends:
B = {@@} to B = {@@}
]
| l l
v/ /Y
and the remaining basis states of B are mapped (injectively) to the remaining
basis states of B’. This is always possible since dim(A ® B) = dim(B ® A),

and yields a bijection on the ONBs B and B’. Thus by Proposition U’
is unitary. Since equation ((5.35)) holds for all white ONB-states, we have:

R

Doubling this equation and discarding the first output yields:

Ji

such that:

(5.35)
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T

77 -0/ -0
< @
.

which completes the proof, for:

&

Now we can conclude that:

Corollary 5.63 (Stinespring dilation II) Every causal quantum map &
arises from some unitary U by plugging some pure causal quantum state 1
into one of its inputs and discarding one of its outputs:

;TL/ = o/ (5.36)

Remark 5.64 Stinespring dilation is used by some people to justify a
point of view where the only real quantum processes are just the pure,
unitary ones, of which we only have access to some small part. This belief
is sometimes referred to as the ‘Church of the larger Hilbert space’. While
this point of view is perfectly consistent with quantum theory, it is not very
convenient for thinking process-theoretically. For example, one cannot build
a process theory which both includes unitaries and pure quantum states
without also considering general isometries. Indeed, unitary quantum maps
U and pure quantum states 1 yield (non-unitary) isometries when composed

in parallel:
L L
0/ W
|

We will return to this point in Section when we discuss von Neumann’s
formulation of quantum theory.
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5.2.7 Kraus decomposition and mixing

One way to understand impure quantum maps, by their very definition, is
in terms of discarding parts of a larger system. We now give an alternative
interpretation in terms of mizing. For now, this will involve explicit sums.
However, in Section mixing will also be given a purely diagrammatic
treatment, as part of our general strategy for eliminating sums.

A first step towards mixing is to replace the discarding map by a sum over
an ONB. We can do this by decomposing the cap with equation :

[l |

F o s A -z e

Combining this with purification, we can write any quantum map as a sum
R

] 1 ’ l

~ = -

e/ = f - \ / = ZZ: fi

of pure quantum maps:

where:

|
)

Conversely, the sum of any finite set of pure quantum maps is a quantum
map (recall that sums only exist for processes of the same type):

T |
f

- z@[f? (5.38)

Exercise 5.65 Verify that the sum of any finite set of pure quantum maps

where:

is again a quantum map. (Hint: be careful to distinguish sums of doubled
processes from those of non-doubled ones.)

So in summary, we have:
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Theorem 5.66 The sum of pure quantum maps is a quantum map, and
any quantum map ® can be written as a sum of pure quantum maps:

o/ =X |7 (5.39)

Such a representation is known as a Kraus decomposition.

Remark 5.67 For completely positive maps (cf. Remark , a Kraus
decomposition becomes:

which one usually encounters in the following form:
()= 2 i f]
The sum of pure quantum maps is almost never pure, so the theory of
pure quantum maps isn’t closed under sums. However:
Theorem 5.68 The sum of any finite set of quantum maps:

2| @

)

is a quantum map, i.e. the theory of quantum maps is closed under sums.

Proof Since all of the ®; have Kraus decompositions:

o [/ =

then we can expand their sum as:

|
™M

|e/ = XXy fij
i j

)

which by Theorem is a quantum map. O
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In Theorem [5.66] we said ‘a’ Kraus decomposition since Kraus decomposi-
tions are not unique. There are however some special ones. First considering
the particular case of Kraus decompositions for quantum states, by the spec-
tral theorem (and Corollary in particular), we have the following:

Corollary 5.69 Every quantum state p has a Kraus decomposition of the

following form:
@ _ d7 (5.40)

for some ONB and positive real numbers r;.

If we apply Corollary to:

i (5.41)

we can decompose (5.41)) over an ONB of biparite states. Equivalently, we
can decompose @ itself over a Hilbert-Schmidt ONB (cf. Definition [4.101)):

Corollary 5.70 Every quantum map ® has a Kraus decomposition of the

following form:
|
7~ sn |;!7 s

for some Hilbert-Schmidt ONB and positive real numbers r;.

We showed in Theorem that any sum of quantum maps is again a
quantum map. Of course, if we add together causal quantum maps, what
we get will no longer be causal:

T

_\1|/_/+:jI:/—T—+—T—2—T—

However, instead of ordinary sums, we can consider convex combinations of
causal quantum maps:

Definition 5.71 A convex combination or mixture of a family of causal
quantum maps {®;}; is a sum of the form:

Yot @ (5.43)

7
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where the numbers p’ sum to 1.
...in which case causality is preserved:

Theorem 5.72 Every convex combination of causal quantum maps is
again a causal quantum map.

Proof By Theorem the map ([5.43)) is a quantum map, and by causality
of each of the quantum maps ®; we have:

sz‘_{;? X T - T

We refer to the operation that produces out of {p'}; and {®;};
as mizing. For a mixture we can interpret each p’ as the probability that
the process ®; happens. In other words, there is a lack of knowledge—
represented by the probability distribution {p’};—about which pure process
®; out of the {®;}; is happening. For example, the causal quantum state:

@ =37 Q,? (5.44)

can be interpreted as a system which is in one of the pure states @Zi, but
we don’t know which. We only know the probability p that it is in the i-th

O]

state. We can in fact write any causal quantum state in this form:

Theorem 5.73 Every causal quantum state can be regarded as a mixture
of pure causal quantum states. Moreover, these pure causal quantum states
can always be chosen to form an ONB.

Proof Since ONB states are always causal, this follows immediately from

Corollary ]

So, it is tempting to believe that all impurity can be reduced to this kind
of situation. However, we quickly hit a snag if we try to do this for other
more general maps than states:

Theorem 5.74 Not every causal quantum map can be regarded as a mix-
ture of pure causal quantum maps.

Proof Discarding cannot be decomposed in pure causal quantum effects
since there aren’t any (cf. Theorem [5.54]). O
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The idea of mixing is not just important as a conceptual interpretation
of impure quantum states (and some impure quantum maps), but it also
provides a geometric picture for those states. In , p is a convex combi-
nation of pure states. The natural way to picture this is to think of p as lying
somewhere between the pure states, where each p’ determines just how close
it is to the i-th pure state (1 := ‘at the same place’, 0 := ‘as far away as pos-
sible’). Recall from Section that we can picture causal (i.e. normalised)
pure quantum states in C? as living on the surface of a sphere called the
Bloch sphere. If we include arbitrary causal quantum states, we will include
all convex combinations of states on the surface of the sphere. Therefore, we
get not just a sphere, but a whole ball called the Bloch ball. In this ball, a

mixed state:
@ - Q7 i

is pictured as a point inside the sphere:

<G <

A special case of mixing is mixing over an ONB, which enables us to
encode any probability distribution:

Proposition 5.75 Given a fixed ONB, probability distributions can be
equivalently represented as causal quantum states of the form:

%7 Z P’ %7 (5.45)

Proof We need to prove that the numbers p’ are all positive, which follows
from Corollary and that causality (cf. (x) below) forces the probabilities
to sum up to one:
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In the two-dimensional case probability distributions then become:

Gy

that is, they only depend on the number p € [0, 1], and we can visualise them
within the Bloch ball as a line connecting the two doubled basis states:

If this were classical probability theory, that would be the end of the story:
any probabilistic state decomposes uniquely into a probability distribution
over the pure states (i.e. those corresponding to point distributions) span-
ning the space of probability distributions. However, for quantum states,
the situation is quite different, in that this decomposition into pure states
is usually not unique: a quantum state p may decompose as many different
mixtures of pure states. The most extreme example of this phenomenon is
the maximally mixed state, which can be seen as an equal mixture of the
pure states corresponding to any orthonormal basis. Indeed, using Proposi-
tion we can decompose the cup across any ONB:

R N A VIt ] VA0

This also means that the maximally mixed state is ‘equally distant’ from
any pure state, which (finally) explains the name maximally mixed: it has
no bias towards any of the pure states.

So, given a mixed state, there is no unique interpretation in terms of a
set of pure states. In fact, there is no particular reason to decompose p as a
mixture over a basis, or as a mixture of just two pure states. Why not three,
or four:
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or a billion? In fact, mixed states are often used to describe enormous num-
bers of quantum systems, called ensembles, in a variety of pure states. Such
an ensemble could represent, for example, all the photons in a laser beam.

Example 5.76 (noise) One can think of the maximally mixed state as
total noise, in that it doesn’t have any bias towards any meaningful data,
i.e. any pure state. Consider the following process:

1T = 4— output pure noise

D = &— discard any input

This process converts any input into noise. The fact that nothing from the in-
put remains at the output is clear from the diagram in that it is o-separable.
We can now mix this noise map with any other process:

+
_T_

to make it a bit noisy. The bigger p is, the more noisy it is.

o=

l-p @/ +0p

This is all we say about mixing for now. Section[7.3.4] where we picturalise
mixing, contains diagrammatic counterparts of some of the results we have
seen here, as well as some new results. In Chapter 7?7 we will introduce a
resource theory which will let us compare and quantify mixedness.

5.2.8 The no-broadcasting theorem

We already saw in Section that any process theory that admits string
diagrams satisfies a no-cloning theorem. Thus, in quantum maps there
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exists no quantum map A that clones all input states p:

Y

Even if we restrict ourselves to pure states {b\, then there still do not exist

cloning maps, since pure quantum maps already admit string diagrams.
Restricting to causal states doesn’t help either, since non-causal states can
always be made causal by multiplying by a number.

Section where we first introduced no-cloning, was entitled ‘quan-
tum features from string diagrams’. But, how justified was this title? When
one says ‘quantum feature’ one typically doesn’t just mean something that
happens to be true for quantum theory, but moreover, something that fails
to hold classically.

In the previous section, we saw that we can represent a probability dis-
tribution as a quantum state as follows:

VoIV

The pure states are then given by point distributions:

v

while all other probability distributions are mixtures of point distributions.
This results in the following analogy:

pure mixed

probability distributions

causal quantum states @ @ =2 p W
i

If no-cloning is a truly quantum feature, then it should be the case that we
can clone classical states, i.e. probability distributions.

The good news is that there does exist a cloning map for point distribu-
tions, which we can represent as a quantum map:

37 - WX BARAAN
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so while we cannot clone pure quantum states, we can clone pure probability
distributions. However, the bad news is that this does not extend to general
(i.e. mixed) probability distributions:

Yy ) () o

Just like in the quantum case, there is no map which clones all probabil-
ity distributions. So ‘no-cloning’ only separates pure classical and quantum

theories. What we really want is a weaker criterion, which still holds in the
(mixed) classical world, but fails for quantum maps.

This can be realised as follows. Rather than asking for the existence of
a cloning map, we can ask for the existence of a broadcasting map, that is,
a map that takes in a state p, and outputs two systems with the property
that if we discard either system, the overall state will be p:

% - (’? - A; (5.49)

Here the term ‘broadcasting’ is used in the same sense as a television broad-

cast. When you receive a TV show, you only really care that it comes to you
correctly, and not what’s going on everywhere else.
First we show that broadcasting is indeed weaker than cloning;:

Proposition 5.77 Any cloning map is also a broadcasting map.

Proof For any cloning map A we have:

%767@@

and the second equation also holds by symmetry. O

The converse is not true. In particular, we can broadcast probability dis-
tributions.

Exercise 5.78 Show that A is a broadcasting map for probability distri-
butions.
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However, despite the fact that broadcasting is weaker than cloning, we still
cannot broadcast quantum states. Thus no-broadcasting is a truly quantum
feature, which doesn’t depend on any extra assumptions like purity. To prove
no-broadcasting for quantum states, we need to generalise the bipartite state
in Proposition from a pure state to any quantum state:

Proposition 5.79 If the reduced state of any quantum state is pure:

% = W (5.50)

then the state p separates as follows:

T TV

for some (causal) quantum state p'.

Proof Assuming ([5.50)), we first purify p (cf. Definition [5.47)):

By Prop031t1on 5.33 qb is ®-separable, in which case:

Just by multiplying ¢2 by some number, we can always choose p’ to be
causal. In that case, equation (5.50) implies that 12 = 1. The proof of the
converse is straightforward. O

...and then generalise to processes:

Proposition 5.80 If the reduced map of any quantum map ® is pure:

> =17 (5.51)
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then ® separates as follows:

)

for some (causal) quantum state p.

Proof Bend the wire in (5.51)):

(5.52)

)

> = L

Since the reduced state of the tripartite quantum state is pure, by Proposi-
tion it separates as follows:

vy

Unbend the wire and we’re done. O

Now we are ready to prove that...
Theorem 5.81 Quantum states cannot be broadcast.

Proof By Theorem there exists a basis consisting of quantum states
for any type, so equations (5.49) are equivalent to:

T | 0] r T
A / = = A (5.53)
|

We now show there exists no such A. By equation (5.53]) the reduced state
of A is pure, so by Proposition we have:

vl d -

for some state p. Hence it follows that:

e | T e &7
T

—~
~

= ? / =
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Since the identity is o-separable, so is every other process involving that
type, and hence the system must be trivial for A to exist. O

Remark 5.82 Even though we posed Theorem specifically for quan-
tum maps, we can derive this result for many process theories, much like
we did for the no-cloning theorems in Section Indeed, defining broad-
casting directly via equation , no-broadcasting holds for the doubled
version of any (non-trivial) process theory satisfying (4.47)). Alternatively, if
we are working in a process theory that didn’t arise from doubling, we can
‘define purity’ of quantum processes as equation implying equation
. Then, no-broadcasting holds for any system whose identity process is
‘pure’ in the sense of . There is however a caveat with this approach,
which we reveal in Section Can you guess what it is?

5.3 Relativity in process theories

By now it must be clear that causality plays a central role in quantum theory.
For example, it forces all pure quantum maps to be isometries and general
quantum maps to arise as a purification of an isometry via Stinespring di-
lation. We motivated causality with this motto:

if the output of a process is discarded, it may as well have never happened.

which is embodied in this equation:

o/ = T (5.55)

This also means that if a processes is happening somewhere else, and its

output never reaches us, we don’t need to care about it. As we already
noted, this is crucial to being able to even do science, in that it allows us to
safely ignore parts of the universe that won’t affect us.

The goal of this section is to show that the causality postulate guarantees
compliance of quantum theory with the theory of relativity. In particular,
causality guarantees that:

Nothing can attain speeds that are faster than light.

This is perhaps the most unexpected, and compelling, of its interpretations.
In fact, we shall also see that quantum picturalism already has relativistic
aspects built-in, and that causality also has the fact that the laws of physics
should be observer-independent built-in.
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5.3.1 Causal structure

The theory of relativity teaches us about the structure of space and time, or
in short, spacetime. Rather than there being a single theatre in which things
take place with a single clock ticking, Aleks and Bob each have their own
private screening of reality as well as their own personal perception of how
fast things progress. Relativity in its simplest form, called special relativity,
is extracted from two principles:

1. all observers experience the same laws of physics, and
2. the speed of light through empty space is constant.

From these principles and a healthy dose of creativity one can then derive
the entire theory of relativity, including the following features:

e Relativity of simultaneity, that is, two processes that appear to Aleks
as happening at the same time, might appear to Bob as happening at
very different times, and vice versa.

e No-faster-than-light-travel, that is, no object can ever attain speeds be-
yond the speed of light, and can only achieve that speed if it has no
mass, since otherwise this would require an infinite amount of energy.

The first of these features implies that this scenario:

(5.56)

what Aleks perceives as simultaneous

is equal to this scenario:

(5.57)

what Bob perceives as simultaneous

because in each case, for at least one observer these processes appear as
simultaneous. Of course, we have assumed this right from the start, since
those diagrams are equal! So by using the diagrammatic language we account
for this important aspect of the theory of relativity.
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The notion of simultaneity, which has lost its absolute (i.e. objective)
meaning, makes way for the weaker (but still objective) notion of spatial
separation, which allows for processes to appear as simultaneous to some,
but not to others. We can depict this situation as two points without a
connection between them:

Since no signal from Aleks to Bob can exceed the speed of light, when
they are very far apart it takes some time before anything sent by Aleks
will reach Bob, and vice versa. To visualise this, we can extend the picture
above:

(5.58)

The points represent processes, performed at a certain location in spacetime,
and the arrows indicate the possibility of one process to effect another.

We see in that Aleks and Bob are free to perform a number of
processes locally, but Aleks’ processes can’t have an effect on Bob’s (and
vice-versa) until some time has passed after they are performed. Note how
we have omitted such details as ‘how far’ Aleks and Bob are apart, or ‘how
long’ each of the processes take. Such a drawing of points and arrows is what
is called a causal structure.

The set of all points reachable by following the arrows from a single point
is called the causal future of that point. One should think of these as all of
the spacetime points one could reach from a given point by travelling less
than or equal to the speed of light. In relativity parlance, this is called the
future light cone. Similarly, there is a past light cone, and together these form
the light cone for that point.

There are of course infinitely many causal structures one could imagine
to describe processes interacting across space and time. Essentially, the only
limit on what makes a ‘valid’ causal structure is that one (usually) assumes
it does not include any directed cycles, much like we did in the case of circuit
diagrams in Section [2.2.3]

Remark* 5.83 One can also define a causal structure as a partially ordered
set. That is, a set with a relation < where, for all a, b, c:
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e a<a,
e (a<b and b<c¢) = a<c, and
e (a<b and b<a) = a=0b

There is a tight relationship between the directed acyclic graphs derived
from circuits (cf. Remark* and causal structures, in that each directed
acyclic graph can be turned into a partially ordered set by taking the tran-
sitive closure. Hence, in Remark™* we were right to characterise circuits
as those diagrams that admit a causal structure.

Examples of causal structures are the V-shape and pitchfork-shape:

N N\

We will encounter the pitchfork-shape in Section when we prove that
quantum theory is non-local, and the V-shape will help us establish the
connection between the causality postulate and the theory of relativity.
Assume now that we have some fixed causal structure that represents
spacetime and a process theory which tells us which processes can take
place (e.g. causal quantum maps). We can now think of those processes as
happening at points in spacetime by laying them out on top of the causal

o -

Notably, the arrows in the causal structure tell us where wires are allowed,
and where they are forbidden:

structure:

(5.60)
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A process theory is said to be non-signalling if each process ¥ in a diagram
with a fixed causal structure can only have an influence on processes in the
causal future of W. Naturally, a theory where processes can have effects on
those outside of their causal future is called signalling.

This is a non-trivial requirement of a process theory. In other words, there
exist theories where processes can have an effect on other processes not in
their causal future, even when we restrict to diagrams that respect the causal
structure, as in . To see this, consider the following N-shaped causal

structure:
a’ v
'\b/

a

and any process theory that admits string diagrams (e.g. possibly non-causal
quantum maps). We can clearly violate the causal structure by introducing
a cup at b and a cap at a’:

a’ v

a b

While in the causal structure there is no edge from a to ', one can still send
data from a to b since we have:

In fact, this is exactly what happens in quantum teleportation:

So, what’s going on here? Is quantum theory signalling because it allows
teleportation? Absolutely not! By just looking at a single ‘branch’ of the
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teleportation protocol, that is, a fixed error ﬁi, we are overlooking an im-
portant part: the communication of Aleks’ value ¢ to Bob which is necessary
to correct that error. If we account for this classical communication, the
causal structure is again respected:

b/
classical communication
/
a’\ / b

a

We will see in Section that if Aleks does not send Bob his value 7, the
state Bob gets at the end will just be noise, with no trace of p whatsoever.

5.3.2 Causality implies non-signalling

To show this, we will rely on the simple V-shaped causal structure:

That is, Aleks and Bob may have some shared history, perhaps when Dave
gave them two halves of an entangled state. However, now they have moved
far away from each other, so far in fact that they can no longer communicate
with each other without sending messages faster than the speed of light,
which, of course, they can’t do.

We can decorate the causal structure with a diagram of processes:

When we discussed teleportation before, we considered very specific pro-
cesses, but now we will merely assume that all of the processes obey causal-



336 Quantum processes

ity. In fact, the following argument goes through even if &, ¥ and p are not
quantum processes, as long as they still satisfy the causality equation with
respect to the discarding processes.

The causal structure allows Aleks and Bob to have local inputs and out-
puts, so that they can control their processes and receive data from them.
Technically, it allows inputs/outputs for Dave as well, but we won’t need
them. But crucially, since there is no arrow in the causal structure from
Aleks to Bob or vice versa, it should not be possible for either of them to
send a signal to the other. This means that neither of them should be al-
lowed to derive something about the other one’s input using just their own
inputs and outputs. Otherwise, one could learn something about the other
one’s input, and hence this could be exploited to communicate some data,
i.e. signal, in a way that violates the causal structure.

Our claim is that non-signalling follows from nothing but the causality
postulate . We start by considering the case of Bob learning something
about Aleks’ input. From Bob’s perspective, we should discard Aleks’ output
since it is not accessible to Bob:

Bob can ‘read’

(5.61)

Aleks can ‘feed’ Bob can ‘feed’

Let’s now see if Bob can learn anything about Aleks’ input from his own
input-output pair. By causality we have:

ﬁ‘b - T T

- Y

and hence it follows that:

PN
N7

So from Bob’s perspective, his input-output pair is disconnected from Aleks’

input, which is discarded. Thus no signalling from Aleks to Bob can take
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place. By symmetry it also follows that Bob cannot signal to Aleks. We also
stress again that This argument only makes use of the causality principle,
and does not say anything specific about quantum processes. Thus:

Theorem 5.84 If a process theory has a discarding process for each type
and it satisfies causality, then it is non-signalling.

Exercise 5.85 Above we only established non-signalling for the V-shaped
causal structure. What if we extend this to a diamond-shaped one, that is,
we add a point in the joint future of Aleks and Bob? More generally, show
that non-signalling holds for any causal structure.

5.3.3 Causality and covariance

We will now show that distinct observers Aleks and Bob will always expe-
rience the same laws of physics. More precisely, we will show that states
restricted to a single location in spacetime (known as local states) look the
same to both. Consequently, whatever laws of physics made the system end
up in that state must be the same too.

So, what does it mean to ask what a local state ‘looks like’ for a given
observer? Recall from Section that the notion of simultaneity depends
on the observer. Suppose we chop up a diagram into a series of layers indi-
cating what processes have happened by the time a clock ticks for a single
observer:

This way of chopping up a diagram is called a foliation, and since the notion
of ‘simultaneous’ depends on the observer, so too do foliations. Thus a single
diagram admits many different ones:
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Another way of saying the laws of physics are the same for all observers is
to say they are foliation-independent, or covariant.

If we input an initial state into a foliated diagram, we can compute the
resulting state at each layer, so we can see it evolving in time according to
a particular foliation. For, example the left foliation above yields:

A local state is obtained by fixing a single spacetime point, and discarding
all of the other systems in a single layer, e.g.

...and discard the rest

Of course, there are typically many different layers that include a single
spacetime point, coming from different possible foliations:

&

But the causality postulate guarantees that the local state does not depend
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on the choice of layer:

Hence it also does not depend on the choice of foliation.

5.4 Quantum processes

In the introduction to this chapter we announced that causality will be a
defining constraint on general quantum processes. These quantum processes
can have more than one quantum map, which as a whole, obey a version of
the causality postulate that generalises the one for quantum maps. A single
quantum map satisfying causality is then a special case, namely, that of
deterministic quantum processes. However, deterministic quantum processes
are scarce. For example, by Theorem there is only one causal quantum
effect for any type: discarding. The true potential of quantum processes
only becomes apparent when also considering the non-deterministic ones.
Without these, things like teleportation are simply not possible, since the
cap-effect that we relied on to perform teleportation is not causal, nor is any
non-separable bipartite effect:

Proposition 5.86 All causal quantum effects are separable.

Proof Since by equation ([5.16) discarding multiple systems is the same as
discarding each system individually, from Theorem it follows that:

- FF
which, in particular, is separable. O

Now, suppose we try to do quantum teleportation with the only causal
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bipartite quantum effect available:

The best that Bob can obtain is the maximally mixed state, that is, nothing
but noise. In particular, there is absolutely no trace left of the state p.

The fact that we don’t have caps around is bad news, as indicated by this
clanger:

Proposition 5.87 Circuits of causal quantum maps are again causal quan-
tum maps, so causal quantum maps form a process theory. However, that
theory does not admit string diagrams.

Proof The proof that circuits of quantum maps are again quantum maps
is included in the proof of Proposition below. Now, suppose causal
quantum maps did admit string diagrams. Then, by Proposition [5.86}

M-TT

from which it follows that the identity is disconnected:

NJ-1U -5

and hence the process theory must be trivial. Since the process theory of
causal quantum maps is not trivial, it cannot admit string diagrams. O

Fortunately, by allowing for non-determinism, we will be able to reintro-
duce all that was lost, and hence rescue string diagrams!

5.4.1 Non-deterministic quantum processes

An (uncontrolled) quantum process is a collection of quantum maps:

(I)l/, @2/,--~, o,
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which we shall denote:

D, (5.63)

that together satisfy the causality postulate:

)y 7 —|— (5.64)

We refer to the elements in the set (5.63) as branches. If there is only one

branch then we call the quantum process deterministic, otherwise, we call
it non-deterministic. When a system undergoes a quantum process, one of
the branches actually happens. We call this branch (or simply its index )
the outcome of the process.

Remark 5.88 We say ‘uncontrolled’ quantum process because in Sec-
tion we will generalise this definition to allow a quantum process to
depend on (i.e. ‘be controlled by’) the outcome of an earlier process.

Physics is all about making predictions, so if many alternatives are pos-
sible, one wants to know how probable each of these alternatives is. This is
precisely what quantum processes consisting of numbers:

(&)

do for us. We already know that doubling guarantees that the numbers
are positive, and this new multi-branch version of causality guarantees that
these numbers moreover form a probability distribution:

2 <&

We can also associate a probability distribution to quantum processes
consisting of states. Given such a quantum process:

&)

the weight of each state provides its probability:

(5.65)
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As mentioned in Section this is nothing but an instance of the Born
rule. Again, causality means that these probabilities add up to one:

Unlike states, we cannot associate a fixed probability distribution to gen-
eral quantum processes. This should come as no surprise, since in the case
that a quantum process is applied to a system in a certain state, the probabil-
ities may of course depend on that state. For example, although we haven’t
yet said what a quantum measurement is, it should be evident that the out-
come of performing anything called a ‘measurement’ will depend on what
is actually being measured. However, once we apply a quantum process to
a state, we can again assign probabilities, and the Born rule tells us what
they are:

effect

P(@;|p) = [ %
}st‘a‘to

and once again causality guarantees that they add up to one:

e

Thus, the causality postulate (5.64) for a generic process guarantees that:

probabilities can be consistently assigned to branches.

In the case of deterministic processes, causality reduces to the form in
which we already encountered it in Definition

5o

So quantum processes generalise causal quantum maps, and in particular, a
deterministic quantum process consists of a single, causal quantum map.

Remark 5.89 In the form of (5.64)), the causality postulate doesn’t seem
to admit the interpretation we had provided it with in the case of quantum
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states and quantum maps, namely, that discarding the outputs of a process
is the same as discarding its inputs without the process ever happening.
This is because knowledge of which branch ¥; happened should actually be
treated as a classical output of the process. Once we have a diagrammatic
account on classical data, it will become clear that summing together all
of the branches is indeed the result of ‘discarding’ this classical output, in
which case says the process might as well have never happened.

Now, consider what happens if we compose two non-deterministic pro-
cesses sequentially. If the first process has, say 4 branches (indexed by 1),

and we feed its output to another process that has 3 branches (indexed by
j), then any combination of the i-braches and the j-branches could happen.

So, the resulting process:
| ij

&) &

has 4-3 = 12 branches (indexed by ij). We can use a similar rule to compose

§i
N———

processes in parallel, and even make arbitrary circuits:

( qu/>< \Ij;/>k — v/ (5.66)

; =
I | |
That is, we can pull these braces to the outside of the picture, much like

we could do with sums, which as we will see in Chapter [7] is not entirely a
coincidence. The result is again a quantum process because:

Proposition 5.90 Causality is preserved when forming circuits of quan-
tum processes.

Proof We show this for the composition structure in ((5.66) which encom-
passes both parallel and sequential composition, and hence arbitrary circuits.
By causality of the quantum processes (¥;)/ and (\I/;)l we have:
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v/ i s/s/ 0 I, T
> | = i T° U = sle/2| o/
1,5,k,1 q)z/ (p%/ D, Z (I);C/ i | k I

I I I I

(]

sfe/s[e/ = T 7
I k

that is, causality of the four quantum processes in LHS of (5.66) implies
causality of RHS of (5.66)). O

Remark 5.91 Quantum processes ‘almost’ form a process theory. When
we defined process theories back in Chapter [2| we said they give an interpre-
tation for diagrams of processes, not diagrams with these funny braces ( )°
in them. We’ll fix this in Chapter |7| when we replace braces with classical
wires and get a bonafide process theory. But in the mean time, there’s no
harm in treating this ‘almost’ process theory as if it really were one.

Example 5.92 Thanks to composition of quantum processes, the three
cases we gave earlier of assigning probabilities to branches all boil down to
the first case of quantum processes consisting of numbers:

&) &) ()E

5.4.2 Non-deterministic realisation of all quantum maps

Since non-deterministic quantum processes are going to rescue our beloved
string diagrams, then at the very least they should provide us with some
effects other than discarding. Here is an example of a quantum process that
does just that:

Proposition 5.93 For any ONB:

7}

)
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the corresponding doubled effects form a quantum process:

)

Proof Vertically reflecting 1' without the %—factor yields:

Z _ _
i T
so (5.68)) is indeed causal, and hence a quantum process. O

This is in fact one of the most important examples of a quantum process,
which is called an ONB measurement. We will study this and related pro-
cesses extensively in the next chapter. For now, it will provide us with a
sufficient dose of non-determinism to generate arbitrary quantum maps.

Firstly, since the Bell-basis is an ONB (cf. Section , by Proposition
there is a corresponding quantum process:

()

which up to a number includes the doubled cap as a branch:

BN 1M

This doesn’t just hold for the cap for qubits, but also for arbitrary dimension,
which, in turn, will allow us to recover all quantum maps:

Lemma 5.94 Bell effects can be realised non-deterministically. Explicitly,
there exists a quantum process:

() such that =35\ (5.69)

Proof Since by Proposition [£.79 any normalised state can be regarded as
a member of an ONB, there exists an ONB containing the normalised cup:

{:\%u} (5.70)

Then, By Proposition it follows that (5.69) is a quantum process. [
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Theorem 5.95 FEvery quantum map ® can be realised non-deterministically,
up to a number. Explicitly, there exists a quantum process:

i

v, such that Uy =r| ® (5.71)

for some r > 0.

Proof Choose k such that the following state is causal:

k ®

When we compose this quantum process with the quantum process (5.69))
that we constructed in Lemma [5.94

v, = |k
)
where:
/ k k
\Ill 7 w 7 T
|
which completes the proof, for r := %. O

Exercise 5.96 A quantum map can be realised by either encoding it as a
state or an effect:
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Construct an alternative proof of Theorem by encoding & as an effect
which occurs as a branch of a non-deterministic process.

5.4.3 Purification of quantum processes

By Proposition we know that each quantum map can be purified, and
hence, all deterministic quantum processes can be purified. In fact, this was
pretty much built in to the notion of a quantum map, which is defined to be
the result of composing pure quantum maps with discarding. Purification
has the appealing interpretation that every quantum map arises from a pure
one by discarding an output, and by causality, this pure quantum map can
be assumed to be an isometry (Stinespring dilation).

At first glance, it seems to trivially follow that we can also purify non-
deterministic quantum processes. Indeed, each branch in any quantum pro-
cess:

can be purified, that is, there exist:

(5.72)

such that:

However, this is where we hit a bit of a snag. For each i the type 5’1 might
be different, in which case the processes g; may have different output types,
meaning ((5.72)) is no longer a well-defined quantum process.

Fortunately, this problem can be fixed by finding a suitable joint purifi-
cation of the branches of a quantum process:
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Lemma 5.97 For any quantum process:
B
D,
|4

there exists a single type C and a quantum process:

such that:

(5.73)

For every type C; with j # ¢ pick a causal state p;. To each pure quantum
map g; we then associate another pure quantum map f; as follows:

So in particular we have:

C=0,9...00C,

where n is the number of outcomes of the quantum process (®;)!. By causal-
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ity of all the states p; we then have:

B

and hence (5.73) indeed holds. O

The choice of purification, and the choice of purifying system C in partic-
ular, is not unique. While the proof of Lemma [5.97 gives a simple, diagram-
matic way to construct C , it is not optimal in the sense that the dimension
of C' in general won’t be the smallest possible one. In particular, when the
maps ¥; are not already pure, the dimension of C' from Lemma [5.73| grows
exponentially with the number of maps.

On the other hand, we can stick an upper bound on how big C' needs to
be, which depends only on the dimensions of A and B. This upper-bound
result is sometimes known as Choi’s theorem:

Exercise 5.98 Show that one can always purify a quantum process:

using the auxiliary system Ctobe AQ B , by showing that the linear map
of the form:

for a suitably-chosen Hilbert-Schmidt basis. (hint: rely on Corollary [5.70)



350 Quantum processes

Remark 5.99 While Exercise [5.98| gives an upper bound on the dimen-
sion needed for C, it can in general be smaller. For example, even applying
Lemma“ to a set of pure quantum maps will yield a smaller (in thls case,
trivial) system C. On the other hand, sometimes the full system A® B is
necessary. For example, in:

the auxiliary system C clearly at least needs to be A ® B for any joint
purification procedure.

So far so good. We saved the idea of purification for the case of non-
deterministic quantum processes. But what about Stinespring dilation? In
particular, one may wonder if each branch could be chosen to be an isometry
(possibly multiplied by some probability). The answer is no. One counter-
example is any quantum process of effects (e.g. the ONB of effects from
Proposition , since clearly no isometry can exist from a non-trivial
system to a trivial one.

However! What we can do is associate a single isometry to any quan-
tum process, which in fact, as we shall see in Section [6.3.4] does provide a
very satisfactory generalisation of Stinespring dilation to non-deterministic

quantum processes, called Naimark dilation.

5.4.4 Teleportation needs classical communication

With what we’ve learned in this chapter, let’s now try to fill in the quantum
teleportation diagram:
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with quantum processes.

Starting with p and half of a Bell state, Aleks needs to perform some
quantum process that produces a Bell effect, possibly with some error (rep-
resented by the pure quantum map ﬁl) Then, some time later Bob should
perform another quantum process to correct the error.

We established in that we definitely need non-deterministic quan-
tum processes in order to realise teleportation, so Aleks should perform a
non-deterministic process consisting of a set of effects:

(5.74)

such that causality is satisfied:

- T 7T (5.75)

At this point Aleks communicates the value i produced by his quantum
process to Bob and Bob performs his correction. Even though we know
how to express non-deterministic quantum processes, we haven’t yet seen
an instance of a quantum process which depends on the outcome of another
process. Before we go to the effort of defining such a thing, we should ask
ourselves: is Bob’s correction really necessary?

In other words, what happens if Aleks decides not to communicate the
value ¢ to Bob? Consider a version of teleportation without a correction:

The overall process is a non-deterministic quantum state (we’ve omitted the
% for clarity). However, Bob doesn’t have access to the value i. To account
for this lack of information, what Bob perceives is actually just a mixture of
each of the possible branches. Then, by relying on causality of the quantum
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process we obtain:

v U, _ (zzl U; ) D = = _ J__

So Bob receives the maximally mixed state, with no sign of p anywhere.
Hence we can conclude that without any classical communication, nothing
can be teleported whatsoever.

5.4.5 Controlled processes

Right, so instead of hiding the value i, Aleks must send it to Bob so that
Bob can perform a correction depending on the outcome 1:

(5.76)

i
as a non-deterministic quantum process, this is not the case! In fact, since
each of the elements is itself a quantum process:

Vi - =—T_

it follows the whole N-element set cannot be a quantum process:

L0 =T =NT 2T

(2

All together there is only one index ¢ in play. The key difference between
the set , and a quantum processes is that a quantum process produces
a value of i, whereas depends on it. In fact, there is no reason why we
should restrict to deterministic processes here: depending on ¢ we may wish
to perform one (non-deterministic) quantum process out of a set of quantum
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processes. We will refer to such a set of quantum processes depending on
some classical index as controlled by 1.

So, the overall quantum teleportation process should look something like
this:

where the brackets still indicate that there are several branches, indexed by
i, but these branches are related to the index ¢ in two different ways. The
process with an upper index ¢ produces the value of 7, whereas the process
with a lower index ¢ depends on, or consumes, the value of 7.

One can also imagine scenarios where ¢ is consumed several times. For
example, in:

the quantum process (<I>1)Z produces ¢ while the two controlled quantum pro-
cesses (¥;); and (¥), consume it. Although we can consume i any number
of times, we cannot force several non-deterministic processes to have the
same outcome, so ¢ must be produced by exactly one process.

Remark 5.100 The use of upper and lower indices to model classical
inputs/outputs mirrors that of the diagram formulas from Section
The fact that one classical outcome can be used multiple times comes from
the fact that classical data can be copied (i.e. ‘cloned’). We will see how this
unique feature of classical data manifests in Chapter

We are now ready to give a full definition of a quantum process, which
includes the possibility of being controlled by a classical input. By combining
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the conditions:

T _ T _
w:_q:i/z—r and ;_@F/:—r

into one, we get the full definition of a quantum process:

Definition 5.101 A guantum process is a set of quantum maps:

| J

which satisfy:

Vi: > | @i = T (5.77)

J

For 1 <i¢<m,1<j<n,if m =1 above, this definition yields our prior
notion of an uncontrolled quantum process. If n = 1, this yields a controlled
quantum process consisting entirely of causal quantum maps (i.e. without
non-determinism), like Bob’s unitary corrections:

7
Of course, if both m and n are 1, this is just a single causal quantum map.
You may wonder why we only defined individual quantum processes rather
than the theory of quantum processes. At this point the indices ¢ for a
quantum process are treated as something external to the diagram, rather
than something that lives on a wire. This doesn’t really fit in with our
definition of a process theory, which is purely diagrammatic. We will fix this
in Chapter [7] by replacing these indices with classical wires.

5.4.6 Quantum teleportation in detail

And finally, the moment you’ve been waiting for. We now have all of the
ingredients to fully describe quantum teleportation. In the case of qubits,
quantum teleportation is realised as follows:



5.4 Quantum processes 355

. )(—,— Bell-map correction

Bell-basis measurement ——=»

any quantum state =———p
|

for B; the i-th Bell-map. In words:

1. Aleks is in the possession of an arbitrary quantum state p, which he
wishes to send to Bob, and Aleks and Bob together share a Bell-state.

2. Aleks performs a Bell-basis measurement, that is, the following non-
deterministic quantum process:

on p and his half of the Bell-state.

3. Aleks sends the outcome ¢ to Bob.

4. Bob performs a Bell-map correction, that is, the following controlled
quantum process:

i
As we have seen many times by now, the result of performing this protocol
is that, regardless of Aleks’ measurement outcome, Bob will receive p:
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Back in Section |3.4.4] we also emphasised that teleportation does not en-
able one to magically beam something through space, but rather to use one
kind of data (classical) to send another kind of data (quantum). Since there
are 4 elements in the Bell-basis, Aleks has to send a number from 0 to 3
(i.e. two classical bits) to Bob. In exchange, Bob receives Aleks’ qubit, which
could be any one of infinitely many points in the Bloch ball.

One remarkable thing about quantum teleportation is that, while it is
essential that we rely on non-deterministic quantum processes, we produce
a deterministic process overall. That is, no matter what outcome Aleks’
measurement produces, the overall process will always give Bob the state
p. The reason is of course that each of the branches, due to the correction
made by Bob, gives rise to the same process. This shows that with clever
tricks one can ‘undo’ the non-determinism of quantum processes.

While the protocol described just now is the simplest non-trivial case of a
quantum teleportation protocol, there is nothing particularly special about
the Bell matrices or qubits, in terms of the role they play in teleportation.
To do teleportation, all we need is a set of unitaries:

%

such that:

% (5.78)

i
forms an ONB. Then, there is a process consisting of ONB effects and cor-
responding corrections such that we have:

Relying on Theorem the conditions for the set (5.78) forming an
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ONB can equivalently be stated as the following two equations:

= (5.79)

i

1
D

Thus we can conclude:

Corollary 5.102 A set of unitaries:

)

yields a teleportation protocol whenever (5.79) and ([5.80]) are satisfied.
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5.5 Summary: what to remember

1. Pure quantum maps arise from ‘doubling’ linear maps:

)
I

tust{ A —
hf;lf(‘,{ W =

yields the Born rule for quantum theory. This process theory admits string

probability

diagrams, where the cups and caps are given by:
10 sl LT T~
S~ -7 AL | [

2. Let D and D’ be arbitrary diagrams in linear maps, and D and D’ be
their doubled versions in pure quantum maps, then:

Jeie .

We refer to the number €' as a global phase

3. Discarding is the linear map:

which fails to be a pure quantum map. The process theory of quantum
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maps arises from composing pure quantum maps with discarding:

and we call f a purification of ®. For example, the maximally mized state
can be purified by means of the Bell state:

1JT_:”77”7

o/ = T (5.81)

implements the following obvious (and necessary) fact:

]

4. The causality postulate:

If the output of a process is discarded, it may as well have never happened.

This implies that we can discard everything that is not ‘connected’ to what
we care about, which is an obvious prerequisite for basic scientific practice.
Causality also imposes compatibility with the theory of relativity, notably
this fact:

Nothing can attain speeds that are faster than light.

5. Causality imposes the following restrictions:

e all pure quantum maps are isometries, and hence

e all pure quantum maps from a system to itself are unitary.
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The following fact is known as Stinespring dilation :

e Any causal quantum map ® can be purified as an isometry U:

6. Since discarding decomposes for any ONB as follows:

[l |
|

T - -0 - s\

every quantum map ® admits a Kraus decomposition:

o/ =317

7

If such representation is moreover of the form:

where {p'}; is a probability distribution and all ﬁ are causal, then we call
it a mizture. Every causal quantum state can be regarded as a mixture of
pure causal quantum states. However, this is not the case for every causal
quantum map.

A The notation for mixing involving sums is only a temporary one. In
Chapter [7] we will picturalise these.

7. If the reduced process of any quantum process is pure:

s | = | f

then the state ® separates as follows:

-

for some (causal) quantum state p.

)
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8. Quantum states cannot be broadcast, i.e. there exists no quantum map
A such that for all quantum states p we have:

%I:@

The key ingredient for proving this is 7.

9. Quantum processes are lists of quantum maps:

| i
v/
satisfying (generalised) causality :
e/ = T

The quantum maps ®; are the branches, and if there is more than one branch

then the quantum process is non-deterministic. When a quantum process is
applied to a state, then the probability of each branch is computed using
the Born rule:

effect
P@;|p) = | %

} state

A The notation involving braces and sums is only a temporary one. In
Chapter [7], we will picturalise these too.

10. All quantum maps arise as branches of quantum processes. That is, for
every quantum map ¥, there exists a quantum process:
i

v, such that Wy =7r| &

for some r = 0.
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5.6 Advanced material*

By the time we started this chapter, we had already made a huge, (mostly)
unmotivated assumption: that quantum processes should be built up from
linear maps. In this section, we’ll have a look at how one might go about
getting around this assumption. In particular, we take a closer look at the
doubling construction (which throughout this section includes adjoining dis-
carding), and in particular, how it can be understood not just as a construc-
tion on linear maps, but something that can be applied to any process
theory admitting string diagrams. By doing so, we can hope to understand
or even reproduce all of the predictions of quantum theory in a way that is
completely independent of Hilbert spaces and linear maps.
We end this chapter with something completely different.

5.6.1 Doubling general process theories*

There is nothing particularly special about linear maps which enabled us to
construct a doubled process theory. Given any process theory p that admits
string diagrams, we obtain a new process theory D(p), again admitting
string diagrams, which is made up of all processes of the form:

where f can be any process in p. Many of the theorems we proved in this
chapter and later also don’t depend on linear maps, or have natural gener-
alisations. For example, as we already noted in Remark the proof that
doubling eliminates ‘generalised global phases’ was purely diagrammatic, so
it immediately generalises:

Theorem 5.103 Let f and g be processes in any process theory that
admits string diagrams, then we have:

] ]
/- L/

if and only if there exist A and p such that:

A = W and AN = uf
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Furthermore, any process theory of the form D(p) admits a discarding
map, so things like causality, purification, Stinespring dilation, etc. all still
make perfect sense.

Thus many of the concepts we develop apply not just to quantum theory,
but can be used to study a whole family of ‘quantum-like’ theories. The up-
shot of doing so is that, firstly, by drawing contrasts with the other theories,
this provides insights into the true identity of quantum theory. Secondly, as
discussed in Section of the introduction to this book, the future theo-
ries of physics may not be based on linear maps, but on some new kind of
beast.

Exercise* 5.104 Characterise D(relations). What are its states? What
are its general processes? What does causality mean?

There are in fact many equivalent ways to build such a doubled process
theory. Notably the ‘twisted’ version we use in this book:

T a7

eesl | ]
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/

¥ y

Tt
leoop | |1
L1 (M N]

is easy to work with diagrammatically because it uses the same parallel
composition as the non-doubled theory and keeps the ‘two halves’ of each
system close together. This comes in particularly handy in Chapter [7] when
we start modelling classical-quantum interaction.

The original version of this construction (which is usually called the CPM-
construction) avoids this twisting:

f L
T T 1

but at the price of needing to define a new parallel composition in the
doubled category:

l l l l l

ey - I

Now, the ‘two halves’ of each system might be far apart, but you could imag-
ine folding the paper along the dotted line to see which systems should be
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combined together to make thick wires. A discarding process then introduces
a connection between the left half and the right half:

| | A
N LA AL

This version of doubling is in fact easier to define using category theory
(where it originates), but its diagrams start to become messy fairly quickly.

_Q_

5.6.2 Axiomatizing doubling*

Can we tell if a process theory is the result of doubling? You might say:
‘That’s easy, just check if the wires are thick!” Okay, so maybe we should
rephrase the question. What we are looking for here is an axiomatic charac-
terisation of process theories of the form D(p) for some p.

The crucial aspect of that theory is that it has discarding processes which
can be used to purify any process. Note that, since we don’t know (in ad-
vance) that P is of the form D(p), we needed to give a characterisation of
‘pure’ processes which doesn’t refer to doubling. Here is the result:

Definition 5.105 A discarding structure for a process theory admitting
string diagrams P consists of:

e a sub-theory p € P of ‘pure processes’ which includes all of the types
from P, and

e for each type A, a discarding effect:

Ta

which are subject to the following axioms:

1. all processes f, g in p satisfy:

2. every process ® in P can be purified, that is, there always exists a pure
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process f in p such that ® arises by discarding part of its output:

v &

3. discarding two systems means discarding each of them, discarding noth-
ing means doing nothing:

Jaes T T;_A—;Ef —;E N

and the transpose of discarding is the same as its adjoint:

Each process theory with a discarding structure is equivalent to one that
arises from doubling some process theory:

Theorem 5.106 If P has a discarding structure then:
D(p) =P

Proof We prove this by showing a bijection between the processes in D(p)
and the processes in P. Since p has the same types as P, there is an obvious
correspondence between the types Ain D(p) and A in P. Similarly, since
p is a sub-theory of P, there is an obvious correspondence between pure
processes f in D(p) and their counterparts f in P. But what about the
impure processes? For these, we first purify, then interpret (the normal)
discarding process as the dicarding structure from P:

| ]
f — f ‘ (5.82)
—T |

For this map to be well-defined, it should not depend on the particular choice
of purification, i.e. it should be the case that:
| = F]

| =
| :\gl - fw‘ g{‘

_T_/\
\ 7
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and for it to be injective, the reverse implication should hold:

| Z| =el
f =

= |
w gw‘ - ‘—rf . ‘—r§

Both of these can be proven using Axiom 1 in Definition and a healthy
dose of process-state duality. Axiom 2 guarantees that the mapping
is surjective. From these facts and Axiom 3, it is then fairly straightforward
to show that this mapping also preserves string diagrams. We leave it to the
reader to fill in the details. O

One would expect the converse to hold as well, namely, process theories of
the form D(p) should carry a discarding structure, where the pure processes
are precisely those of the form f for f in p. It turns out this is almost true,
provided that the pure processes in D(p) satisfy one extra property:

Exercise 5.107 Show that if for pure processes in D(p) we have that:
| | | | | |
i/ -/ = NAL/ -\ l/

then D(p) carries a discarding structure. This condition can be read as: ‘the
doubled theory has no global phases’.

5.6.3 And now for something completely different*

We now know that string diagrams and the doubling construction are useful
tools for expressing quantum processes. However, surprisingly, they have
been employed in a totally different area: computational linguistics!

A typical problem in computational linguistics is to take a pair of words
and compute how similar they are in meaning. For example, ‘dog’ and
‘hound’ should be very similar, ‘dog’ and ‘cat’ less similar (but at least
they are still both animals), and ‘dog’ and ‘taxes’ should not be similar
at all. The most common way to solve this problem is to compute vectors
for the words ‘dog’, ‘hound’, and ‘taxes’, often by scanning a big body of
text and ‘learning’ the vectors automatically using some techniques from Al
Then, as we already saw back in Section [3.3.3] we can measure the similarity
(i.e. ‘commonality’ or ‘overlap’) just by taking the inner product.

This method is now totally standard, and you will find it under the hood
of basically any software that deals with human language somehow (web
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search, translation, targeted advertising, ...). But, where things really start
to get interesting is in trying to extend this from words to sentences.
Consider this possible outcome of co-authoring a textbook:

ey Ko ” K7 N ” o/

Each word is a state, and different kinds of words (nouns, transitive verbs,

intransitive verbs, etc.) have different types (hence the different numbers of
wires). Then, to compute the meaning of this sentence, all we need to do is
wire these words together. For this, we need a set of rules for how to combine
the words together, but that’s just called grammar:

We treat some words as ‘black boxes’, whereas others may be represented
as diagrams themselves, indicating how they interact with other words:

not

...at which point we can start to do the types of diagrammatic calculations
we’ve seen all throughout this book.

So what does doubling everything do for us? Well, just as in the quantum
case, it makes room for ‘impurity’. Does this have a place in this model of
language? Of course it has! Many words are ambiguous, for example, Bob
may refer to a folk singer, a reggae singer, a cartoon builder, a cartoon
sponge, or one of the authors of this book. We can use mixing to represent
this ambiguity.
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5.7 Historical notes and references

Max [Planck| (1900) is considered as the originator of quantum theory. He
made his discovery when studying how to get the most light out of light
bulbs with the minimal amount of electricity, a job he was doing for the
electricity companies. For this purpose, he studied the radiation of light by
a perfect absorber of light, and realised that the energy carried by light
could only be emitted in certain packages, called quanta. These packages of
energy are given by Planck’s law, E = hv, where h is Planck’s constant, n
is the frequency of the light, and F is the corresponding energy package.

Then, Heisenberg| (1925) formulated a predecessor of quantum theory
using indexed sets of ‘transition amplitudes’, |Born and Jordan| (1925) re-
alised that Heisenberg was actually talking about (infinite) complex matri-
ces, [Schrodinger (1926)) instead was speaking in waves, [Dirac| (1926)) realised
that these were actually one and the same thing, and finally von Neumann
(1932), put everything together in the language of Hilbert space. The Born
rule was introduced by Born! (1926). Many more were involved in all of this
at an earlier stage, and many obtained Nobel prizes for their respective con-
tributions, including Einstein, Bohr, Compton, de Broglie, Fermi and Pauli.
The Bloch sphere was introduced by Felix |Bloch (1946) as a representation
of the states of 2D quantum systems, and spin—% systems in particular.

von Neumann (1927) introduced density matrices, which were used to rep-
resented mixed states. Quantum maps, to which one usually refers as com-
pletely positive maps, were first proposed as the general dynamics of quan-
tum systems in|Sudarshan et al. (1961)). As mathematical entities these maps
had been around quite a bit longer as maps between C*-algebras (see e.g.
Paulsen), 2002)). It is in this context that Stinespring dilation first appeared
(Stinespring, (1955). Kraus decomposition can be found in (Kraus, |1983) and
the no-broadcasting theorem first appeared in (Barnum et al., [1996)). An-
other ‘generalised no-broadcasting theorem’ is |Barnum et al.| (2007)), which
rather than process theories, concerns generalised probabilistic theories.

As we shall discuss in Section von Neumann’s formulation of quan-
tum theory was quite different from the presentation of quantum theory as a
process theory. The doubling construction of Section which turns linear
maps into pure quantum maps was introduced in (Coecke, [2007)), including
the proof of Theorem [5.17] The generalisation to all quantum maps from
Sectionwas introduced by [Selinger| (2007) as the CPM-construction. The
idea that this can be done by adding the discarding process was put forward
by (Coecke (2008), and the ‘ground’-notation for discarding was introduced
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in (Coecke and Perdrix}, 2010). The axiomatisation of the CPM-construction
of Section also first appeared in (Coecke, 2008)).

Quantum processes without classical input are also called quantum in-
struments, a notion originated by (1976) and further developed by
(1984).

The causality postulate which governs the passage from quantum maps

to quantum processes of Section [5.4] was only recently identified as a core
principle of quantum theory, by (Chiribella et al.| (2010, 2011)), where it was
one of a series of axioms from which quantum theory was reconstructed. In
fact, it was defined in terms of probabilities adding up to one, from which
uniqueness of causal effects was derived. There is however a discrepancy

with the terminology in those papers and ours, in that those papers use the
term ‘deterministic’ to mean ‘causal’ in the sense of equation (5.64)), so this
may also refer to what we call non-deterministic quantum processes.

The characterisation of all teleportation protocols as in Section [5.4.6| ap-

peared first in (2001)). The first proof of the non-signalling theorem
for quantum theory can be found in Ghirardi et al| (1980). The derivation

of non-signalling from the causality principle as in Section [5.3.2] is taken

from (2014). A similar result is also in (2014)), and in
(2014])). The derivation of covariance from causality as in Section m

is taken from |Coecke and Lal (2013)), in which earlier covariance results
of Markopoulou| (2000) and Blute et al.| (2003) were generalised to causal
process theories.

\Abramsky and Coecke, (2004) started the axiomatic approach that takes
composition of systems as its starting point. There were earlier approaches

that tried to take composition of systems as a starting point of a new ax-

iomatic approach (see e.g. 2000), but with no real success. Two

recent reconstructions of quantum theory that take diagrams as their back-
bone are |Chiribella et al| (2011) and (2012)). We already provided
references for the earlier axiomatic approaches to quantum theory at the
end of Chapter [I} The alternative definition of purity hinted at in Remark
[5.82]is taken from [Chiribellal (2014). In fact, Chiribella only defined purity of
states in this way. It turns out that extending this definition to general pro-
cesses only makes sense for quantum systems, and not classical ones. Since

classical systems can be broadcast, not even the bare wire is ‘pure’ using

this alternative definition, even though ‘doing nothing’ is about as ‘pure’ as
it gets!

The use of quantum maps for describing meaning in natural language

was initiated in |Coecke et al.| (2010b)), a direct comparison with quantum
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teleportation can be found in [Clark et al. (2014), and the interpretation of
ambiguity as mixing is taken from Piedeleu et al. (2015).




6

Quantum measurement

A new scientific truth does not triumph by convincing its opponents and
making them see the light, but rather because its opponents eventually
die, and a new generation grows up that is familiar with it.

— Max Planck, 1936.

The only way quantum theory allows us to interact with quantum systems is
via quantum processes. Thus, the only way we can extract information about
the state of a quantum system is to apply some non-deterministic process
and observe which of the branches happened. For that reason, many people
refer to the act of applying certain quantum processes as measurement, and
sometimes, even as observation. A consequence of this unfortunate terminol-
ogy is that one of the most touted ‘strange’ features of quantum theory is
often misleadingly described as follows: ‘The mere act of observing a quan-
tum state changes it.’

‘Misleading’, since the concept of measurement described in the previous
paragraph is far from the passive concept of observation familiar from our
macroscopic world, but rather a non-trivial process that will almost always
drastically affect the quantum state. So, the mysterious aspect of quantum
theory is not that ‘observation’ alters the quantum state, but rather, that
it is impossible, even in principle, to ‘observe’ a quantum system in the

classical sense.

Given this fundamental restriction on how we can extract information
from a quantum system, what can we learn about that system by means of
a quantum process? The answer is, in fact, very little! Firstly, performing
a particular measurement could, for the vast majority of quantum states,
yield any outcome ¢ with a non-zero probability. In that case, obtaining an
outcome i says almost nothing about what the state of the system was.
Secondly, we say ‘was’, because the measurement will moreover irreversibly
change the state according to the outcome. So rather than revealing the
state of a system, a quantum measurement typically erases that state from
history!

Nonetheless, these quantum measurements are crucial to quantum theory
since they constitute the only interface between us, in our classical world,
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and the quantum world. The great insight of the quantum computing com-
munity is that the non-deterministic changes induced by these quantum
measurements are not a nuisance, but rather an extremely useful resource.
Indeed, in the previous chapter we saw how any quantum map can be re-
alised by means of non-deterministic quantum process. In fact, the quantum
process we used to demonstrate this was the simplest kind of quantum mea-
surement.

In the quantum teleportation protocol, it is Aleks’ (non-deterministic) re-
alisation of a cap via measurement which allows Bob to receive Aleks’ state
after performing a correction. We'll see in Section [6.2] that there are other
very useful protocols that use a similar trick. For example, we can use mea-
surements to glue short bits of entanglement into long bits of entanglement
and give the crucial ingredient for measurement-based quantum computation,
which we’ll develop fully in Chapter

When exploiting quantum measurement in these ways, the quantum algo-
rithm and protocol designers have to be really clever in order to cancel out
the resulting non-determinism (e.g. with unitary corrections in the case of
quantum teleportation). This balancing act is pretty much the crux of the
art of quantum algorithm and protocol design.

So what is a measurement exactly? From our point of view, there is noth-
ing really to distinguish a measurement from any other non-deterministic
quantum process, so in this chapter we will discuss three important families
of processes that have been called measurements. These families are:

1. ONB measurements,
2. von Neumann measurements, and
3. POVM measurements.

Each of these is more general than the previous one, and comes in two
flavours, demolition and non-demolition measurements:

demolition

non-demolition

( von Neumann
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ONB measurements are the most specific, ‘purest’ kind of measurement,
whereas POVM measurements, like impure quantum states, are much more
general. In between these two extremal cases are von Neumann measure-
ments, which over the past 80 years or so have been the most dominant
notion of measurement. As the name suggests, they were the measurements
that featured in von Neumann’s original formulation of quantum theory.

One of the main reasons for having this chapter is that we will be providing
many concrete examples of quantum measurements, starting with the Stern-
Gerlach device in Section[6.1.1] We give so many in fact that we won’t bother
putting them in special ‘Example’-paragraphs.

6.1 ONB measurements

The physicist working in his laboratory may be a bit confused by all this dis-
cussion about measurement. This is because, even though the result of per-
forming a measurement on a state hardly resembles what one would expect
from simple ‘observation’, in the laboratory many of these measurements
boil down to observing something, for example, the position of a needle or
a spot on a photo plate.

So there is a big mismatch between on the one hand, how one acts on a
system i.e.:

e one intends to observe it,
and, on the other hand, what actually happens to that system i.e.:
e it undergoes a non-deterministic radical change.

In order to see where this tension comes from, it helps to know what kinds
of devices can actually perform quantum measurements.

6.1.1 A dodo’s intro to measurement devices

One of the earliest examples of a quantum measurement was performed by
a Stern-Gerlach apparatus. We will explain here how this works in some
detail.

A standard exercise in a course on classical electromagnetism is to study
what happens to a spinning magnet as it passes through a magnetic field. If
the field is the same everywhere, i.e. homogeneous, all the forces cancel out,
and the spinning magnet flies straight through. However, if it is stronger
in some places than others, i.e. inhomogeneous, then it will get deflected
according to the direction it is spinning. Classical physics predicts that it
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would be deflected one direction (say up) if it is spinning clockwise (relative
to the magnetic field), and the other direction (say down) if it is spinning
anti-clockwise. The details of this calculation are not important. The im-
portant fact is that the state of our tiny magnet can encode (at least) one
bit of information: say 0 for clockwise and 1 for anti-clockwise. The way we
can measure that bit is to send it through an inhomogeneous magnetic field
and see which way it deflects.

We can now gradually tilt the rotation axis of the little spinning magnet,
until the initial clockwise rotation has become an anti-clockwise rotation:

In this case, the deflection in an inhomogeneous magnetic field will also
gradually change from up-deflection to down-deflection, and in particular,
at some point passing through a state of no-deflection.

In the early 20th century, it was discovered that electrons behave the
same way as spinning magnets when they travel through a magnetic field.
We can exploit this fact to design a device for measuring this ‘deflect-up’
vs. ‘deflect-down’ property, called the Stern-Gerlach apparatus:

@%q

This device sends atoms through an inhomogeneous magnetic field (which
is indicated by the fact that one of the magnets, here the N magnet, is
‘pointy’), then measures the direction they are deflected on a screen. Suppose

for simplicity, we choose hydrogen atoms, which have just one electron. If
we send an atom whose electron is in the ‘deflect-up’ state, the atom is
deflected upward, and if it is ‘deflect-down’, the atom is deflected downward.
By analogy to the classical case, this property of electrons is called spin,
though it doesn’t have anything to do with something actually spinning.
By analogy to the classical case, we expect that, as we gradually tilt the
spin-axis, we see a gradual change from up-deflection to down-deflection.
So if we send a stream of atoms whose electrons have random spin-axes
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through such a device, we expect to get a continuous line of different possible

P
I

But the truly shocking thing that Stern and Gerlach discovered is that rather
than getting a continuous line of outcomes, we always get one of precisely

deflections:

two outcomes, spin-up vs. spin-down:

@%ﬁs

Thus, the spin-axis of an electron, which we can plot as an arbitrary point
on a sphere, gets projected to one of just two points:

Does this look familiar? That’s right, this is just like the dramatic travels of
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Dave the Dodo:

The fact that there are only two possible outcomes when measuring the
spin of an electron with a Stern-Gerlach device is analogous to what Max
Plank discovered (cf. Section for energy, namely that it comes in certain
packages called quanta. Here, there are only two such packages, namely spin-
up and spin-down. The spin example is moreover the simplest such example,
so therefore it is often taken as the prototypical example.

It is also a member of the simplest family of quantum processes referred
to as measurements, which are called...

6.1.2 Demolition ONB measurements

Proposition from the previous chapter guarantees that for any ONB:

v}

)

the corresponding doubled effects:

N

constitute a quantum process. We give such processes a special name:

Definition 6.1 A demolition ONB measurement is a quantum process of
the form (6.2)). The indices i are called the measurement outcomes.
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Figure 6.1 Three devices to measure photons: a photoplate, an APS as
found in most digital cameras, and a photomultiplier.

This is called a demolition measurement because after the process hap-
pens, the system no longer exists. A concrete physical example of a such
a process is the ‘observation’ of a photon, either by means of a good old-
fashioned photographic plate, an active-pixel sensor (APS), which can be
found in most digital cameras, or a photomultiplier, which is often used in
labs to detect single photons (see Fig. . Each of these absorb the photon
in order to produce an easily detectable witness for the photon: a spot on
the photo plate, an activated pixel in the APS, or a click of the detector.

The measurement outcome ¢ corresponds to what we observe using our
measurement device. For example, in the case of the APS, outcomes corre-
spond to pixels that could be activated when they are struck by a photon.
The number of pixels determines the number of basis states, and hence the
dimension of the quantum system A. The process of the photon being de-
tected at the ith pixel corresponds to the effect:

N

As we will see later, all other measurements can be derived from ONB
measurements by coarse graining them (Section or by applying them
to part of a larger system (Section .

In Proposition we saw that unitary processes are precisely those that
send ONBs to ONBs. It furthermore implied that any ONB can be obtained
by means of a unitary applied to some fixed ONB. This suggests that the set
of ONB measurements on a system is tightly intertwined with the unitaries
that one can apply that system.

Consider a measurement performed by a Stern-Gerlach apparatus from
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the previous section. We can model this as measuring the ONB:

v )

The outcomes can then be pictured as one of two anti-podal points on the
Bloch sphere, just like the corresponding ONB states (cf. Section [5.1.2)):

In this particular measurement, 0 means ‘deflects-up’ and 1 means ‘deflects-

down’ along the Z-axis. We can now vary the ONB measurement simply by
rotating the Stern-Gerlach apparatus relative to the particle source:

Z-measurement X-measurement

ﬁ?ﬁ =
On the Bloch sphere this corresponds to a rotation, and in our mathematical
model, to a unitary by the following fact:

Proposition 6.2 Unitaries U from C2 to C2 correspond exactly to rota-
tions of the Bloch sphere:

axis of rotation

7
v

7

Proof (sketch) One can directly prove this fact by doing some horrible
trigonometric mumbo-jumbo extending what we did in Section or by
some sophisticated representation theory for groups. However, intuitively
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this follows from two facts. The first is that unitaries send pure states to
pure states. The second is that unitaries preserve the Born rule:

o\
17/\12/
7

The Born rule measures the distances between points on the surface of the
sphere, so unitaries must preserve those distances. The only things that
preserve distances on a sphere are rotations and reflections, and of these

two, the only things coming from linear maps are rotations.
Conversely, any rotation on a sphere is uniquely fixed by where any 3
distinct points on the surface go. We can choose for example:

%

v

A rotation sends antipodes to antipodes, so the doubled Z-basis states will

get sent to another doubled ONB {¢j} . The X-basis state will then get
j

sent to an arbitrary location halfway between these two. Obviously we can

build a unitary U such that U does this (see Corollary . Less obviously,
by choosing the phase €' in:

0/ = (g

(&
o
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we can send the doubled X-basis state to any location half-way between the
two antipodes without affecting the doubled Z-basis states. O

Remark* 6.3 A much more general statement of Proposition [6.2]is called
Wigner’s theorem. It states that any function £ on pure quantum states
(with no a priori requirement of being a linear map) which preserves the

NGO
NV

either corresponds to a unitary or a so-called anti-unitary, which is the

Born rule, that is:

composite of a unitary and conjugation. Now, on the Bloch sphere, the Born-
rule translates into the distance between points, and the maps on points that
preserve this distance exactly correspond to either a rotation, or, a rotation
composed with a reflection. It is then easy to see that the first corresponds
to unitaries, while the latter corresponds to anti-unitaries.

From this intuitive geometric representation on the Bloch sphere it is
clear that all ONB measurements on qubits can be obtained via unitaries
by rotating two antipodal points to any other two antipodal points. In fact,
this holds in general:

Proposition 6.4 Given an ONB measurement on a system:

N

all other ONB measurements on that system are obtained as follows:

i

U

where U is a unitary quantum map.

Proof Given any such ONB measurement:

&)
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the linear map:

is unitary by Corollary [£.39] We moreover have:

Lo s

so (6.4) follows by doubling. Conversely, by Proposition [4.38] (1) < (2), any
quantum process of the form (6.4]) is an ONB measurement. O

There is a clear relationship between rotations we could apply to the
Stern-Gerlach device and rotations we could apply to the state of the in-
coming particles. Namely, we will observe the same probabilities regardless
of whether we rotate our measurement by U or we rotate our state by the
adjoint of U:

Proposition 6.5 The probabilities for measurement (6.3]) on the state:

®

are the same as those for measurement (| . on the state:

Proof We have:

&
BB (R

so the probabilities indeed coincide. ]

()}

In fact, these are two equivalent ways to think about how a quantum sys-
tem changes over time. Thinking of this change as something happening to
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a measurement device is called the Heisenberg picture, whereas considering
it as something happening to the quantum state is called the Schridinger
picture. Of course, the only difference is where you ‘draw the line’:

U VS.

Heisenberg Schrodinger

6.1.3 Non-demolition ONB measurements

Rather than just considering doubled ONB-effects, we can instead consider

effect-state pairs:
t |
; (6.5)

Again we obtain a quantum process:

§Z§$ T

After such a process is performed, we still have a quantum system left be-

hind. Thus, this is an example of a non-demolition process.

Definition 6.6 A non-demolition ONB measurement is a quantum process
of the form (6.5)). The resulting state is called the outcome state.

Given a non-demolition ONB measurement, we can recover its related
demolition measurement by simply discarding the resulting system:
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Conversely, any non-demolition ONB measurement can be regarded as a
demolition ONB measurement followed by a controlled preparation:

(V) 1)
(&) &

Consequently, each branch of the non-demolition ONB measurement causes
the state of the system to change into the corresponding outcome state of
the measurement (ignoring numbers):

Z Y »

So while non-demolition measurements do not destroy the system itself, they
do irreversibly destroy the state of the system, with only a few exceptions:

Definition 6.7 Given an ONB measurement:

& - [
W

2

are called the eigenstates for this ONB measurement. A state which is not
an eigenstate for a given ONB measurement is called a superposition state.

We defined eigenstates of generic processes back in Definition (4.42] as
those states which were left unchanged (possibly up to number) by the
process. The spirit of Definition is much the same, in that eigenstates
are precisely those states which get sent to themselves with certainty by (the
non-demolition form of) an ONB measurement.
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6.1.4 Superposition and interference

Let’s first have a look at which outcomes one can obtain for an ONB mea-
surement when the system is in a certain state. The probability of obtaining
an outcome ¢ is, as always, given by the Born rule:

(i\
N/

This probability is 0 if and only if p and the i-th ONB state are orthogonal:

P(i{p) =

In the case of qubits, there is only one such state, depicted on the Bloch
sphere as the antipodal point. So for the vast majority of states, all of the
outcomes i are possible! Hence, each state may lead to most of the outcomes,
and each outcome may occur for most of the states. So, measurement seems
to look more like playing the lottery than actual ‘observation’.

In the case of an APS (Fig. this means that for most states a pho-
ton may actually be detected by each of the pixels. But then, before being
destroyed:

Where was that photon?

According to the probabilities that the Born rule gives, it’s typically a bit
everywhere at the same time, and then, when the measurement process is
launched, a lottery decides where it ends up being detected. But hold on a
second here, how on earth do digital cameras (or our eyes, for that matter!)
produce pictures that are not just pure randomness?

Thankfully, even though the photon is a bit everywhere, it tends to be
‘mostly’ where we expect it to be. For example, suppose we take this setup:
APS

photon source -

pixel 20

|
1
A

), 0
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The state of the photon by the time it hits the APS can be written in this

form:
W = double ( > et @)
J

Here, the basis state j corresponds to the j-th pixel on the APS, and we’ve
written the complex numbers in polar form (see Section . For 12, the
real number r; is large when j = 20, but falls off quickly as j moves away
from 20. Of course, the phase €’® also depends on j, but when we compute
the probabilities for each pixel of the APS firing the phase disappears:

[\

P(i|3) = B = Tem)me™) = ()

N/

If we plot these probabilities, we will therefore see something like this:

2 2 60 (68)

where ‘white’ means probility 1 at pixel j and ‘black’ means 0. Similarly, if we
open a slit in front of pixel 40, we produce another state ¢. The probabilities
for ¢ will be concentrated around 40:

20 40 60 (69)

R So, why are and Areally bad ‘observations’ of the states 12 and
¢? We saw above that P(j | 1) only depends on r; and similarly for P(j |
qg) Notably, there is no trace of the phases a;. But so what? Maybe these
phases, like the global phases we killed back in Section don’t effect

anything anyway. We might think that, until we open both slits:

APS

photon source - pixel 20

|
1
Z

n
1
1\
[}
1
[
1 \
1 1
1 \
1 |
1
| m—1

pixel 40

A
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effectively forming the state:

double( @/}7 + ) (6.10)

When we look at the probabilities for the APS, we get a bit of a surprise:

20 40 60

(6.11)

Rather than two nice, even bumps, we get a bunch of alternating bands of
light and dark. This is because the phases from 12 and gg, which were invisible
in the first two measurements, start to interfere with each other in the third
measurement. This produces a result that we would never have expected

from and alone.

Remark 6.8 This kind of setup is called the double slit experiment, which
is used to demonstrate how light behaves both like a particle and like a wave.
Even though we get interference fringes like one would expect when studying
waves, in each run of the experiment, the photon is only detected at a single
pixel, like a particle (see Fig.[6.2]).

Now, suppose instead we are able to detect which slit the photon goes
through each time. In this case (by ignoring the outcome of the ‘which slit’
measurement), we get a mixture instead of a superposition:

() e

Of course, we have known since Section [5.1.5.2] that doubling does not pre-
serve sums, and indeed this extra measurement has killed all of the interest-
ing interference from (6.11]), yielding probabilities:

20 40 60

So, ONB measurements will typically throw away lots of data about the
quantum state and can even kill interesting quantum behaviours. As such,
ONB measurements are really bad at ‘observing’ quantum states. In spite
of this they are...

6.1.5 ...the next-best-thing to observation

The bottom line concerning quantum measurement is that it is impossible,
even in principle, to ‘observe’ a quantum system in the classical sense:
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Figure 6.2 A more traditional double-slit experiment, involving a photo-
graphic plate. Note how interference fringes appear even when photons are
sent one-by-one through a double slit. This exposes wave-like behaviour
even for single photons.

Theorem 6.9 ‘Observing’ is not a quantum process.

Let’s provide Theorem [6.9) with some formal content. Ideally, an ‘observa-
tion” would be a quantum process that tells us the exact state of a system.
More explicitly, an observation:

¢

PN

should be a process with the property that, for every pure state qg, there is
a corresponding outcome obtained with certainty if and only if the system

is in the state ¢:
N ( if§=3

V 0 otherwise

Note that we restrict to pure states. We wouldn’t expect this to hold for im-

(6.13)

pure states because some (possibly important) part of the state has already
been discarded. However, even after making this restriction:

vyl o= (v

Lemma 6.10 No quantum process satisfies (6.13

Proof Let:
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be pure states formed from two different (and disjoint) ONBs, e.g. the Z-
and X-bases from Section By reflecting (5.37) we have:

Vvt vy

Now, suppose we have an effect eg that identifies the white 0-state. Applying
ep to each of the states in the LHS and the RHS we obtain:

1=1+0=A+@:@+@=0+0=0
V V V V

Which is a contradiction. Thus no such effect exists. O

We might also wish to define the process of ‘observing’ as something which
leaves the system unaffected after identifying its state. If such a process
existed, then we could obtain just by discarding its output. Thus,
proving the non-existence of this ‘demolition’ observation process proves
the non-existence of any observation process.

If there is no such thing as observing in quantum theory, what then is
the next-best-thing to observing? There is actually more than one possible
answer to this question, depending on what we hope to accomplish by means
of a quantum measurement (see e.g. Section for an alternative point
of view to the one outlined in this section). However, one choice for the
next best thing to an ‘observation’ is a process which behaves like (6.13)
for as many pairs of states as possible. This turns out to put a pretty steep
restriction on a pair of states:

Exercise* 6.11 Show that two states are perfectly distinguishable by a
quantum process if and only if they are orthogonal. That is, suppose there
exists a quantum process containing an effect e as one of its branches, where:

for causal states p and p’. Show then that p and p’ must be orthogonal.

As a consequence, ONB measurements are genuinely the next-best-thing
to observing in the sense that they allow for the maximum number of states
to be perfectly distinguished, i.e. ‘observed’, simultaneously.
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6.2 Measurement dynamics and quantum protocols

While ONB measurements may not be good at observing the state of a
system, which is what they were intended for, they are extremely good at
something they were not intended for! We saw in Section that, in the
teleportation protocol, Aleks’ non-deterministic effect does (almost) all of
the work:

A\

N[ =

But what does ‘work’ precisely mean here? Work here means effectively act-
ing on systems and thereby invoking radical, often non-local, changes. The
use of ‘radical’ is by no means an overstatement, given that for a physical
system to dynamically evolve from one state to another takes time, while
these measurement-induced changes happen instantaneously. We’ll see that
small bits of entanglement can instantaneously become long bits of entan-
glement and that arbitrary linear maps can instantaneously be applied, all
by means of quantum measurements.

6.2.1 Measurement-induced dynamics I: backaction

We already saw an example in Section of ONB measurements changing
the state of a system in useful ways, where we used (what we now know is)
an ONB measurement to realise any quantum map non-deterministically:

ONB measurement —y (6 14)

Similarly, in the case of qubits, we can realise quantum teleportation by
means of a demolition Bell-measurement :

(6.15)
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Since each of the B; are unitary, we can appropriately correct the error:

,,,,,,, B i

]
/ éz &— i-th Bell map

i-th Bell effect e

any quantum state ——y
|

Let’s break this into smaller steps and see how the state changes over
time. When performing the measurement, the overall state at times ¢y and
t1 in the scenario:
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That is, we have an instant transition:

,,,,,,,,,,,,,,,,,,,,,

where the state p pops over from Aleks to Bob, and an error is created.

However, we already learned in Section [5.3.2] of the previous chapter that
due to some subtle balancing act between quantum theory and the theory of
relativity, instant transitions like this cannot be exploited to achieve faster-
than-light-signalling. Nonetheless, they enable one to teleport, and are very
useful for other things too, as we will see shortly.

The above scenario is not the simplest one that exhibits the instant transi-
tion phenomenon. A simplification that only involves two systems consists of
an ONB measurement performed on one of a pair of systems in a Bell-state:

Here, Aleks’ measurement outcome determines Bob’s resulting state. So the
simple performance of a measurement changes the state of the system so
drastically that whatever effect Aleks observes ends up as a state at Bob’s
end.

Definition 6.12 The instant transition induced by a demolition measure-
ment on part of a composite system is called its backaction.

We call this backaction because the measurement’s influence seems to
travel backwards in time, according to the ‘logical reading’ of diagrams that
we discussed back in Section Importantly, this measurement-induced
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backaction is not just ‘a bit’ of dynamics, but some really mind-blowing
whole lot of dynamics, which has no counterpart anywhere else in physics!

In spite of this, we can compare this situation to something much less sur-
prising that occurs in classical probability theory. Probability theory can be
seen as a way of modelling our state of knowledge about a system. As soon as
some part of the system (e.g. a random variable) becomes known, this could
induce a global change of our knowledge about the system (e.g. when that
variable is correlated with others). This change to our state of knowledge is
referred to as Bayesian updating.

Consider a situation similar to one we first encountered in Example [3.91
where Aleks and Bob each have a sealed envelope containing the same mes-
sage, which is taken randomly from a set of possible messages {1,...,n}.
Then, we can treat Aleks opening his envelope as a non-deterministic pro-
cess:

Now, since the content of both envelopes is the same, the content of Bob’s
envelope is known instantaneously once Aleks performs his ‘measurement’
process:

,,,,,,,,,,,,,,,,

However, the crucial difference between quantum theory and classical
probability theory is that in the case of the latter what is being altered is
nothing more than our knowledge about the content of the envelope, not the
content itself. In contrast, according to the standard conception, in quantum
theory it is the (pure) state of the system itself that changes, not just our
knowledge about it. Many have attempted to provide a similar explanation
for the quantum case in terms of knowledge. However, quantum non-locality
forbids any such model to be local, as we shall explain in Section In
other words, something must be happening instantaneously between Aleks
and Bob, even though they are far apart.
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6.2.2 Example: gate teleportation

Teleportation exploits the backaction of an ONB measurement to pass a
state from one place to another, leaving it unchanged, i.e. applying the
identity process to it. Would it also be possible to apply some other quantum
map @ to that state? In other words, can we encode an entire ‘computation’
in a quantum state, then ‘perform’ the computation just by measuring?
Astoundingly, the answer turns out to be yes, although it does require some
cleverness.

The key to solving this problem is process-state duality. The quantum map
® can be encoded as a bipartite state. We can then modify the quantum
teleportation protocol by using this bipartite state instead of the Bell-state:

_ P
quantum map P encoded as a bipartite state
Accounting for the error this becomes:
P
B;

So, we have nearly applied the quantum map & that was encoded in the
quantum state. But there’s a bit of a problem: the error éz is stuck behind
®, so it cannot be corrected directly. However, if there exists another unitary
Bi such that:
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then we are back in business:

This might seem like quite a restriction on the kinds of maps we can realise
this way, but it turns out that this trick suffices to produce a universal quan-
tum computational model, called measurement-based quantum computation,
where the ‘dynamics’ is entirely measurement-induced. We will describe pre-
cisely how this model of computation works in Section [I1.3]

6.2.3 Measurement-induced dynamics II: collapse

As compared to their demolition counterparts, non-demolition ONB mea-
surements exhibit two kinds of measurement-induced dynamics:

e The backaction discussed in Section and
e the collapse we saw in ([6.7)):

{ v

which could also be called ‘forward-action’.

For example, the non-demolition Bell-measurement:

which has the same backaction as the corresponding demolition version,
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causes two unentangled systems to become entangled (where again we ignore
numbers):

(6.16)

Just as there exists a counterpart to backaction in classical probability
theory, the same is true for collapse. In classical probability theory, collapse:

V.4
4.@ -

simply means that the content of the envelope goes from being unknown
(i.e. in some probability distribution p) to known (i.e. in a point distribu-
tion at ). As with backaction, nothing changes except our knowledge when
a collapse occurs, whereas collapse is much more destructive in the quantum
case. For example, consider what happens if after opening a sealed envelope,
we decide to seal the envelope up again and forget the value we saw. Forget-
ting the outcome of a non-deterministic process just corresponds to mixing
the branches together:

i

%7 — Z %7 — (6.17)
Since our knowledge hasn’t changed, nothing changes. However, if we do the
same for a quantum measurement, we get something quite different:

(7 > Z@ #* (6.18)

ST

The resulting quantum process will send any quantum state to a mixture of
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basis states. In particular, a pure state 12)\ indeed becomes a mixture of the

asls states: @ _ A
R A
\/

weighted by the corresponding probabilities. The process:

v
S

is called decoherence, and we will study it in Section once we give it
a simple (sum-free) diagrammatic presentation.

Exercise 6.13 Show that decoherence is indeed not the identity by writing
both as sums of ONB states.

Despite its destructive nature for quantum states, collapse can also be
very useful. One use is state preparation, where one obtains a state 12 simply
by performing an ONB measurement that has state 12 as a possible outcome
state. Performing the measurement a sufficient number of times on a state
for which the outcome state 1/) is possible will yield 1!1 at some point. This is
exactly how a polarising filter produces polarised light, for example.

We will now see a protocol that exploits both the backaction and the
collapse of a non-demolition Bell-basis measurement.

6.2.4 Example: entanglement swapping

In Section we saw how teleportation depends on the backaction of
a (demolition) Bell-basis measurement. That is, when the measurement is
applied to systems 1 and 2...
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...p shifts from system 1 to system 3, despite the fact that 3 is never directly
acted upon (except later to make a correction). We also saw in how the
forward action of a non-demolition Bell-measurement allows us to entangle
two previously unentangled systems.

Let us now try something that combines these two ideas. Suppose we start
with a pair of Bell-states:

and we apply a non-demolition Bell-basis measurement to systems 1b and
2a. Then we obtain the following state:

/_ non-demolition Bell-measurement branch

While originally system la was entangled with 1b and 2a with 2b, the
final state has la entangled with 2b and 1b with 2a. In other words, the
entanglements have been ‘swapped’. We call this procedure entanglement
swapping. The amazing bit about this is that 1a becomes entangled to 2b
while these systems were never acted upon together, or in other words,
quantum theory allows for:

entangling without touching

A practical use of this procedure for quantum technologies is to generate
entanglement over a large distance, given that one possesses some entangled
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states over shorter distances:

N
‘short’ ‘short’ ‘long’

A device that performs entanglement swapping for this particular purpose
is sometimes called a quantum repeater, and is a crucial component to the
feasibility of producing high-quality entangled states over long distances. It
is called a repeater by analogy to classical signal repeaters, which make it
possible to send messages long distances by occasionally capturing the signal
and ‘repeating’ an amplified version of the signal down the wire.

Exercise 6.14 Given n short pieces of entanglement, design a protocol
that produces a ‘long’ piece of entanglement, while minimising the amount
of needed corrections.

Remark 6.15 While the teleportation protocol captures in essence the
defining equation of string diagrams:

which involves two caps/cups in LHS, entanglement swapping is the next
one in line. It captures an equation involving three caps/cups in LHS:

VaURS

6.3 More general species of measurement

In this section, we will look at more general kinds of measurements that
arise once one considers ONB measurements within the broader context of
a process theory. For example, what happens if we measure just one sub-
system of a quantum state or compose an ONB measurement with other
processes?
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6.3.1 von Neumann measurements

Consider the quantum process obtained by doing a non-demolition ONB
measurement on one system, while doing nothing on another system:

This process cannot itself be an ONB measurement, simply because its
branches are not o-separable:

AN

o)A

However, it does share an important characteristic with an ONB measure-
ment, which we can see if we perform the process twice:

A

The reason why we could take ¢ = j is that for ¢ # j we get the impossible
process, which, of course, will never happen. Hence, in the two consecutive
processes we get the same outcome, and the overall process is the same as
as what we would have gotten if we did the process only once.

It may be helpful to see what happens if these processes are applied to
a state. Suppose we perform this process on a state p and get outcome 4.

PP
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Then the new state will be:

Then, if we immediately perform the process again, all of the branches j # ¢
occur with probability 0:

1%

N
P

P(j#ilp)

>

so we are guaranteed to get outcome 7 again. Moreover, it doesn’t matter if
we perform this process 1 time, 2 times, or 100 times. After one measure-
ment, the damage is done, so the state no longer changes after successive
measurements.

This idea that a process can cause a quantum state to ‘collapse’ in such
a way that repeating the process will always yield the same thing was con-
sidered by von Neumann to be the characterising feature of quantum mea-
surements, yielding:

von Neumann’s collapse postulate: After a non-demolition measure-
ment is performed and an outcome 7 is obtained, performing the same mea-
surement again yields the same outcome with certainty, and does not further
affect the state of the system.

In the language of quantum processes:

Definition 6.16 A (non-demolition) von Neumann measurement is a quan-
tum process:
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such that:
L
5/

~

5| P (6.19)

(2

>

von Neumann measurements are also sometimes called projective mea-
surements because...

Proposition 6.17 For any von Neumann measurement, the branches 13z
are projectors.

Proof We already know from that the ]31 are idempotent, so it only
remains to show they are self-adjoint. The collection of quantum maps f’z
together form a quantum process, so is causal. Unfolding the causality con-
dition yields:

so we obtain:

= (6.20)

By Theorem we can replace the doubled equations (6.19) by non-
doubled equations, up to a global phase e!®* for all values of j and k:

el of | Py / (6.21)
Y



402 Quantum measurement

Hence:

Doubling then eliminates the global phase:

§

AN

Z eiajk 5;6 — eiajj

k B/ B/

So, by Proposition each ]31 is a projector. O

Projectors are called orthogonal precisely when they satisfy , SO we
could have just as well defined a von Neumann measurement as a quantum
process consisting of mutually orthogonal projectors. Moreover, since we are
dealing with projectors, causality as in simplifies to the underlying
projectors (cf. Proposition forming a resolution of the identity:

S| B/ =

2

Alternatively, one can obtain a von Neumann measurement from an ONB
measurement, by combining multiple measurement outcomes into one, or
coarse graining. For example, suppose we have a 3-dimensional quantum
system, then perhaps rather than performing a measurement to tell which

of these states:

the system is in, we just devise a measurement to check whether the system
is in state 1. We can do this by fixing projectors:

of 80
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then measuring:

(6.22)

More generally, fix any partition of the set of outcomes:
I:={1,...,D}
that is, a collection of subsets of I:
{I,...,I,}
which satisfy:
Lu...ul,=1 and Vizgj:Linlj=¢

Then we obtain a von Neumann measurement as follows:

| 7
with = ]zl; @ (6.23)

Clearly each of the 131 are projectors, and mutual orthogonality is a conse-
quence of the fact that each of the sets I; are disjoint.

Exercise 6.18 Show that for any partition of an ONB, is a quan-
tum process, and hence a von Neumann measurement. Conversely, use the
spectral theorem from Section to show that any von Neumann mea-
surement can be expressed as for some partition of an ONB.

A coarse grained measurement teaches us less than an ONB measurement,
but it also does less damage. For example, any state of the form:

oo )

is kept intact by the measurement (| - ) because PO will never occur and:

-
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This is because we were careful to coarse-grain at the level of un-doubled
processes P;. If we instead performed a quantum process consisting of:

v L Yy
A& AA

then 1/1 would no longer even get sent to a pure state (unless Az or A3 is 0),
much less itself. On the other hand, if we consider demolmon von Neumann
measurement, that is quantum processes for the form:

- %

P,

such that (6.19)) holds, the distinction disappears. Consequently, unlike de-
molition ONB-measurements, the branches of a demolition von Neumann
measurement need not be pure:

Proposition 6.19 A quantum process is a demolition von Neumann mea-
surement if and only if it is of the form:

(SN IR N

Proof Let the projections P; be defined as in ((6.23)). Then we have:

T ) N J Ei/
B/ = \Pp ’ p/ =3 ® A /\ /\
i i j,kel; @ @ ge[ |
where in (x) we rely on orthonormality of basis states. O

The final thing to note is that for both demolition and non-demolition
von Neumann measurements, this coarse graining is not unique. That is, a
single von Neumann measurement can arise from coarse graining more than
one ONB:

Exercise 6.20 For an ONB:

o (7. b7
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V-5 w) m -5 -g)

in order to obtain another ONB:
l l l l

# o\ G W

Now show that we have:

VAVaRvaL

and hence that the measurement:

[NINNN

arises by coarse-graining ONB measurements for B or B’. Can you charac-

set:

terise all of the ONBs which yield this measurement via coarse graining?

6.3.2 von Neumann’s quantum formalism

von Neumann measurements make up the core of the quantum formalism as
it is still found in most textbooks, which is quite different from the one that
we have presented. Firstly, one typically distinguishes between pure state
quantum theory and mized state quantum theory. Pure states are taken to
be primitive, while mixed states are considered to be an (optional) derived
concept. Pure state quantum theory is given as three postulates:

Postulate 1: systems. A quantum system is represented by a Hilbert space.
The state of a quantum system then corresponds to an equivalence class of
normalised vectors that are equal up to a global phase (cf. Section .
Composite systems are represented by the tensor product of the Hilbert
spaces representing the subsystems (cf. Section .

Postulate 2: evolution. Deterministic, reversible quantum processes are
represented by unitaries acting on the Hilbert space (cf. Corollary [5.58]).

Postulate 3: measurements. Quantum measurements are represented by
self-adjoint linear maps acting on the Hilbert space...

...wait a minute here. That looks totally different from anything we have
called a measurement, much less a von Neumann measurement, which pre-
sumably lie at the heart of the von Neumann formalism. However, with a
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bit of help from the spectral theorem (Section [4.3.3.1)), we can see that this
isn’t so different. Starting with a von Neumann measurement, we can wrap
up a set of projectors into a single map:

D? =>n (6.24)

where all r; are distinct and real. The resulting map is self-adjoint, and
we can always recover the projectors P; via the spectral theorem, which
guarantees the existence of an ONB such that:

7wl

In general, some numbers r; might be repeated. This induces a partition
{I,...,I,} where each distinct real number r; corresponds to a distinct set
I;. We can then use ([6.23)) to recover the decomposition ((6.24]).

Example 6.21 The Pauli maps:
0 1 0 —1 1 0
/e (Ve) /= (0) [/ (ht)

whose matrices we first encountered in Remark are self-adjoint linear
maps that represent measurements for the X-basis, Y-basis (see Exercise

, and Z-basis respectively:

Xmﬁv
v
s
R
T A

+

A
¢
9
Y
A
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So, the resulting self-adjoint linear map should not be considered as a
process itself, but rather as one way to present the actual processes, i.e. the
projectors.

Postulate 3: measurements (continued). When a measurement takes
place the state of the system changes (i.e. ‘collapses’) according to the action
of one of the projectors, and the probability of each of the projectors for
doing so is given by the Born rule:

I R
P .

%

(6.25)

S

where () comes from the fact that P; is a projector.

Remark 6.22 In the case of impure states, the Born rule becomes:

where p := gog' is the density operator associated with p (see Remark-
So in the more traditional notation, the Born rule probabilities for pure and
mixed states respectively become:

W\ Pili) and tr (Fip)

What is most notable about this formulation of pure quantum theory is
that unitaries and von Neumann measurements are singled out as very spe-
cial processes. One reason for singling out unitaries is Stinespring’s dilation
theorem in the form of Corollary which states that any deterministic
quantum process can be realised by means of a state, a unitary, and discard-
ing. Moreover, in the following section we will see that all quantum processes
can be realised if we additionally consider ONB measurements (see Section
6.3.4]).

On the other hand, to obtain a quantum process theory, we necessarily
have to consider more general processes than unitaries and von Neumann
measurements because these operations are simply not closed under com-
position. For example, composing a state and a unitary in parallel yields
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a proper isometry. Similarly, when composing a non-demolition von Neu-
mann measurement with a unitary, either in sequence or in parallel, one
gets a quantum process that is no longer a von Neumann measurement, for
example:

7 %

an

Also when composing two non-demolition von Neumann measurements se-

quentially the result is usually not a von Neumann measurement. For exam-
ple, composing two distinct ONB measurements yields:

5|
A

Exercise 6.23 Prove that when composing two non-demolition von Neu-

mann measurements:
@ J

P and Q;

sequentially, one again gets a von Neumann measurement if and only if the
measurements commute. That is, for all ¢ and j we have:

|
Qj/ P
P;

~

Qj

So we can conclude that:

Theorem 6.24 von Neumann’s formulation of quantum theory is not



6.3 More general species of measurement 409

closed under forming diagrams. In particular, it is not closed under par-
allel and sequential composition of processes.

Remark 6.25 One advantage of presenting von Neumann measurements
as self-adjoint linear maps is that the r;’s can be taken to be actual physical
quantities associated with a projector, e.g. a position, or a momentum. If
we replace P; in the RHS of above with a self-adjoint linear map:

2

instead of a probability, we get a weighted-average of these numbers 7;:

K3 (2

(0N
() = 1/ - 515/ = 0r(]3)
N

which is called the ezxpectation value.

Remark* 6.26 von Neumann considered projectors on a Hilbert space to
be the quantum analogue to the more familiar notion of ‘proposition’ from
classical logic. This insight led him to co-found the field of quantum logic
which we discuss in Section* [6.6.2]

6.3.3 POVM measurements

The most general kind of demolition measurement is simply any quantum
process into the trivial system, i.e. a collection of effects that is only con-
strained by being jointly causal:

Definition 6.27 Any quantum process of the form:

)

is called a demolition POVM measurement.

The abbreviation ‘POVM’ stands for ‘positive operator-valued measure’.
We can briefly explain this terminology, as it is a bit of a departure from
the terminology used in this book:

e Why ‘positive operator’? While for projective measurements we have:
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N projector

now we have:

(6.26)

So, this just refers to the fact that the elements of this quantum process
are represented by positive operators, a.k.a. positive linear maps.

e Why ‘measure’? In probability theory, a finite ‘probability measure’ is
an assignment of positive numbers P(i) to each element i € {1,..., D}
of a finite set, such that these numbers add up to 1. A ‘positive operator-
valued measure’ is a generalisation, in that it assigns to each i a positive
map, such that these maps add up to the identity. In other words, this
just means causality since we have:

AN AN
) =/ = X = (6.27)
Y Y

Remark 6.28 As with von Neumann measurements, we can write the
Born rule in terms of a density matrix and the trace:

e\ | LB/

Pi|p) = - (6.28)

/ 2/

i . -

where:
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In non-graphical notation (6.28]) becomes:
P(i|p) = TH(E; )
which is the Born rule for POVMs found in the standard literature.

Though it’s not a standard concept, we could also consider ‘non-demolition’
POVM measurements. That is, we look at a family of quantum processes
such that we can obtain any demolition POVM measurement by discarding
the output. Such a family can be obtained via purification (cf. Section:

Thus, it suffices to consider just quantum processes with pure branches to
recover all demolition POVM measurements. So, ‘non-demolition POVM
measurement’ is just a synonym for pure quantum process:

Remark 6.29 Though it won’t be necessary for what follows, to really
be called a non-demolition measurement, the maps ﬁ should have the same
output system-type as input. In other words, for a POVM measurement on
/Al, we should be able to chose the ﬁ to have output type A:

By Exercise this is always possible.

Of course, many non-demolition POVM measurements produce the same
demolition POVM measurement when discarding the output. This comes
from the fact that there are many ways to decompose ¢; as in (6.26). So
the ultimate fate of the quantum state depends on the fz themselves, not
just ;. From this, we can deduce that many different non-demolition POVM
measurements could reproduce the same probabilities for outcomes, but may
act differently on the quantum system itself.
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6.3.4 Naimark and Ozawa dilation

Now, recall that by Stinespring dilation (cf. Theorem [5.61) every causal
quantum map & (i.e. every deterministic quantum process) arises from some
isometry U by discarding one of its outputs:

(6.30)

A similar dilation result holds for POVM measurements. We mentioned that
any quantum process can be associated with a single isometry. We first show
this for pure quantum processes, where it is called Naimark dilation.

Lemma 6.30 For any pure quantum process with D branches:

and any ONB with D basis states:

the following is an isometry:

(77 -3V

and hence so is the quantum map obtained by doubling.

A

where the last equality holds by causality as in 1 O

Proof We have:

Theorem 6.31 (Naimark dilation) Every non-demolition POVM mea-
surement arises as an isometry U with a ONB measurement at one of its
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Ly ey

outputs:

(6.31)

Consequently, every demolition POVM measurement arises as an isometry
U with one of its outputs discarded and an ONB measurement at the other

N U

Proof For the isometry constructed in Lemma [6.30| we have:

bbb

which, when doubled, yields 1 O

Remark 6.32 We can obtain (6.30) from (6.31) by summing over the
branches of the ONB measurement:

>/ 23T

which corresponds to measuring then forgetting the outcome:

So, we saw that ‘demolition POVMSs’ are just arbitrary quantum processes
into the trivial system, and ‘non-demolition POVMs’ are just pure quantum
processes from a system to itself. Thus, when we introduced POVMs, all
we really did was give a fancier name to stuff we already knew about. But
we did establish something important, namely, that we can reproduce all
probabilities generated by arbitrary quantum processes in terms of nothing
more than an isometry and an ONB measurement. That is the one important
thing to remember from this section.



414 Quantum measurement

If we combine this with Stinespring dilation, we get a general form for all
quantum processes:

Theorem 6.33 (Ozawa dilation) Every quantum process arises from some
isometry U with one of its outputs discarded and an ONB measurement at

another output:
®, N ' (6.33)
o/

Exercise 6.34 Prove Theorem [6.33]

So one reason to consider general POVM measurements is that they arise
naturally when considering an ONB measurement on part of a larger system,
as in Theorem [6.31l Here are two more reasons:

e POVM measurements arise due to imperfections in the measurement
procedure arising from noise or limited access to the physical system.
From this perspective, it is natural to think of (proper) POVM mea-
surements as mixed measurements.

e POVM measurements can perform tasks that no von Neumann mea-
surement can. We will see an example of this in Section [6.4.2], where
special measurements called informationally complete POVM measure-
ments are used to perform a task called quantum state tomography.

6.4 Tomography

A single measurement typically destroys a quantum state without giving
us much information in return. However, if we have lots of identical copies
of a quantum state, we can do better. By performing a series of carefully
chosen measurements, one can actually infer the state of a system from
the probability distributions over all of the measurement outcomes. This
procedure is known as tomography. In this section, we will look at how
tomography works, and what sorts of measurements are required to achieve
it.

6.4.1 State tomography

Obviously, ‘observing’ as we defined it in Section is the ultimate form of
tomography. So for process theories where an observation process is available
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the notion of tomography is more or less redundant. On the other hand, given
that ‘single-shot observing’ is not available in quantum theory, tomography
is a very relevant concept.

Since a single measurement isn’t good enough, the next thing we might try
are many applications of the same ONB measurement. However, that doesn’t
work either. Since a doubled ONB is not an ONB (see Section [5.1.5.3)), the

probabilities:

N/

will never suffice to uniquely fix the state p.

P(i|p) -

However, there do exist larger sets of states which serve as (non-orthonormal)
bases for quantum systems. We even explicitly constructed one in Theo-

rem [5.24¢

(@72 @ )] 0 (@ W)

In other words, there exists a set of quantum states

i

such that:

] ]
) @’
Vi _I_/ = _I_/ — o/ =|ao/
It follows from this that the associated set of quantum effects

N

suffice to distinguish states:
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(6N
\/

for every (EZ in £ thus uniquely fixes the state p. Of course, we cannot re-
alise effects deterministically, but for any quantum map we can find a non-
deterministic process that realises it. So in particular, we can find a collection
of measurements which together include all of the effects in &.

Fixing the probabilities:

(6.34)

Example 6.35 For qubits, the following four effects will uniquely fix any

e .
Boann(i ) B emn(d i)

so we can perform state tomography on qubits via measurements in the X-,
Y-, and Z-bases (defined in Exercise [5.7] E

(vvl (vel {v9]

In fact, no smaller set of ONB measurements than the one given in Ex-
ample does the job. To prove this, we can again exploit the geometry
of the Bloch-sphere.

Proposition 6.36 Qubit state tomography by means of ONB measure-
ments requires measurements in at least three different ONBs.

Proof We will give a geometric proof, recalling from Section that
the inner product determines the distance between two states on the
Bloch sphere. It suffices to show that for any two ONB measurements, there
exist at least two states p and p’ which cannot be distinguished. Assume
without loss of generality that the first ONB is:

|}

since otherwise we could just express everything to follow in terms of some
other basis, rather than the Z-basis. Fix a second ONB {¢g, ¢1}. Then ¢g
is an arbitrary point on the Bloch sphere, and ¢, is its antipode:
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To find two states that cannot be distinguished, it suffices to find two states
that are equally far from all four of the basis states. To do this, draw a line
perpendicular to the plane made by the four points, and mark the two places
this line crosses the Bloch sphere:

Then, measuring &; in either ONB yields either outcome with probability 1/2.
Thus, with just two basis measurements, we cannot possibly distinguish &
from &;. O

6.4.2 Informationally complete measurements

For a qubit one needs three distinct ONB measurements to realise state to-
mography. Somewhat surprisingly, one can do better when not restricting
to ONB measurements and allowing for general POVM measurements. In
fact, there is a kind of POVM measurement called symmetric information-
ally complete (SIC), which can do state tomography all by itself. It may
be somewhat counter-intuitive that a ‘mixed’ process would be better at
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anything than a pure one, but here you have a compelling example of that
fact.

To understand how this can be the case, assume that we consider the three
ONB measurements required for qubit tomography. Now, define a (single)
new quantum process as follows. Roll a die, and if the outcome is 1 or 2, then
perform the 1st ONB measurement, if the outcome is 3 or 4, then perform
the 2nd ONB measurement, and if the outcome is 5 or 6, then perform the
3rd ONB measurement. Clearly, if we do this new quantum process many
times, each of the three ONB measurements will have been performed a
sufficient number of times for the sake of doing qubit tomography. A SIC-
POVM measurement improves on this quantum process by doing the same
job in a more direct, and geometrically elegant, way.

A SIC-POVM measurement consists of pure (but un-normalised) quan-
tum effects. In order to be informationally complete, that is, sufficing for
tomography, we need to require that this quantum process has (at least) D?
branches, since this is the number of quantum states we need to form a basis
for the doubled system (cf. Theorem . For such a set consisting of D?
effects:

it is impossible for these to all be orthogonal. In the case of qubits, this is
like trying to find 4 points on the Bloch sphere that are all antipodal! Thus,
we do the ‘next-best-thing’ and require that all effects overlap by the same
amount:

o (6.35)
A ifi#g

ﬁ {1 ifi=j

for some fixed number A. Geometrically, this means that we choose them to
be evenly spaced out across the state space. For the Bloch sphere, a set of
4 evenly spaced points is always a tetrahedron:
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This condition is what the symmetric part of SIC stands for. For this set
of effects to also be causal, we will need to scale each effect down, thus
obtaining the quantum process:

(,13 ) (6.36)

i=D? _
2 b A =T (6.37)
=1

Definition 6.37 A SIC-POVM measurement is a causal quantum process
of the form (6.36)) which satisfies (6.35)) for some fixed number .

where causality becomes:

Finally, and most importantly, one can prove that SIC-POVM measure-
ments are informationally complete. That is, the probabilities produced by
a SIC-POVM measurement uniquely characterise a quantum state.

Exercise* 6.38 Show that for any SIC-POVM measurement the proba-

bilities:

AN

D i
totally characterise the state p. Hint: since a SIC-POVM measurement con-
sists of D? effects, an equivalent characterisation of being a basis is the

7

following condition, known as ‘linear independence’:

Zci—O = Vi:ic; =0

To show all of the ¢; must be zero, start by showing they must all be the
same.
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...and if you find a solution to the next exercise, let us know... ©

Exercise* 6.39 Is there a (nice) diagrammatic characterisation of SIC-
POVM measurements?

6.4.3 Local tomography = process tomography

Quantum theory allows enough ONB measurements to identify quantum
states. A related question is: can we identify quantum states on multiple
systems using only local measurements? That is, can we identify a state:

just by measuring each system individually? Following the previous section,
this amounts to asking whether there exist sets of effects:

QN and O\

A . B .
? J

= TN

One usually refers to this property as local tomography.

The answer for quantum theory is a clear ‘yes’. Such local measurements
do exist, and it is very easy to see why. Since we can find bases:

A B

v | and V

( J

we can define the desired local measurements in terms of the product basis:

We showed that products of ONBs give ONBs way back in Section but
in fact for linear maps this works for arbitrary bases as well. Hence:

Theorem 6.40 Quantum theory obeys local tomography.
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Once one becomes accustomed to the concept of product bases, local to-
mography seems like such a natural assumption that one wonders how it can
possibly fail. However, we do not need to stray too far from quantum theory
for this to no longer hold. For instance, a variation of quantum theory built
on matrices of real instead of complex numbers does not have this property.
This is shown in Section* [6.6.3

A related, but (seemingly) quite different tomographic notion is process
tomography. Process tomography is a procedure by which we try to identify
a black-box process:

by feeding in states and performing measurements. It amounts to finding
states and effects:

A\KOIX ] ]

w7 -07| - L7 -G7
A7

For process theories described by string diagrams, these two notions of

such that:

tomography are actually equivalent:

Theorem 6.41 A process theory that admits string diagrams has local
tomography if and only if it has process tomography.

Proof This simply follows from process-state duality. Assume a process
theory admits local tomography. Then for any processes f and g we have:

1% - 18] - -
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from which we get:

o
vij: | f/ = |9/ — |/ =1y
Y T

Thus the processes f and g are distinguishable via the following set of states

R RN

J

The converse is proved similarly. O
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6.5 Summary: what to remember

1. ‘Observing’ is not a quantum process.

2. Several species of quantum processes are called quantum measurements:

e A demolition ONB measurement is a quantum process of the form:

&)
(7}

1

where:

is any ONB, and a corresponding non-demolition ONB measurement is

-
A

Any doubled ONB state is called an eigenstate and any other state a

a quantum process of the form:

superposition for that measurement.

e A von Neumann measurement is a quantum process of the form:
l %
|

where the branches are mutually orthogonal projectors. Equivalently,

von Neumann measurements coarse grain ONB measurements:

e A POVM measurement is any quantum process of the form:

&)
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The probability distribution produced by a POVM measurement can
also be achieved by means of an isometry and an ONB measurement:

(N

~

U

to which one refers to as Naimark dilation. More generally, every quan-
tum process arises from some isometry U with one of its outputs dis-
carded and an ONB measurement at another output:

P, = PN
_IL/

3. Quantum measurements induce two kinds of ‘dynamics’:

1. Backaction, which causes radical instantaneous changes in the state of
other systems than those measured. For example, in the scenario:

2. Collapse, which causes the state being measured to instaneously become
an eigenstate of the measurement:

{ v
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4. These dynamics are exploited in quantum protocols, including quantum
teleportation:

1th Bell effect

ith Bell map

entanglement swapping:

non-demolition Bell-measurement branch

which allows one to create long bits of entanglement from short ones, and
gate teleportation:
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which allows one to apply an arbitrary quantum map ® encoded in a bipar-
tite state, to p. This last trick forms the basis of measurement-based quantum
computation.

5. If we have many copies of a system all in the same quantum state, then we
can infer that state by means of tomography. Certain POVM measurements,
called SIC-POVM measurements, allow one to do that by only relying on one
particular measurement. For process theories that admit string diagrams,
local tomography and process topography coincide.

1/ L9/ SR
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6.6 Advanced material*

We’ll now have a look at some foundational aspects that have surrounded
quantum measurement. We start with a more philosophical discussion of
the measurement problem. As the name already indicates, there are indeed
some sticky issues to discuss. That’s also where logic entered the picture for
the first time, under the name quantum logic, which takes as its starting
point the idea that projectors (as used in von Neumann measurements)
should be treated as the analogue to propositions in ordinary logic. We
contrast this ‘logic’ with our ‘logic of interaction’ (cf. Section . We end
with an example—taken from work in quantum foundations—showing how
something as practical as tomography identifies a fundamental difference
between a theory based on complex numbers and one based on real numbers.

6.6.1 Do quantum measurements even exist?*

Quantum measurements are clearly indispensable, as they provide our only
access to the quantum world. But, what are they as compared to their clas-
sical counterparts? In particular, is the name ‘measurement’ truly justified?
In Section we saw that all quantum processes can be seen as some
kind of measurement, which seems to render the name ‘measurement’ re-
dundant. However, in this section we embark on a more philosophical path,
contemplating what a quantum measurement is truly about.

Why is there no observation process in quantum theory? We have already
seen a proof that such a thing doesn’t exist in Section[6.1.5] but this assumes
quite a lot of mathematical structure from quantum theory. What we would
like is a conceptual justification for why one should not expect there to be
an ‘observation’ process. An answer that traces back to the early days of
quantum theory, mostly associated with Niels Bohr and Werner Heisenberg,
is:

Any attempt to observe is bound to disturb.

Many would argue that in pre-quantum theories observing comes for free,
and thus the absence of an observation process in quantum theory is a
clear departure from our every day intuition. But, is it actually true that
in pre-quantum theories observing comes for free? Consider just bare-bones
Newtonian mechanics, before we add any fancy stuff like electromagnetism
(and, in particular, light). Since there is no light, we don’t have things like
cameras (or eyes!) for making observations. If this stripped-down version
of Newtonian mechanics admits an observation process, then we should be
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able to find an object in a dark room without disturbing it. Clearly, if that
object is very light, say a balloon, than it is virtually impossible to locate it
without moving it a bit. More specifically, in order for us to locate an object,
in must exert a force on us, and according to the action-reaction principle,
it will experience a force too, and hence move a bit.

Of course, if we now bring electromagnetism back into the game, i.e. light
and eyes, then we can effectively observe the balloon without disturbing it
in any noticeable way. In contrast, for quantum systems there is unfortu-
nately no analogue to the role light and eyes play for mechanical objects.
Unfortunately indeed, but not that surprising anymore. One could say that
we suffer from quantum-blindness, and that we can only probe that quantum
world by means of some invasive interaction, just like what we have to do
in search of an object in a dark room.

Many scientists do find it really hard to give up on the idea that a measure-
ment genuinely represents an observation, and out of pure desperation even
invoke the conscious human act of deciding to make an observation within
quantum theory. This gave rise to things like the famous Schréidinger’s cat
and the perhaps less famous Wigner’s friend paradoxes.

Given that there is no observation process in quantum theory, the diffi-
culty of accessing the quantum state then raises the questions about what
a quantum state actually represents. For example: does a quantum state
represent actual properties of a system, or is it more like a probability distri-
bution, i.e. something that merely reflects the state of our knowledge about
the system? In many ways, the second interpretation would be more palat-
able, because like quantum states, probability distributions can never be
observed perfectly, and can even ‘collapse’ when new information is gained,
via Bayesian updating (Section . However, several no-go theorems sub-
stantially obstruct this interpretation of the quantum state. Most notably,
the recent Pusey-Barrett-Rudolph Theorem states that, under a few assump-
tions about quantum systems (which many consider reasonable), this ‘state
of knowledge’ interpretation is totally incorrect.

Closely related to the interpretation of the quantum state, is...

Definition 6.42 The measurement problem comprises two questions con-
cerning a (typically von Neumann) measurement:

m1l What causes the measurement process, and in particular, the collapse
of the quantum state, to take place?
m2 What ‘decides’ the outcome ¢ of this process?

Attempts to address these questions are usually referred to as interpre-
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tations. Some of these denounce that there is a change of the state, hence,
rejecting von Neumann’s collapse postulate, in a desire to rescue the idea
of there being an observation process. This usually comes at a very high
cost, for example, in the case of Fverett’s many-worlds interpretation one
has to accept the existence of a humongous number of completely indepen-
dent parallel universes. We refer to the vast body of existing literature for
these interpretations, and provide some pointers in Section Here we will
restrict ourselves to recasting the measurement problem when viewing quan-
tum theory as a process theory, and how some natural strands for resolving
it present themselves.

Early solutions to m1 included the idea that being coupled to a measure-
ment device causes the collapse, or, more generally, that any macroscopic
system causes the collapse. However, this requires a clear-cut definition re-
spectively of what a measurement device is, and where the micro-world ends
and the macro-world starts. Both of these ideas proved very difficult, if not
impossible, to fully develop. Nothing in our experience suggests the exis-
tence of a ‘wall’ which separates micro and macro levels, and it is even more
ridiculous to think that a particular human-made machine would play a
leading role in fundamental physics which pre-existed humanity.

Alternatively, one could say that a measurement process takes place when
the system is in an environment which causes this particular process to
happen. Nothing more, nothing less. Taking this stance, m1 amounts to
providing an explicit description of such an environment that causes a mea-
surement process to happen. This point of view fits particularly well with
the description of quantum systems as a wire in a diagram, where a system
is characterised by its behaviour in context. This is also closely related to
late-Wittgensteinian concept of meaning in context, which states that the
meaning of something only comes about when one also considers the con-
text in which this thing is considered. Translated to quantum theory, this
means that we shouldn’t conceive of quantum systems as isolated entities,
but rather as entities in interaction with a context, i.e. the rest of a diagram,
which in particular includes the measurement.

A related question concerns the conceptual status of an ONB in a mea-
surement process. If we want to learn something about a quantum system we
can only do so in terms of things that we are able to perceive, e.g. locations
in spacetime. But, maybe spacetime is not the natural habitat of a quan-
tum system, and maybe the measurement process is then all about ‘forcing’
the system into the spacetime theatre. One could refer to such a process as
classicization. The idea that spacetime may not be the theatre in which all
of reality takes place, but rather a form of human experience, traces back to
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philosopher Emanuel Kant and was further refined by mathematician Henri
Poincaré who went as far as attributing the role of geometry in physics in
part to human intuition.

Turning our attention now to m2, we address what causes a particular
measurement outcome ¢ to occur. The first attempted solutions, under the
impetus of Einstein who famously stated that ‘God does not play dice’,
suggested that there is more to a quantum system than just the quantum
state. This ‘more’ was referred to as hidden variables. The main idea is
that additional variables associated to the quantum system could determine
the measurement outcomes. Again, a string of no-go theorems exclude the
existence of many kinds of hidden variables. Most notably, the Bell-Kochen-
Specker Theorem rules out non-contextual hidden variables, whose values
are in some sense ‘real’, and independent of measurement choices. Some
hidden variable theories survive these no-go theorems, notably Bohm’s hid-
den variable model. However, these hidden variables are very different from
what FEinstein had in mind. In particular, they are necessarily non-local, as
we will demonstrate in Section [[0.11

On the other hand, if one associates additional variables to the context of
a state rather than the state itself, which includes the interaction between
the quantum system and its environment, then there is no obstruction to
attributing the outcomes to the pair consisting of the quantum state and
these additional variables. Somewhat surprisingly, this option has never re-
ally entered the mainstream. While all of this sounds very reasonable to us,
again driven by a desire to rescue the process of observation, many scientists
refuse to accept the idea that there may be environmental interference to
what one learns about a system. A major obstacle to swallowing this idea
is that science has traditionally been built on the pre-supposition that any
system subject to scientific investigation must be sufficiently isolated from
its environment when being probed. Maybe the key lesson from quantum
theory is that this stance cannot be retained, and that one has to opt for
something more along the lines of relationalism, in that the fabric of reality is
about relationships between things, rather than their individual attributes.
Diagrams of course provide the natural language for such a relational uni-
verse.

6.6.2 Projectors and quantum logic*

In Remark [6.26] we mentioned that projectors can be thought of as propo-
sitions about quantum systems, resulting in the field of quantum logic. The
starting point of quantum logic is not to follow Schrodinger’s vision that the
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beating heart of quantum theory is the manner in which quantum systems
compose, but rather to follow von Neumann’s vision that understanding
quantum measurements is the key.

In classical logic, we typically consider systems to be sets of states X.
Then, a proposition is just a subset of states P < X, which should be
thought of as the set of all states for which P holds. For example, if our
system is a potato, P might be ‘is boiled’, which we represent formally as
the set of all possible states of a potato where the potato is boiled.

As subsets, propositions come with a natural ordering, namely subset
inclusion. So, for instance, if @ stands for ‘is cooked’, any boiled potato is
also cooked, so we have:

Pc@

In other words, we can deduce ) from P. This ordering which represents
‘deduction’ is the cornerstone of any logical system. We can also represent
conjunction (‘P and @’), disjunction (‘P or @’), and negation (‘not P’)
straightforwardly as operations on subsets, respectively:

PnQ PuQ Pt.= X\P (6.38)

These operations give the set of all propositions the mathematical struc-
ture of a boolean lattice. Boolean lattices are sets with operations U, N, ( )+

satisfying various equations. Most notably, they are distibutive:
PNn(QUR)=(PnQ)u(PnR)

Projectors in some sense play the role of propositions in quantum theory,
in that they are the ‘verifiable propositions’. Namely, for any ]3, we can
fix a von Neumann measurement that checks whether P holds. Like with
propositions, we can give a ‘deduction’ ordering to projectors:

l Q

]
]3/ < @/ = =

So, how is this like the ordermg on propositions from before? We can asso-
ciate to each projector P a set of states for which P holds (with certainty):

7

(6.39)

o

o
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Then its easy to check that (6.39) is equivalent to:
S pE S@
So, for a given state 1, ‘satisfying’ P implies ‘satisfying’ @ However, these
Sp aren’t just arbitrary sets, but rather subspaces:

Exercise 6.43 Show that, for any projector Pona quantum system H ,
there exists a subspace Hp © H such that Sp consists of all the states 12
for ¢ € Hp. Conversely, show that every subspace of H corresponds to a
(unique) projector in this way.

We can get some mileage out of this. For example:
Sp N S@
also comes from a subspace, so we can let ‘P and @’ just be its associated
projector, which we denote by:
PAQ
However:
Spu S@

is not a subspace, so we need to get a bit creative. Letting:

we get negation. Then by de Morgan’s law, ‘not (not P and not @)’ should
be the same as ‘P or @Q’, so let:

Pv @ = (]3L A @J‘)J‘
Unfortunately A and v are not distributive:

Exercise 6.44 Show that:

O OBIOID O

Therefore, instead of distributivity, quantum logicians usually assume
something a lot weaker, called orthomodularity:

~

]3<@ = Qzﬁv(ﬁi/\@)
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The goal of quantum logic is to reason about quantum systems to the great-
est extent possible just using this very weak logical structure.

This perspective clears away a lot of the ‘noise’ associated with Hilbert
spaces and can provide new insights, and in this way chimes well with the
goals of this book. However, as we stressed in Section 4] of the intro-
duction, quantum logic aims to characterise quantum theory by the failure
of something, which explains the failure of this research program. Interest-
ingly, the issue on which quantum logic failed mostly was the description of
composite systems, which is precisely where we started off in this book, and
that’s perhaps the most important lesson to be taken from quantum logic.

6.6.3 Failure of local tomography*

More recently, much of the interesting quantum foundations research has
embraced the fact that many characteristic features of quantum theory are
tightly intertwined with systems involving multiple systems. One very re-
markable such result is the fact that one can affirm the key role complex
number plays by means of tomography on two systems.

Suppose we define a new process theory called R-quantum maps, con-
sisting of only those quantum maps that only involve real numbers. More
precisely, rather than doubling matrices(C) one doubles matrices(R). One
would expect this theory to be quite similar to that of quantum maps, but
the fact that we leave out the imaginary part of complex numbers has some
dramatic consequences:

Theorem 6.45 The theory of R-quantum maps does not admit process
tomography, and hence, also does not admit local tomography.

Proof As with quantum maps, any state p in the theory of R-quantum
maps is an ®-positive linear map, so in particular, it is self-conjugate. Thus
any 2D state in R-quantum maps (a.k.a. ‘rebit’ state) can be written as:

VAR AR CARE A4 RS A7

for a,b,c € R. The Bell maps have real matrices, so Eg is a process in
R-quantum maps. Applying it to p yields:

37 -y (v V)T
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When we add the resulting state to p itself, we get:

BT () -

Thus, the processes:

é

(6.40)

~

+ By and

L
T

agree on all states in R-quantum maps, yet they are clearly not equal. [J

We cannot tell the difference between the processes in just by ap-
plying these processes to states. So what? It could have been the case that
we will just never see the difference in these two processes, in which case
they would be, for all intents and purposes, the same. But this is not the
case! We can see this immediately if we turn these processes into bipartite
states. The equivalence of process tomography and local tomography comes
from process-state duality. Applying process-state duality to the processes
in tells us that we cannot distinguish the bipartite states:

by means of local effects. However, we can still distinguish them by means
of a global effect, namely any of the other Bell basis effects:

2

] =0#1=

So we can conclude that R-quantum maps is truly a very different theory
than quantum maps. In particular, tomography of processes and composite
systems would be an entirely different ballgame.

Exercise 6.46 Give a diagram in which the two processes in (6.40|) are
distinguishable (i.e. yield different probabilities via the Born rule) in the
theory of R-quantum maps.
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6.7 Historical notes and references

Quantum measurements as described here, and von Neumann measurements

in particular, are evidently due to von Neumann| (1932), in particular includ-
ing the idea of the collapse, and that this collapse is induced by projectors.

Naimark’s theorem (also spelled Neumark) for POVMs first appeared in
(Neumark, [1943)). (Ozawa| (1984) stated a more general version of this theo-
rem for what he calls ‘quantum instruments’, which include quantum pro-

cesses as we have defined them. Entanglement swapping was first proposed
in |Zukowski et al. (1993), and teleportation-based universal quantum com-
puting was proposed in |Gottesman and Chuang| (1999). Wigner’s Theorem,
which was referred to in Remark* is taken from (1931).

The local tomography axiom in the form that we presented it here is taken
from |Chiribella et al.| (2010). A similar formulation appeared earlier in
, which in turn traced back to a reconstruction of quantum theory
in [Hardy] (2001)). SIC-POVMs trace back toLemmens and Seidel (1973). Ex-
ercise was suggested to us by Chris Fuchs, who strongly believes that
SIC-POVMs have a fundamental role in quantum theory 2002). This
stance is one aspect of an interpretation of quantum theory called quantum
Bayesianism, or QBism (Fuchs et al., 2014)).

The measurement problem grew out of the Bohr-Einstein debate, which
mainly followed onwards from the EPR papers (Einstein et al., [1935; Ein-|

1936) and Niels Bohr’s reply to it (Bohr, [1935]). Heisenberg’s and

Bohr’s positions were already stated much earlier in their respective books
Heisenberg| (1930) and (1931)). Schrodinger’s cat paradox appeared
first in [Schrodinger| (1935), and Wigner’s friend in [Wigner| (1995a)). Many
textbooks have been dedicated to the measurement problem, a selection be-
ing [Jammer]| (1974), Redhead (1987) and (1999). For original texts on

interpretations that are currently still popular we refer to (1957)
and (1952ayb), respectively for the many-worlds interpretation, and

an example contextual hidden variable theory. Constraint theorems on the
interpretation of the quantum state are Jauch and Piron| (1963)), Kochen
land Specker| (1967) and Pusey et al.| (2012). In fact, Kochen and Specker|

(1967) is a fairly straightforward corollary to (1957)’s theorem, as

explained in Belinfante (1973)).

Planck’s quote at the beginning of this chapter is dates back to 1936,
from his address on the 25th anniversary of the Kaiser Wilhelm Society
for the Advancement of Science (see Macrakis, |1993), which after being
implicated in Nazi scientific operations, was dissolved and had its functions

taken over by the Max Planck Society. Evidently, it was motivated by the
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aforementioned interpretational difficulties that caused many physicists not
to accept the theory.

Poincaré’s modified Kantian views mentioned in Section [6.6.1] are taken
from [Poincaré| (1902). Wittgenstein’s ‘meaning in context’ appeared first
in \Wittgenstein (1953)). Relational views on space and time trace back to
Leibniz (see e.g. Rickles, [2007).

Already in his book on quantum theory, von Neumann| (1932) attributed a
fundamental significance to projectors, in that they represented the proposi-
tions of the quantum world. This then became the basis of so-called quantum
logic (Birkhoff and von Neumann, |1936). For von Neumann, quantum logic
was a path towards a better formalism for quantum theory. This in part
drove him to the introduction of von Neumann algebras, and in particular
to the study of Type II factors therein. All of this is detailed in Redei| (1996)).
Interestingly, while quantum logicians adopted the orthomodular law, von
Neumann insisted on the stronger modular law:

P<Q — ﬁv(fm@) = (ﬁvé)A@

which only holds for finite-dimensional quantum theory. His reason was that
this law holds for projective geometries, and that the lattice of closed sub-
spaces of any Hilbert space naturally embeds in a modular one, which then,
via the fundamental theorem of projective geometry, yields a vector space
representation (Piron, |1976; Stubbe and van Steirteghem, 2007).

For many quantum logicians, quantum logic wasn’t really about logic, but
rather about probability theory and algebra. An operational variant was ini-
tiated by [Mackey| (1963)), and was further conceptually and philosophically
underpinned in |Piron| (1976 and Moore (1999). Constantin |Piron (1964)
also proved what could be considered as the first reconstruction of quantum
theory from operational principles.

As already hinted at in the preface to this book, one of the authors of
this book ended up realising the importance of processes through quantum
logic. In particular, rather than thinking of static propositions, passing to
how propositions evolve allows one to derive the linearity of processes (Faure
et al., [1995). The same argument provides the most compelling interpreta-
tion for orthomodularity too, then corresponding to the fact that projectors
are actual processes (Coecke et al., 2001; Coecke and Smets, 2004)), via an
argument that generalises weakest precondition semantics from computer
science (Dijkstral |1968; Hoare and He, [1987)). This line of research is further
developed in [Baltag and Smets (2005). Our love for quantum logic is not
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entirely gone, as witnessed by a recent attempt to reconcile diagrams and
quantum logic (Coecke et al.l [2013a)).




7

Picturing classical-quantum processes

Damn it! I knew she was a monster! John! Amy! Listen! Guard your
buttholes.
— David Wong, This Book Is Full of Spiders, 2012.

Most quantum protocols rely on the interplay between quantum systems
and classical data. For instance, measurements extract classical data from a
quantum system, whereas controlled operations use classical data to affect
a quantum system. Moreover, given that truth is in the eye of the beholder,
we want to understand quantum theory relative to our perception of reality,
which is classical, and hence want to understand how the two relate. Some-
what surprisingly, it turns out to be much easier to represent the classical
world relative to quantum processes, than the other way around.

One way to really start to get a handle on this interaction is to express as
much of it as possible in a purely diagrammatic form. Previously, we have
drawn diagrams of quantum processes, then used some sort of ‘external’
means of describing the classical data flow, i.e. with indices and brackets,
which can’t really be plugged together like pieces of a diagram. Even worse,
in most standard textbooks, classical data is not even part of the actual
formalism, but is described in words.

Rather than describing this interplay of quantum systems and classical
data using lots of ‘blah blah blah’, or a cross-breed between diagrams and
symbols, can we instead just give a diagram of all of the devices involved and
how they are wired together? For example, suppose we have a device ‘Bell’
that prepares Bell states, another device ‘Bell-M’ that performs Bell mea-
surements, and a third device ‘Bel1-C’ that does Bell corrections, depicted
very realistically © as follows:
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Bell Bell-C

Now, suppose we want to describe to a technician how to wire these devices
together to do teleportation:

We could describe this using a specification language. That is, a diagram-
matic language where the boxes correspond to devices and the wires corre-
spond to literally ‘wiring up’ the devices:
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where we now distinguish quantum wires and classical wires.

Every well-formed specification of a protocol, that is a diagram in the
specification language, should have a corresponding mathematical model,
which the theorist can use to predict what a protocol will actually do. We
can picture this mapping between specification and model via interpretation
brackets [ ]. Then, for teleportation we have:

So, the LHS describes how the technician sets up the equipment, whereas
the RHS is what the theorist predicts the equipment will do. One could say
the real predictive power of quantum theory amounts to giving a definition
of [-].

As we have noted before, there is a slight disconnect here, since quantum
systems are wires, but classical systems are something else entirely:

VS.

— classical

U
JoshS
S~

classical -\/

quantum

quantum

What we would really like is to treat classical and quantum systems both
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as wires, at which point the recipe for interpreting a specification diagram
amounts to simply interpreting each of its components:

(7.2)

My H

That is, modelling the overall process amounts to modelling these four
smaller processes:

9] [t o) o)

then composing them together.
We already know how to do this for purely quantum boxes and wires:

so to complete the picture, we need to figure out how to interpret boxes that
have some classical wires as well:

=[]

We have already benefited from the fact that doubling makes space for
some extra processes, namely impure quantum maps, and now we will see
how it makes space for some extra, classical systems as well. By extending
quantum maps with classical wires, we obtain a new process theory of
classical-quantum maps, or cq-maps for short. After imposing causality,
we obtain the full theory of quantum processes, which is really what this
whole book is about. The blanks above can then be filled in as follows:

By R va ) I o Ry

Just like in the specification language, the thick wires represent quantum

systems, whereas the thin wires represent classical systems. A state of a
quantum system is the same as before, but as we will see shortly, a state
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of a classical system is a probability distribution. Thus, cq-maps simultane-
ously generalise quantum maps, and the natural notion of mappings between
classical probability distributions (i.e. stochastic maps):

P - i > f

quantum classical-quantum classical

As classical data can be copied and deleted, it is natural to allow classi-
cal wires to split and merge in various ways. These points where multiple
classical wires meet are called spiders:

Spiders can be seen as a generalisation of caps and cups, whose behaviour
is dictated by a single ‘fusion’ rule:

While a wire is something that connects two ends together, a spider is a
generalisation that connects many ends together. Consequently, the spider-
fusion rule, which subsumes the yanking equations of caps and cups, is the
embodiment of the concept that ‘only connectivity matters’.

While we introduce spiders in order to reason about classical data, they
will also be used to construct new quantum maps and classical-quantum
hybrids. In fact, these spiders are so powerful that we will be able to give
the entire story of quantum theory in terms of them. Now-familiar concepts
such as measurement, classical control and mizedness, as well as new notions
such as classical copying, (non-pure state) entanglement and decoherence will
all be expressed in terms of these new kind of processes. Indeed, from this
chapter onward this book, like David Wong’s, will be full of spiders!

7.1 Classical systems as wires

In this section we show how classical systems, just like quantum systems,
can be represented in terms of linear maps. Thus, rather than needing to
treat classical inputs and outputs of a quantum process ‘externally’ with
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indices, we can simply express them as wires that can be plugged together.
This allows us to give a simple presentation for the theory of quantum
processes and recover the elegance of the original (sum-free) version of the
causality postulate.

7.1.1 Double versus single wires

The theory of quantum maps can be seen as restricting the theory of
linear maps such that we only allow maps of a very particular form:

We now wish to construct a theory that includes maps where quantum
and classical systems interact with each other. Quantum systems are of a
fundamentally different type from classical systems, so there should be two
distinct kinds of wires. Since quantum systems are already represented by
thick doubled wires, to introduce a new kind of system, we simply put some
single wires back in:

quantum := # classical :=

And, as we will soon see, this turns out to be a perfect fit for representing
classical systems. So:

classical  thin/single wires

quantum  thick/double wires

We encode classical data on a single wire by representing classical values as
basis states of a fixed ONB. So for an ONB on a classical system of dimension
D, this means that the corresponding classical data has D possible values.
For example, a bit corresponds to an ONB on a 2-dimensional system i.e.:

w0}

More precisely, we interpret the states of this ONB as:

. %7 := ‘providing classical value ¢’



444 Picturing classical-quantum processes

and for the corresponding effects we then have:

o Z% = ‘testing for classical value ¢’

Orthonormality:

v = ¢! (7.3)
then makes perfect sense in light of this interpretation. We obtain probability
0 (i.e. ‘impossible’) when we are testing for the value j # i on the value 1,

and we obtain probability 1 (i.e. ‘certain’) when we are testing for the value
¢ on the value .

Remark 7.1 We'll use self-conjugate ONBs for classical data, since con-
jugation has no classical counterpart, e.g. ‘conjugating a bit’ is meaningless.

When one applies a quantum process like this one:
i

D,

two things happen. Of course, one of the branches ®; gets applied to the
quantum system, but also a classical value ¢ pops out, telling us which branch
happened. To capture this with a classical wire, we can represent a quantum
process like this:

7

o ~ x| e §7 (7.4)

(2

that is, we make the creation of classical output explicit, and represent the
whole process as one big linear map.

Similarly, if the outcomes of quantum processes are controlled by a clas-
sical input we can rely on the i-effects to represent the fact that it tests for

an input value:

It is easy to see that these give us faithful representations of the respective

quantum processes. We can still access the individual branches by composing
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with the appropriate classical effect, i.e. subjecting to the appropriate test:

/_ test for value j

/= Sl e \o =2
7

and for a controlled process, we can access each component by providing the
corresponding input:

,\ input value ¢

So we can indeed reconstruct (7.4]) via:

o, -

and (7.5)) as:

What’s more, we can now connect the i-state to the i-effect by a wire to
indicate the actual classical communication:

Note how, in the diagram on the right, the indices 7 and j only occur locally.
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In other words, the two linear maps in the dashed boxes are completely in-
dependent processes. However, by the presence of a classical wire connecting
the two, 7 and j are forced to become the same, thanks to orthonormality:

In particular, the entire picture is now a linear map of a certain kind, which
we will define shortly. Clearly, such maps properly generalise quantum maps,
since now there are also classical systems involved. So we have now been able
to eliminate syntactic garbage which lived ‘outside’ linear maps, and return
to working just with diagrams of processes, which has some big advantages.

7.1.2 Example: dense coding

Now that classical systems have their own wires, we can consider protocols
with classical inputs and classical outputs. While teleportation relied on
classical communication (with the help of a Bell state) to send a quantum
state, we now ask the converse question: can we use a quantum state to send
a classical one? Also, do we gain anything by doing so?

Of course, the magic of teleportation wouldn’t have been possible without
the Bell state, so we will assume that here too. This yields the following
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specification diagram and corresponding interpretation:

we obtain:

<M

So what does this protocol achieve? When viewed as a communication
protocol, communicating classical data by means of quantum systems seems
a bit heavy-handed. However, the quantum systems we are dealing with
(i.e. the bold wires in the pictures) are two dimensional. On the other hand,
there are four Bell-states so the measurement generates one of four values
as classical output (i.e. the thin wires in the pictures). So, while Aleks only
sends one qubit, he succeeds in communicating two classical bits. This result
straightforwardly generalises to D-dimensional bold wires, which enable one
to communicate D?-valued classical data.

Remark 7.2 It is sometimes said that teleportation and dense coding are
dual. This is because there is an exchange of roles played by the classical and
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the quantum channels (while the entangled state stays quantum of course).
However, it is worth noting that the two aspects of the Bell matrices—the
fact that (i) they form unitaries and (ii) their associated states form an
ONB-—play different roles in the two protocols. Whereas teleportation most
obviously depends on (i), the key to dense coding is (ii). What is true is that
if one possesses an entangled state in advance, then:

e a ‘D-dimensional quantum channel’, and,
e a ‘D2-dimensional classical channel’

become equivalent, in that teleportation allows to convert the classical chan-
nel into a quantum channel, while dense coding allows to convert the quan-
tum channel in a classical channel.

7.1.3 Measurement and encoding

We now convert the quantum process for an ONB measurement into this
new representation using classical wires:

i
IS
4
This linear map is so important that we give it its own notation:

LY
A

So what does this map do? Let’s apply it to an arbitrary quantum state:

Z@ZP(éP)
g

Unsurprisingly, these numbers are exactly the probabilities for the ONB

measurement according to the Born rule. So the linear map representing an
ONB-measurement sends a quantum state to a probability distribution:

@H;P<i|m€7
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over all of the possible measurement outcomes. Seen as a matrix, this state
is:

P(D|p)

Now that an ONB measurement is represented by a linear map, which
from now on we’ll call measure, we can also consider its adjoint:

Applying this linear map to an arbitrary probability distribution we obtain:

Vo

that is, we obtain the encoding of a probability distribution as a quantum
state given in Proposition For that reason, we’ll call this linear map
encode.

Measure does the opposite when restricted to quantum states of that form:

i ~_ i
In particular, they interconvert classical values and their corresponding

v i?/ v (7.6)

quantum states:
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7.1.4 Classical-quantum maps

Though they may look special, it turns out that these measure/encode pro-
cesses are in fact all we need to add to get a full theory of classical-quantum
maps. Just as we defined quantum maps as the process theory where we
took pure quantum maps and added one new ingredient (discard), we can
define classical-quantum maps by adding two new ingredients to quantum
maps:

Definition 7.3 A classical-quantum map (cq-map) is a linear map ob-
tained by composing quantum maps, encoding and measurement:

ay

We call the associated process theory cq-maps.

Before we do anything else, we first show that:
Theorem 7.4 The theory of cq-maps admits string diagrams.

Proof We saw back in Chapter [5| how to build cups and caps for the quan-
tum systems, so we only need to show them for the classical systems. These

o N -~

In the next section we will see a very easy way to prove such equations, so
for now we leave these (still pretty easy) proofs as an exercise. O

arise as follows:

Also, just like what we established in Proposition for quantum maps,
we can always put cq-maps into a ‘normal form’:

Proposition 7.5 All cq-maps are of the form:

up to re-ordering some input/output wires.
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Proof The proof goes much like that of Proposition giving a standard
form for quantum maps. First, note that any time the classical wires from
a measure and an encode connect, this results in a quantum map:

Hence any cq-map can be written as a quantum map with some measure’s
on its outputs and some encode’s on its inputs:

l— quantum map

T/\@

Then, by re-ordering some inputs/outputs, we can bring all of the mea-
sure/encode processes together:

R I Y
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which gives a process of the form:

i (7.9)

Just like with discarding, multiple measure processes can be combined into
one process on a larger system:

{x‘ i B ZX ;X Z}XX = %jzi (7.10)

where the RHS is the measure process for the ONB:

V)

Encode processes can be combined similarly. Thus, combining the mea-
sure/encode processes in ([7.9) yields a process of the form (7.8]). O

ij

Then, just by purifying the quantum map ® above, we have:

Corollary 7.6 Every cq-map is of the form:

Remark 7.7 In this chapter, we’ll assume that every classical system car-
ries its own, ‘preferred’ ONB, which we’ll always write using white triangles.
Hence, the ONBs e.g. on the systems A and B in equation will be
different if A # B. In Chapter [8, where we study interaction between differ-
ent ONBs for the same system we will remove this assumption, but we will
then need to be a bit careful with the classical wires. We’ll explain this in

Section 8.2

So what does Definition [7.3] have to do with our efforts from the previous
sections? Before, we showed how to express quantum processes as single
linear maps:

B
q)ij ~ : 2 (I)ij/// (711)
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We can now show that such linear maps are indeed cq-maps. First roll all
of the ®;; together with doubled ONB states/effects:

‘|_r/ > $ D, (7.12)

Since this is a sum of quantum maps, by Theorem [5.68], ® is itself a quantum
map. So, the linear map (7.11)) is indeed a cq-map:

vl o
) = X ij/ = X Djj
ij

Conversely, any cq-map is of the form ([7.11)):

A

o] fob-
N
»
<—
Job
N
[E
<—
>
N

where:

q)ij = [ /

So for a generic cq-map, the quantum maps ®;; are precisely the branches
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of that map, which have been selected via classical inputs/outputs:

B
77 C 27

B

However, Definition of quantum processes included one important ex-
tra ingredient, which so far cq-maps are lacking. Namely, there is nothing
to guarantee that these branches, taken together, satisfy the causality pos-
tulate (5.77). To treat this in an elegant, sum-free fashion, we will require
one more diagrammatic ingredient...

7.1.5 Deleting and causality

Back before non-determinism came into the picture, we had a beautifully
simple equation which captured causality:

_,{7 - T
If we discard everything coming out of a process, we might as well just not
do the process and discard everything coming in. To extend this to cq-maps,

we just need to say what it means to ‘discard’ a classical system. For this,
we will introduce a new process called deleting:

T

It is clear from the name what such a process should do to any classical

value j:
% - (7.13)

but then, of course, since all of these classical values together form an ONB

this totally fixes deleting:
j? =3 Z% (7.14)

One might think that we need to put this into the theory of cq-maps by
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hand, but in fact, it’s already there:

‘E’ B39 ;% ;Z% Cf (7.15)

which of course makes perfect sense. If we encode some classical data as a
quantum system, then discard the system, this is the same as just deleting
the data. The following definition then pretty much writes itself:

Definition 7.8 A cqg-map is causal if:

P - 7T (7.16)

...and this is indeed equivalent to how we defined causality before:

Proposition 7.9 For a cq-map:

o / (7.17)

v

Definition [5.101] and Definition for causality coincide.

Proof The cq-map (|7.17)) encodes a quantum process:

7 | %
D, where D, = o /
| N

Assuming causality as in Definition [7.8] we obtain the following for all i:

AR

which is precisely the statement of causality from Definition [5.101] The proof
of the converse proceeds similarly. O
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Causal quantum maps now arise as a special case of this definition. Just
like with discarding for quantum systems, deleting is the unique causal effect
for a classical system. That is, for any causal effect on a classical system,

equation (7.16) reduces to:

- §

Measure and encode are also causal. We already ‘accidentally’ showed en-
coding was causal in equation (7.15)). The proof for measuring is very similar:

EELFYY

An important additional benefit of this new presentation of causality is
that many proofs about causality can now be done in exactly the same
way as the purely-quantum case. For example, proving the fact that the
sequential composition of two causal cq-maps is again causal is simply:

(7.16) (7.16)

AR S

v
=y
More generally, it is therefore also easily seen that any circuit diagram of

causal cq-maps is again a causal cqg-map. So, at last we are ready to define
the most important process theory in the book:

Definition 7.10 Quantum processes is the sub-theory of cq-maps con-
sisting of all causal cq-maps.

Since deleting is just the classical counterpart to discarding:
T < 1
Definition is just a minor update to our original slogan for causality:

If we discard/delete all of the quantum/classical outputs
of a quantum process, it may as well have never happened.

Thus we have succeeded (as promised) in extending the interpretation of
causality for quantum maps of Section to quantum processes which
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may also involve classical inputs and outputs. So classical and quantum
inputs, in the light of causality, are now on equal footing. Consequently,
statements about causality for quantum maps transfer straightforwardly to
quantum processes. For example, the results about non-signalling established
in Section now also apply to general quantum processes.

7.2 Classical maps from spiders

Great, we now have a proper process theory of quantum processes cap-
turing both classical and quantum systems as wires. This allows us to reason
about these processes using diagrams:

v / \e
:

Unfortunately, these diagrams contain some very specific linear maps, namely

measure and encode, and in order to establish all equations between dia-
grams we will unavoidably have to use their explicit forms:

# _ §7 ) X
(2
which involve ONB-states and sums. This is a bit of a pain.

In this section and the next we will do better than this. We will estab-
lish measure and encode as purely diagrammatic entities, which allow us to
derive equations between diagrams of quantum processes without ever
needing the explicit matrix forms of measure and encode again.

The key to doing so, it turns out, is to better understand what classical
processes are. While we have built up a pretty good repertoire of quantum
maps, we have still said fairly little about their classical counterparts. We
have seen one classical map already (deleting), and we will see a few more

of these before establishing that they all emerge as special cases in the next
diagrammatic revolution in this book: the rule of the spiders!
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7.2.1 Classical maps
By just restricting Definition [7.3] it follows that...

Definition 7.11 A classical map is a cq-map with only classical inputs
and classical outputs, that is, a linear map f of the form:

| :

f =1 (7.18)

and a classical process is a classical map that is causal:

- §

Writing a classical map out as a sum over its branches like in ([7.11]), we
obtain:

o/ = Z@
8%

Of course, quantum maps with no inputs or outputs are just positive num-

bers, so a classical map is really nothing more than a matrix of positive
numbers:

pl ps o D

. j@ piop3 o PR
p.
7 AF S

In particular, classical states are just vectors of positive real numbers:

sy - [T

For classical processes, causality reduces to:

Vi:Zpgzl
J

T

Y4

V22
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That is, classical processes have matrices with positive entries where each
column sums to 1. For classical states causality becomes:

zyo=1
j

so causal classical states are exactly probability distributions!

The matrices of classical processes are often referred to as stochastic ma-
trices, and the linear maps themselves as stochastic maps. ‘Stochastic’ is
essentially a synonym for ‘random’, and stochastic maps correspond to pro-
cesses acting on probability distributions where there can be some element
of randomness involved. Much like quantum processes are the most general
maps which send causal quantum states to other causal quantum states,
stochastic maps are the most general maps which send probability distribu-
tions to probability distributions.

Example 7.12 Imagine a process which takes in a classical bit, and with
probability 1/3 flips the bit (thus leaving the bit fixed with 2/3 probability).
We could describe this with the following stochastic map:

o ( ) (7.19)

zgyw@

we get a bit 0 out with probability % and a bit 1 with % If we input bit 1,

A deterministic classical process sends each ONB state to one (and only
one) ONB state, and hence acts like a function on classical values. Thus,
they take the following form:

Wi Wi
wWiny Wl

If we input bit zero:

Definition 7.13 A classical process f is called deterministic if there exists
an underlying function:

f:{l,...,m} > {1,...,n}
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= (7.20)

We will refer to deterministic classical processes as function-maps for
short. To see that any linear map described by (7.20]) is automatically a
classical process, it suffices to examine its matrix. Entries are all either 0 or

such that:

1, so of course they are all positive. Furthermore, there is precisely one 1 in
each column, so causality follows immediately.

Restricting Definition to states, we conclude that deterministic clas-
sical states are just ONB states, a.k.a. point distributions (cf. Section.
Deterministic states are the classical analogue to pure quantum states, since
they don’t arise from (non-trivial) probabilistic mixing.

Exercise 7.14 Show that, when:

YV -Lv

p is a deterministic classical state if and only if for all ¢ we have:

VY

Exercise 7.15 Recall from Remark that all of the notions in this
section depend on a particular choice of ONB for each classical type. Indeed,
if we express the matrix of a classical map or state in a different ONB,
typically the entries will no longer be positive. Find an ONB in which the
matrix of the stochastic map has non-positive entries.

We’ll now have a look at some very special classical processes.

7.2.2 Copying and deleting

In addition to deleting, which we have seen already, we can also copy classical
data. What may come as a surprise is that some discarding-related features
of quantum processes fail to have a classical deleting-related counterpart,
most notably purification. In other words, the ability to purify is a char-
acteristic feature of quantum processes. On the other hand, copying has no
counterpart for quantum systems (cf. Section, so this process witnesses
classicality. Hence, rather than considering no-cloning to be a shortcoming
of quantum systems, we will consider copiability (or, cloneability) to be the
characterising feature for classical ones.
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7.2.2.1 Deleting

As we saw above, deleting is the classical counterpart to discarding and is
therefore the unique causal effect for a classical system.
Similarly, the adjoint of deleting:

bo = b2y

is the classical counterpart to the maximally mixed state:

bL -2y

This classical state has a standard name:
Definition 7.16 The classical state:
1
54
is called the uniform probability distribution.

Just as we had a notion of reduced quantum states (see Proposition [5.33)):

given a state on two classical systems, if we delete one of the systems:

= X
K

we obtain a familiar operation from probability theory, called marginalisa-
tion. The classical state (a.k.a. probability distribution) x with one of the
systems deleted is called the marginal distribution.

While reduced states have natural classical counterparts, which have many
practical applications, here’s a remarkable shortcoming of the classical world:

Purification of quantum states has no classical counterpart.

In other words, it is not the case that any classical state can be realised
as the marginal of a deterministic classical state. The only deterministic
classical states on two systems are of the form:

VA%

Then, clearly deleting one system will again result in a deterministic state.
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Hence, the only states that can be ‘purified’ to a deterministic state were
deterministic in the first place!

Comparing this situation to the quantum case, we can represent proba-
bility distributions as quantum states (cf. Proposition :

2y

This is indeed a quantum state and hence can be purified:
Explicitly, for:

then we indeed have:

So the magic of purification comes from the fact that quantum states have
two ways of combining processes via summation, mixing and superposition:

;pi @7 Vs. double (2 NG @7)

and it is the latter which gives us enough extra flexibility to purify any
quantum state.

7.2.2.2 Copying

Definition 7.17 ...is the following classical map:

Y
TR
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This map also behaves as advertised on basis states:

R A -
v

In fact, a state is copied by \CP/ if and only if it is a basis state:

Theorem 7.18 Copying uniquely fixes an ONB. More specifically, for any
non-zero state

(0], e '

Proof First note that copying is an isometry:

(7.22)

r=—=—71 =71

Assuming (), this implies that:

52084

The only numbers such that p = p? are 0 and 1, so 1) must be normalised. By
Theorem [3.85] we know that normalised states which are jointly clone-able
by an isometry must be orthogonal. Since by , the ONB states are also
copied, it follows that ¢ must either be an ONB state, or be orthogonal to
every ONB state. But the only state that is orthogonal to every state in an
ONB is 0, so ¥ must be equal to exactly one of the ONB states. O

So, not only does fixing an ONB of classical states yield a copying map,
the copying map uniquely fixes an ONB. Moreover, copiability gives a dia-
grammatic characterisation for deterministic classical processes:
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Proposition 7.19 A linear map f is a function-map (i.e. a deterministic
classical process) if and only if it satisfies the following two equations:

p b -

Proof First, assume f is a function-map. By Definition [£.2] linear maps are
equal if they agree on an ONB, so we can prove the two equations above by
composing with ONB states:

The second equation is shown similarly. Conversely we have:

R 4

So f o1 is copied by the copy map, and it is furthermore non-zero by the
second equation in ([7.23]). Thus, by Theorem the state f o4 must be
an ONB state. Thus, we can define the underlying function f as follows:

54

The input and output systems of f (and hence the copy operations on the
LHS and RHS above) could be different. In particular, copying ONB states
is just the special case where the input of f is trivial.

O

One would expect that if we copy classical data, then the two identical
copies can be swapped freely. Also, if we copy one of the two resulting copies
again, both ways of making three copies are equal. This is indeed the case:
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Proposition 7.20 We have:

)
-y

(7.25)

and:

7.2.2.8 Copying and deleting

One would also expect that if we copy classical data, then delete one copy,
this is the same as doing nothing. Again, this is true:

Proposition 7.21 We have:

= (7.26)

Proof Unfolding the definitions we have:
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O]

Note that this immediately implies that copying is causal, since deleting
the outputs is indeed the same as deleting the input:

Remark* 7.22 Way back in Remark we said that copying is an ex-
ample of a comultiplication. Equations (7.24]) and (7.25) tell us that copying
is coassociative and cocommutative, which are the coalgebraic counterparts
to associativity and commutativity in algebra, respectively. Equation
tells us that deleting is the corresponding counit, which is the coalgebraic
counterpart to the usual notion of a unit in algebra. The equations in Propo-
sition then tell us that function-maps are comonoid homomorphisms.

In (5.48) we saw that cloning fails for general probability distributions
and indeed:

However, probability distributions can be broadcast. Indeed, we can inter-
pret broadcasting as the existence of a map we can apply to any classical
state p such that Aleks and Bob can each recover p just by deleting the
other system:

So, we have two equivalent ways to express probability distributions, as
well as the associated copying and deleting operations:



7.2 Classical maps from spiders 467

state %7 = ;pi@ @ = ;y’@
copy/broadcast \?/;: ZZI %ZSV ? = ; @@

delete/discard ? 1= ZZ:Z% —T_ = Zzl 4

7.2.2.4 Matching

...is the adjoint of copying:

LY
AN E g

This classical map takes two ONB states in. If those states are the same, it
sends that state out, otherwise it goes to zero:

e = & (7.27)
v

Remark 7.23 Matching, unlike its adjoint, is not causal. In particular, it
does not send probability distributions to probability distributions. It has a
clear meaning and will be a useful operation nonetheless.

We can now simply take the adjoint of equations ((7.24)), (7.25) and ((7.26))
to obtain corresponding equations for matching.

Proposition 7.24 We have:

= (7.28)

= % (7.29)
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- | = (7.30)

where the adjoint to deleting is:

é — Z %7 (7.31)

Remark* 7.25 The equations ([7.28]), (7.29)) and (7.30)) are the less exotic,
algebraic versions of the coalgebraic equations explained in Remark
namely associativity, commutativity, and unitality.

On arbitrary states:

RIS A I

matching multiplies matrix entries pointwise:

5 = 0 = X ¢ipld] = X 'e’
S

Written as an operation on matrices:
P! ¢! Yot

: * = (7.32)
oP PP ol

@\

This *-operation is sometimes called the Hadamard product or the Schur
product, and it extends to arbitrary matrices:

Exercise 7.26 Show that for any two linear maps f and g of the same

type, the diagram:
I
O
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yields the Hadamard product of matrices:

flo b 9t 9p figl - fbyb

I N RN e DR

1B gt 9D fPal - fBap
Example 7.27 Another use for the copying map is turning causal classical
maps into causal bipartite classical states. In probability theory, the former
are called conditional probability distributions, whereas the latter are called
joint probability distributions. Suppose we write down some probabilities in
terms of a classical map and a particular input state:

/N
PG li) = | f/ P(i) =
\/

In the language of probability theory, the probabilities P(i) are known as
priors. Along with the conditional probabilities, they are used to compute

\/

the joint probabilities P(ij), i.e. those of ‘i and j both happening’:

/N
P(ij) = PGP |i) =
\/

Since this gives a probability distribution, we can form a new classical state
on two systems as follows:

which gives us an expression of the joint distribution. The resulting state is
causal because f, p, and copying are.
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We can also go the other direction and turn a joint distribution into a
conditional distribution. For this, we need the inverse state:

AT

or equivalently, the unique classical state satisfying:

© - (7.33)

VAR

(If you are worried about dividing by zero, see Convention below.)
Then, thinking of:

as a ‘cup’, we can build the associated ‘cap’ using p~':

- (7.31)

This equation follows directly from and the ‘spider-fusion’ rule which
we will soon unveil. But in the mean time one can use the definitions of
copying/merging to prove concretely. Combining the cap and the cup
gives us a way to turn P(j | 4) into P(i | j), which is called Bayesian
1NUersion:
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Exercise* 7.28 For the classical map:

1/3 1/2
2/3 1/2
compute the associated joint distributions, for the following priors:
1 0 1/2
0 1 1/2
Then, compute f’s Bayesian inverse for these states.

Convention 7.29 In forming the inverse state above, we have implicitly
assumed that our probability distribution has full support, that is:

%7 = > pt %7 where Vi: p'#0 (7.35)

When we are free to choose the dimension of our classical system, this is no
loss of generality: we can always pass from any probability distribution to
one with full support in a lower dimension by getting rid of classical values
that occur with probability zero.

7.2.3 Spiders

We encountered the following classical maps which all admit a natural in-
terpretation as a classical data operation:

e copying and deleting :

e matching and the (unnormalised) uniform state:

AmENn dmEy

There is no need to stop here. We could also add, e.g.:

o states/effects representing perfect correlation of two classical systems:

Iy N =E R
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We can derive various equations (and their adjoints), which have natural
interpretations similar to (7.24)), (7.25)) and (7.26)), e.g.:

e Copying followed by matching equals doing nothing:

e ‘Copying’ the uniform state yields the perfectly correlated state:

Some of these equations even look familiar:

e (lassical data admits yanking:

m - (7.36)

Exercise 7.30 Prove the above equations between classical maps.

Imagine now a slowly growing crescendo in the background:

It would be natural to aim for all the equations that hold between these
classical maps. How many would there be? Maybe hundreds? Maybe an
infinite number? Now imagine a blast of a gong:
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There is only one! Indeed, all the equations that we have seen thus far are
in fact instances of one and the same equation. To see this, one first needs
to realise that all the classical maps that we have seen thus far are special
cases of one family of classical maps, which we call...

Definition 7.31 Spiders are linear maps of the form:

= Y (7.37)

Intuitively, spiders force all of the inputs and outputs to be the same basis
element. As such, sometimes it is helpful to think of them as a ‘big Kronecker
delta’; which is exactly what we get if we compute the matrix of a spider:

1. b

siin _ 1 fig=...=im=J1=...=jn
0 otherwise

The usual Kronecker delta:

51— 1 ifi=j
‘ 0 otherwise

arises as a special case, as the matrix of the identity map.
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Exercise 7.32 Prove the generalised copy rule for spiders:

(7.38)

which, for example, generalises equation (|7.21]) as well as ([7.27)).

From the definition, we can conclude a couple of things about spiders.
Firstly, a spider with only two legs is just a wire:

RN N A e

and secondly:

Proposition 7.33 All spiders are invariant under ‘leg-swapping’:

(7.40)

and conjugation (i.e. horizontal reflection):

Proof Both equations follow directly from ([7.37]). O

And now the grand finale...
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All of the equations for classical maps we have encountered so far can now
be subsumed by one simple rule:

If two spiders touch, they fuse together.

or, more precisely:

Theorem 7.34 Spiders compose as follows:

(7.42)

for k > 1.

Proof Unfolding the two spiders, we obtain:
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ni
——t

ni n2 ni+ng

2@:?:?& ) Zdﬂ@%v ; ﬂ
AP

Mhb b 4

mi m2 mi+mso

N —
ma2

O
We can now prove any of the equations from the previous sections by just

squashing the LHS and the RHS down to a single spider. For instance, this
equation involving copying:

R R

More generally, by (7.39) cups and caps are also spiders, so we can squash
diagrams of spiders into one big spider:

Corollary 7.35 Any connected string diagram consisting only of spiders
is equal to a single spider:

- »{ 749

Hence, such a diagram is uniquely determined by its number of inputs and
outputs, and we can establish equality simply by counting them.

We refer to this rule as spider-fusion.

Corollary 7.36 Spiders satisfy ‘leg flipping’, that is, if we bend one of a
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spider’s legs up or down, we get again a spider:

- % tm

and hence the transpose of a spider is again a spider.

Of course, combining this with the fact that spiders are self-conjugate, it
follows that taking the adjoint of a spider also yields a spider:

n m
—t ——t
f
—

—_— —_—
m n

Exercise 7.37 Prove using just the properties of spiders that the spider
with no legs equals the ‘circle’ (i.e. the dimension):

e

Exercise 7.38 As already pointed out in Remark [7.23] some spiders are
not causal. For correlating to be causal it suffices to introduce a normalisa-

o’

However, for comparing and matching no number would do the job, given
that for i # j we have:

tion factor:

ol-

O
0 = 0

vv VAR

More generally, which spiders are causal, which can be made causal by nor-
malising, and which cannot?

In Section we saw how one can encode bitstrings as basis states. We
can also associate spiders with them:
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Exercise 7.39 The spiders:

n

m mn

v vl

are associated with bits. Show that the following family of classical maps:

for the 2D basis:

\ m 7 mn

is also a family of spiders. Furthermore, show that it is associated with the
ONB of N-bitstrings:

(V-9 G- GT T Tb P

Remark 7.40 The equations:

o/ =\ N =N o)

which are required e.g. for ‘leg-flipping’, come from the fact that we have
chosen a self-conjugate ONB (cf. Section [£.2.3]). In a few (rare) cases, it is
useful to define spiders for non-self-conjugate bases, in which case we should
either drop these equations, or, fix them somehow (cf. Section* .

7.2.4 If it behaves like a spider it is one

Given the importance of spiders, we need to figure out how to recognise
them. That is, how can we distinguish a real spider, from say, a dodo in a
spider costume desperately trying to fight extinction?



7.2 Classical maps from spiders 479

In Theorem [7.18] we showed that the ‘copy-spider’ defines an ONB in
terms of the states that it ‘copies’:

TR B

So consequently, a family of spiders as defined in Definition [7.3T] always fixes
an ONB. Surprisingly, the converse is also true, and this is a highly non-
trivial result: any collection of linear maps that composes like a family of
spiders is in fact a family of spiders:

Theorem 7.41 Any collection of linear maps:

p
which satisfy: "
AN /= 1) =

X X X

and compose as follows:
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is a family of spiders. That is, there exists an ONB:

(vl

)

1 @@767

fin

= @iéié

Since we are mostly interested in spiders for self—conjugate ONBs (cf. Re-
mark [7.1)) we will now specialise this result to this case. Back in Proposi-
tion we saw that an ONB is self-conjugate if and only if:

Ay,

We now know that the RHS is just a spider with two outputs, so:

such that:

Corollary 7.42 The collection of linear maps from Theorem repre-
sents a self-conjugate ONB if and only if it additionally satisfies:

77 =\

The proof of Theorem [7.41] uses some techniques from representation the-
ory, and goes beyond the scope of this book. We do give some indication of
how it goes in Section™ But the punchline is that the equations which
we identified as holding for spiders actually ‘axiomatise’ these spiders, that
is, spiders and nothing but spiders can satisfy all of these. Therefore we call
these the spider equations. An important consequence is the fact that now
we can define ONBs, which at first seem totally un-diagrammatic, using the
purely diagrammatic concept of spiders.

Corollary 7.43 An ONB can be defined totally in terms of diagram equa-
tions, namely, the spider equations.

Furthermore, since spiders make sense in any process theory, copiable
states/effects do as well. Surprisingly, orthonormality is (nearly) automatic:

Exercise 7.44 Assuming that the numbers in a process theory satisfy:

M=) = Xe{01}
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(which is true e.g. for real numbers, complex numbers, booleans, etc), show
that the copiable states ((7.46)) for any family of spiders are always orthonor-

mal:
[N
...but they don’t always form a basis:

Exercise* 7.45 Give a family of spiders in relations whose copiable states
do not form an ONB.

7.2.5 All linear maps as spiders + isometries

The spectral theorem (Theorem lets one decompose self-adjoint linear
maps in terms of ONBs. Now that we know that ONBs are really all about
spiders, we can see that the spectral theorem means any self-adjoint linear
map has a spider hiding inside:

Theorem 7.46 Any self-adjoint linear map f admits a spectral decompo-
sition:

&—— unitary
’:f:7 = x— self-conjugate (747)

If f is moreover positive then r is a classical state, so any positive f decom-

—— unitary
’:f:7 = — classical state (748)

Proof By the spectral theorem f decomposes as follows:

7wl

poses as:
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for some ONB and real numbers r;. Then, let U be the unitary which sends
the ONB associated with the spider to the ONB above:

o
v

and let:

Then:

-
i

Also by Theorem [£.71] if f is positive, then the numbers r; are positive.
Hence r becomes a classical state. ]

2

= 2

2T
0

Decomposition ([7.48) tells us what’s ‘inside’ any positive linear map:

namely, nothing but spiders, unitaries, and classical states.
A slight variation of this decomposition allows us to express a positive

linear map in terms of a classical state with full support (cf. Convention
7.29)). This can be realised by making the system in the middle smaller, and
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replace the unitaries with isometries:

(— isometry

— classical state (749)

(with full support)

Exercise 7.47 Prove that any positive linear map decomposes as ([7.49)).

Furthermore, by relaxing the requirement that the isometry on the bottom
and the top be the same, we can obtain a decomposition which applies to
all linear maps:

Theorem 7.48 Any linear map f admits a singular value decomposition:

(— isometry
— classical state

(— adjoint of isometry

for some isometries U and V and a classical state p with full support.

Proof Since f1o f is positive, we can rely on the spectral theorem to de-

compose it as in ([7.49):
= % (7.50)

Now note that, since U is an isometry, the following is a projector (i.e. pos-
itive and idempotent, as in Definition 3

o
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Then, by the form of | -, it immediately follows that:

x~x

Hence, by Exercise 4 (which also follows directly from the spectral the-

orem), we have:
7/ D?
— = (7.51)
P/

W =Sy

with all ¢' # 0, we define two additional states:

which by (7.32)) satisfy:

Now, for:

v'v = (7.52)
v'v = (7.53)
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[v? — v/ (7.54)
O

We can now show that:

is an isometry:
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completes the proof. ]
By bending the wire, we also discover what’s ‘inside’ any bipartite state:

Corollary 7.49 Any bipartite state ¢ decomposes as follows:

O

v & classical state

Exercise 7.50 Show that when the two output systems of a bipartite state
1) are the same, it can be decomposed as:

u w & unitaries
O

v & classical state

Remark 7.51 The ‘sideways’ version of the singular value decomposition
for a bipartite state is often called the Schmidt decomposition.

7.2.6 Spider diagrams and completeness

In our definition of spiders we already singled out cups and caps as special
cases of spiders, which we referred to as correlating and comparing. But of
course, what defines cups and caps is the relationship between them, namely
that if we compose them we get an identity. This is in fact a direct instance

of the spider fusion rule ((7.34)):

This is kind of funny, to think about ‘yanking wires’ as a special case of
‘fusing spiders’, but that’s exactly what we established here, that:

Reasoning with string diagrams is an instance of reasoning with spiders!

Whereas a wire connects two ends together, a spider connects many ends
together. Spider-fusion is then all about connecting many things together
by means of multiple spiders.

And just like we could treat string diagrams either as ‘circuit diagrams +
caps/cups’ or as a new kind of diagram (cf. Theorem , we can do the
same with diagrams containing spiders:
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Definition 7.52 A spider diagram consists of boxes and wires that are
allowed to connect any number of inputs and outputs together.

Diagrammatically, we represent these ‘multi-wires’ as spiders, for example:

In the associated diagram formula (cf. Definitions and , We can

represent them just by repeating wire names as many times as we like:

— PPy CnG (7.55)

For ‘multi-wires’, it’s no longer clear which wire names correspond to in-
puts/outputs, so we mark inputs with a check (—) and outputs with a hat
(—). This for example allows one to distinguish:

Theorem 7.53 The following two notions are equivalent:

(i) spider diagrams and

(ii) circuit diagrams to which we adjoin spiders for each type.
in the sense that (ii) can be unambiguously expressed as (i) and vice-versa.

Proof We can translate a circuit diagram with spiders to a spider diagram
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just by fusing all of the connected spiders into single spiders:

-
&

In the opposite direction, if we replace caps/cups in the string diagram with
the corresponding spiders, we obtain a circuit diagram with spiders:

JHJ

Recall from Section that string diagrams are complete for linear
maps. That is, an equation between string diagrams holds for all Hilbert
spaces and linear maps if and only if the string diagrams are the same.

A\

O]

It is always possible that by enriching the diagram language, we could
break completeness. Since spider-diagram language is richer, we can write
down more equations (i.e. equations involving spiders), but can we still prove
them all? Thankfully, the answer is yes:

Theorem 7.54 Spider diagrams are complete for linear maps. That is,
for any two spider diagrams D and F, the following are equivalent:

e D=F
e for all interpretations of D, F into linear maps, [D] = [E].

We can thus make a statement analogous to the one about string diagrams:

An equation between spider diagrams holds for all Hilbert spaces
and linear maps if and only if the spider diagrams are the same.
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7.3 Quantum maps from spiders

Readers of the previous two sections might notice a suspicious similarity
between the notation for spiders:

and for measuring and encoding:

v 7

This is of course no accident. In this section, we’ll see how these are also a
certain species of spider. We’ll then take advantage of that fact to do some
pretty cool stuff. In particular, this will let purely diagrammatic rules like
spider-fusion do most of the hard work from now on.

7.3.1 Measuring and encoding as spiders

The whole point of cq-maps is to allow classical and quantum systems to
interact. Using our paradigm:

classical  thin/single wires

quantum  thick/double wires

we can express boxes whose inputs and outputs consist of both classical and
quantum wires. We saw in Section that quantum states can be turned
into classical data, and vice versa using measure and encode. Can we give
these two processes a form that is equally elegant to the spider form for
classical processes? Yes we can!

We have already seen maps that have a pair of wires in and a single wire
out and vice versa: the copying and matching spiders. However, rather than
treating these as operations on classical data, we can treat a pair of wires as
a single quantum wire, hence forming a bridge from classical to quantum:

q
|

b o L

|
—1J

Unfolding the definition of spiders, we see this indeed gives us measuring;:



490 Picturing classical-quantum processes

and taking the adjoint we obtain encoding.
Hence, we can understand what these processes do in terms of spiders.
For example, on ONB states, encoding unfolds as copying, so we obtain:

Similarly, measuring can be understood in terms of matching, so to see what
measuring does to an arbitrary quantum state p:

AR A

we can use the fact that measurement unfolds as matching:

That is, all non-diagonal entries of the matrix of p in the product basis are
gone, and the diagonal ones (which by Corollary are all positive) are
retained unaltered. As we already saw in Section[7.1.3] these diagonal entries
are the probabilities for the ONB measurement according to the Born rule:

A |
o ~ P(i| p)

N/

Corollary stated that we can always express a cq-map in terms of a
pure quantum map via measure, encode, and discarding. We can now give
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this generic form in terms of spiders:

)

But in fact, this simplifies further:
Exercise 7.55 Show that all classical maps are of the form:

Since this simplification relies on particular properties of linear maps, you

will need to use the following form for classical maps:

Clearly Exercise does not extend to more general cq-maps, since this
would imply in particular that all quantum maps are pure. As a special case

of Exercise we now know that we can always write a classical state p
as an ONB-measurement of some pure quantum state:
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} measurement
f } pure quantum state

Moreover, now that we know that encoding arise from the copying spider,
thanks to the diagrammatic form of the spectral theorem quantum states
arise from encoding classical states:

Proposition 7.56 Any quantum state p encodes a classical state:

~ .
U unitary
@ - } encoding

} classical state

Proof Unfolding the equation above yields:

w = Lo/ (7.57)
N/

for some f. This is just the bent-over version of decomposition (7.48)), which
exists thanks to the spectral theorem. ]

Remark 7.57 The presence of the unitary U is necessary since we opted
for self-conjugate ONBs throughout this book. Otherwise, as we show in
Section™ the decomposition could look as follows:

} encoding
} classical state

In addition to simplifying classical maps, we can also exploit the fact that
measuring and encoding both are spiders ‘in disguise’ to produce some more
equations:

Proposition 7.58 We have:

1. Encoding followed by measuring is equal to doing nothing:

- (7.58)
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2. Encoding’s transpose is measuring:

m = # (7.59)

3. Measuring followed by deleting yields discarding:

$ = —T— é = JT— (7.60)

4. Encoding followed by discarding yields deleting:

? = 7 i - (7.61)

Proof All of these equations follow from unfolding the doubled parts and
applying spider-fusion:

r—-"

Fo 0

O

The fact that discarding decomposes as in the first equation of
allows us to produce a new version of Proposition which said that a
quantum map separates when the reduced map is pure. Besides discarding
quantum outputs, this also applies to deleting classical outputs:
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Proposition 7.59 If the reduced map of a cq-map is pure:

=17 (7.62)

)

then the process ® separates as follows:

D I@f

for some (causal) classical state p (a.k.a. probability distribution).

Proof By equation ([7.60), equation (7.62)) is equivalent to:

o | = |/

so by Proposition [5.80] we have:

L
® - /) = f
where we set:
and which is causal by causality of measure and p. O

Also, several things that were derived earlier using sums, can now be
derived diagrammatically, for example:

Exercise 7.60 Prove diagrammatically that classical maps are self-conjugate:

l

\{J:f

Use this result to show that for function-maps we have:

l

7 - 7
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7.3.2 Decoherence

This section is dedicated to a very important (and infamous!) quantum
process. We say infamous because it has a bad habit of messing up the nice
pure quantum states physicists try to prepare in their labs, which makes
building things like quantum computers very difficult indeed.

Equation ([7.58]) indicates that if we go from classical data to classical data
via a quantum system, the classical system remains unchanged. However,
measurement is only a one-sided inverse of encoding. That is, if we com-
pose the maps in the opposite order, this most certainly does not leave the
quantum system unchanged, due to the invasive nature of measurement, so:

#* while =

Definition 7.61 Decoherence relative to an ONB is the quantum process:

In fact, we already encountered this process in the proof of Proposition
which gave a normal form for cq-maps. There, we relied crucially on the fact
that this process was a quantum map. Now that we know measuring and
encoding are spiders, this follows just from spider-fusion:

(7.63)

We still need to show that decoherence is not equal to the identity, but
we can actually say something much stronger. Not only is it not equal to
the identity, it is not even pure:

Proposition 7.62 Decoherence is not a pure quantum map.

Proof Suppose decoherence is a pure quantum map. Then, for some linear
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map f we would have:

But then, using spider-fusion, we have:

s
7

i.e. the identity is disconnected, so decoherence cannot be pure. ]

When looking at the diagrammatic form of decoherence, the fact that it is
not an identity should not come as a surprise. While the input and output are
doubled, in the middle the quantum system seems to be ‘squeezed’ through
a single (classical) wire. Hence, something that lives in two wires is forced
into one wire (which will in general come with some data loss) before being
injected back into two wires. In physical terms, this means that a quantum
state is forced to become classical, and then quantum again.

On the other hand, once decoherence is applied to a quantum system,
the damage is done. That is, a second application will leave everything un-
changed:

Lemma 7.63 Decoherence is a projector.

Proof Decoherence is clearly self-adjoint, and also idempotent:

O

In particular, we can now identify a subset of decoherent states p, i.e. those
which are unaffected by (further) decoherence:
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What are these states? Since decoherence is the composite of measure and
encode, we already know from the previous section what it does to the matrix
of a quantum state:

Hence it preserves exactly those states whose non-diagonal entries are all
zero. Stated equivalently:

Theorem 7.64 Decoherence preserves a quantum state p if and only if it
encodes a probability distribution, i.e. is of the form:

%7 = gpit% (7.64)

Exercise 7.65 When defining decoherence as a completely positive map
(cf. Remark , what does it do to density matrices?

For qubits, the Bloch ball (see Section [5.2.7)) provides a nice geometri-
cal picture of what decoherence does to states, and which states are left
unchanged by (further) decoherence. Decoherence projects every state onto
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the axis passing through the two ONB states:

(7.65)

Recall the correspondence:

I T

which in sum-free terms can be rewritten as:

This correspondence says that a quantum output to which decoherence is
applied behaves just like a classical output. In fact, this correspondence ex-
tends to arbitrary quantum processes. By plugging measuring and encoding
maps at its classical inputs and outputs we can turn any cq-map:

into a quantum map:
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where the presence of a classical input/output of the cqg-map we started from
is now witnessed by the presence of decoherence. We also easily recover this
cg-map by plugging encoding and measuring maps:

= O
e/ = L2/
?

The moral of the story is:
Decoherence forces quantum systems to behave as classical systems.

For a quantum map, this can be directly seen by drawing a picture. When we
compose decoherence with the inputs and outputs of any quantum process,
at its core it becomes classical:

Since decoherence forces a quantum system to behave like a classical one it
shouldn’t come as a surprise that decoherence is no friend to anyone wishing
to exploit quantum features to, for example, build a quantum computer. In
practice, what often happens to quantum systems in the real world is that
they undergo some partial decoherence:

(I-p) | +p

where the longer we try to store a system, the greater the value of p. The
time it takes for p to become 1 is called the decoherence time, which typically
is very very small. One of the biggest challenges in building a quantum
computer is to get this time to be as long as possible while still being able
to interact with the quantum system in interesting ways.

Exercise* 7.66 Characterise partial decoherence without using sums.



500 Picturing classical-quantum processes

7.3.3 Classical, quantum, and bastard spiders

In this section, we will see how measure and encode arise as members of a
new species of spider. In fact, all of the calculations in the rest of this book
consist of letting different spider-species meet and interact with each other.
In this section, we perform a bit of spider-taxonomy by distinguishing three
types of spiders: classical spiders, quantum spiders, and (most interestingly)
bastard spiders.

We already know what classical spiders are:

Definition 7.67 A classical spider is a spider with only thin legs:

...and we also know how they compose:

Now, since these classical spiders are linear maps, we can turn them into
pure quantum maps by doubling them:

Definition 7.68 A quantum spider is a quantum map of the form:

>}< .= double (%) =
Since equations between linear maps carry over into the doubled world
(cf. Corollary [5.16) we also know how they compose:

Corollary 7.69 Quantum spiders compose as follows:

(7.66)

Example 7.70 (GHZ state) Important examples of quantum spiders are
quantum spider states. We have encountered one already: the two-system
quantum spider state, which is just the Bell-state:
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o/ -\

The three-system quantum spider state:

-

is called the Greenberger-Horne-Zeilinger (GHZ) state, and has many im-
portant applications. For example, in Section we will provide a proof
of quantum non-locality based on it. Written in terms of an ONB, the qubit
GHZ state is:

& (G v )

Since it is related to the (doubled) copying spider as follows:

G-y

by Theorem it characterises a (doubled) ONB.
Simply by relylng on copying it follows that if any of the three systems is
in one of the basis states of this ONB, then so are the other two:

ds ve o

The other n-system quantum spider states:

are usually referred to as generalised GHZ states.

The third type of spiders contains both classical and quantum wires. We
have already encountered two extremely important examples:

7 v

More generally, we can use measure and encode to connect any classical
spider to any quantum spider:

(7.68)
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in order to obtain a whole family of classical-quantum hybrids. When un-
folding the doubled spider we see that we can fuse all the dots together into
a single dot:

Therefore, the most general spiders that we can obtain using (7.68)) are the
following ones, which only involve a single (non-bold) dot:

Definition 7.71 A bastard spider is a cq-map of the form:

That is, they are the spiders obtained by interpreting some pairs of legs of
a classical spider together as doubled systems (a.k.a. folding), while leaving
others single.

Owing to the fact that it only consists of a single (non-bold) dot, a bastard
spider with no quantum legs is the same as a classical spider, but a bastard
spider with no classical legs is not a quantum spider:

For example, decoherence is such a bastard spider with one quantum input
and one quantum output:

_ % _ # (7.69)

while the corresponding quantum spider is the identity:

b

A
!
|
|
|
|
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Also discarding is a bastard spider:

T - = B - f (7.70)

whereas the quantum spider with one quantum input is a pure (non-causal)

quantum effect:

Of course, bastard spiders also fuse together:

However, the result may not always be a bastard spider e.g.:

To understand bastard-spider fusion, including fusion with classical and
quantum spiders, one should think in terms of two species of spiders rather
than three, namely:

e ‘single-dot’ spiders := classical spiders + bastard spiders
e ‘double-dot’ spiders := quantum spiders

The resulting theorem then becomes:

Theorem 7.72 Any composition of spiders involving at least one single-
dot spider yields a single-dot spider, for example:

Put somewhat differently:

Corollary 7.73 Any connected diagram of classical, quantum, or bastard
spiders must be equal to one of the following:

1. a quantum spider if it contains only double-dots,
2. a classical spider if it has only classical inputs/outputs, or
3. a bastard spider otherwise.
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The paradigmatic example of a single-dot spider that is not a classical
spider is decoherence, which forces quantum systems to behave like classical
systems. Theorem generalises this fact to the world of spiders, where
single-dot can be interpreted as ‘being infected by classicality’.

Example 7.74 In equation ([7.63), we showed that decoherence is a quan-
tum map. We can now see this proof as an instance of bastard spider-fusion:

Example 7.75 When we measure one system of three systems in a GHZ
state we obtain a bastard spider:

If we measure all three systems we end up with a classical spider:

This classical spider describes the classical outcomes of the measurement.
Writing it in an ONB in the case of a qubit:

VAR AAY

we see that in all three measurements we will obtain the same outcome,
although this outcome may be either 0 or 1. This again follows from the

generalised copy rule:

...which also extends to quantum and bastard spiders:

o (7.71)
A A
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ol XX (7.72)

Also as with classical spiders, quantum /bastard spiders can be combined

to form product quantum/bastard spiders on compound systems:

In the case of bastard spiders, we only allow classical legs to pair with
classical legs and quantum legs with quantum legs. In particular, the mea-
surement/encoding maps for compound systems are just the obvious things:

vy ? ¢

7.3.4 Mixing with spiders

Spiders enable us to define mixing, for which we previously relied on sums,
entirely diagrammatically. First, let’s take a moment to recall what ‘mixing’
means for quantum processes. A mixture (cf. Definition gives us a
way to represent a situation where we have one of several possible quantum
processes, but we aren’t sure which. In other words, there is some classical
randomness associated with how we obtained this process, which can be
expressed as some probability distribution fed into a controlled quantum
process. In fact, we can easily show that every mixture arises this way:

The quantum process with a classical input represents the things being
mixed, and the probability distribution p represents the mixing itself. We
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can obtain the components of the mixture by means of ONB-states:

= | &

Let’s now re-visit some of the results from Chapter 5| on mixing. Firstly,
the fact that every mixture of causal quantum maps is again a causal quan-
tum map (cf. Theorem [5.72)) follows from the fact that composing causal
cg-maps:

yields again a causal cq-map. In this case there are no classical inputs/outputs,
so it is indeed a causal quantum map. The fact that every mixture can be
interpreted in terms of discarding part of a system now follows from bastard
spider-fusion:

i B fau s
v @

The fact that every causal quantum state can be regarded as a mixture
of pure causal quantum states (Theorem , is simply the fact that any
quantum state encodes a classical state (Proposition [7.56)):

@:U

and the fact that these states can always be chosen to be orthonormal is
already built in:
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We’ll now use this diagrammatic form of mixing to prove something we
didn’t prove yet, namely, that if the result of mixing quantum processes is
pure, then all the processes that have been mixed must be pure, and in fact
equal to the result of mixing. For this, we will assume that the probability
distribution p used in the mixture has full support (cf. Convention ,
which makes sense, since a component with probability 0 contributes nothing
to the mixture anyway.

Proposition 7.76 If a mixture is pure:
% P
%:Lr‘l’ "9

Proof First, we represent any mixture as a reduced cq-map:

I
5 ¢

By Proposition [7.59] the cq-map must separate as follows:

%@

)

then:

(7.73)

k)

k)
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We assume p has full support, so apply p~! to both sides:

)

so bending the classical wire down gives:

[ @ _ A.A 7 (7.74)

Finally, the fact that the classical effect in (7.74) must be deleting follows
from causality of ® (which also implies causality of f). This can be seen
by plugging any causal state p into the quantum input and discarding the
output:

%%%%? R4

O]

While this proof is entirely diagrammatic, it establishes a geometric prop-
erty of the space of quantum states, namely that each pure state is ‘extremal’
i.e. no pure state can be decomposed as a non-trivial mixture (a.k.a. convex
combination). For example, in the Bloch-ball:

pure processes

mixtures
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7.3.5 Entanglement for impure states

Mixing with spiders will in turn allow us to provide a full characterisation
of quantum entanglement which applies not only to pure states, but all
quantum states. We will furthermore give a diagrammatic proof that this
reduces to ®-separability for pure states.

The tricky part about entanglement for impure states is that, by means of
mixing, we can obtain ®-non-separable processes even in cases where there
is nothing like quantum entanglement going on. Suppose for example we
have a mixture like this:

(7.75)

Now, we have two processes in a mixture, but rather than being controlled
by two independent classical states, these processes are controlled by the
same classical state, as indicated by the presence of a copying map. So, even
though we don’t know which process actually happens, we at least know
that whenever:

051

happens on the left,

must happen on the right. That is, they are classically correlated. While
the diagram as a whole is connected, the part that connects the two com-
ponents is entirely classical. Such a connection is of a completely different
nature from, for example, the quantum cups that we have been exploiting
for deriving all kinds of quantum features.

Thus, to properly define entanglement, we should say not only that a
quantum state doesn’t separate, but also that it is not merely connected by
classical correlations.
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Definition 7.77 A bipartite quantum state p is entangled if it cannot be
written in the following form for some quantum maps ®; and ®s:

W = ‘Ig_j; / (7.76)

If a state is not entangled then we call it disentangled.

Even though we define disentangled states using the classical cup (i.e. ‘per-
fect correlations’), we could equally well use any classical correlations, as we

did in ([7.75) above:

Proposition 7.78 A bipartite quantum state p is entangled if it cannot
be written in the following form for some quantum maps ®; and ®5 and
probability distribution p:

VA4

W - (7.77)

Proof If a state is disentangled as in Definition then:

so it is indeed in the form (7.76)). O
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Example 7.79 Using process state duality, decoherence gives rise to a
classically correlated state of the form ((7.76)):

voRL

Back in Chapter p| when we defined entanglement for pure states as ®-
non-separability, we didn’t know anything about classical wires. However,
this still arises as a special case:

Proposition 7.80 If a pure bipartite quantum state is disentangled in the
sense of Definition then it is ®-separable.

Proof First, just like in the proof of Proposition we represent any
disentangled quantum state as a reduced state:

Since the bipartite state obtained from deleting a classical system is pure,
by Proposition the whole state must separate as follows:

o/ [a./ _ €7 UQ/ (7.78)

for some causal classical state p. So there exists at least one basis state i
such that:

/\
\/

# 0
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Hence we have:

57 (0] « Ao/ [o7 v/ [/

o

N AL

/
VA

Hence it follows that:
Corollary 7.81 The quantum cup is entangled.

Having diagrammatic forms at hand for many quantum features, we can
now easily investigate how these relate. For example, what happens if we
apply decoherence to one of two systems in a Bell state? It disentangles:

SREE.

This is an instance of a more general fact:

Theorem 7.82 Decoherence destroys entanglement, that is, if we apply
decoherence to one of two systems in an entangled state, then it disentangles.

Proof We have:

7.4 Measurements and protocols with spiders

We will now use spiders to give diagrammatic presentations of all of the fam-
ilies of quantum measurements and quantum protocols we have encountered
so far, without all of the branches and sums.

Non-demolition measurements are cq-maps of this shape:
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&—— outcome

quantum system

while controlled-unitaries have a dual shape:

quantum system

CONETO] e,

By wiring together maps like these, we will give graphical presentations of
teleportation, dense coding, and entanglement swapping.

We top off this section by revisiting Naimark dilation. By translating it
to the language of cq-maps and spiders, this now becomes a tautology.

7.4.1 ONB measurements

==
= I |
.}

—
! I
ol

For the measurement:

we used the same basis for the measurement effects as we did for the classical
outcomes:

classical outcome

measurement effect

Of course, there is no reason that we should assume these bases are the
same, so arbitrary (demolition) ONB-measurements are quantum processes

of this form:
5 Z

But by Proposition we know that we can obtain measurements in any
ONB by applying a unitary to some fixed ONB, so it follows that:
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Corollary 7.83 Every demolition ONB measurement is of the form:

5 (7.79)

where U is a unitary quantum process.

v

is of course a special case, where U is the identity. The measuring process

The simple measuring process:

also has a non-demolition counterpart, which leaves the quantum system
intact but sends every state to an eigenstate of the measurement, depending
on the measurement outcome. We can picture this as measuring, followed
by encoding;:

However, we should also get the classical value out at the end, so before
feeding it in to encoding, we make a copy:

g - V (7.50)

If we expand this as a sum, we see it captures the expression of a non-
demolition ONB measurement as a cq-map:

outcome state

/ classical outcome
g
\

measurement effect

In particular, it is a bastard spider, and we can show causality by bastard
spider-fusion:
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Teries

If we discard the quantum output, we obtain the demolition measurement

el

On the other hand, if we discard the classical output, we get decoherence:

we had before:

- # - (7.81)

As in the demolition case, we express a general non-demolition ONB mea-
surement in terms of bastard spiders and a unitary:

Proposition 7.84 Every non-demolition ONB measurement is of the form:

where U is a unitary quantum process.

Exercise 7.85 First show that Exercise extends to quantum spiders
and bastard spiders. Then, use the following instance of this result:

B

to prove Proposition
Remark 7.86 Equation ([7.81) gives us another way to understand deco-
herence:
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delete measurement outcome

non-demolition ONB-measurement

We made a big point in the previous chapter that quantum measurement is
just some sort of quantum process. It represents an interaction between a
quantum system and well...us. A happy result of this interaction is that we
get some information about the quantum state: a measurement outcome.
Decoherence is what happens to a quantum state when some interaction
with its environment causes the state the collapse, as if it had been mea-
sured. Unfortunately, it’s a particularly bad kind of measurement, because
it happens spontaneously and we don’t even get to know the outcome!

7.4.2 Controlled unitaries

In order to diagrammatically present the protocols over the next few sec-
tions, we need to represent a controlled isometry as a single cq-map:

Since we can recover the individual isometries as follows:

pick ith isometry
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a controlled isometry is a cq-map such that, for all i:

%ﬁ

= (7.82)

()}

A controlled unitary then additionally satisfies:

/T

% - (7.83)
ra

N

With the help of spiders, we can roll these indexed sets of equations into

single equations:
@I’:

is a controlled isometry if and only if it satisfies:

Proposition 7.87 A cq-map:

= (7.84)
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and is moreover a controlled unitary if and only if it additionally satisfies:

Vs
- (7.85)
NN

Proof We will show the equivalence of (7.82)) and ((7.84). First, assume
(7.82) holds for all i. Then:

Since the LHS and RHS agree on all ONB states, (7.84) follows. Conversely,
assuming ((7.84)), for all i we have:

The equivalence of (7.83) and ([7.85)) follows similarly. O

Exercise 7.88 Complete the proof of Proposition That is, extend it
to the case of controlled unitaries.

We can also ask if a controlled isometry as a whole is itself an isometry.
It turns out this is the case:
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Proposition 7.89 A quantum process:

\—ﬁl— (7.86)

satisfying equation (7.85) is an isometry up to a number.

Proof We have:

i = — ~ (7.87)
N

Exercise 7.90 Is (7.86) unitary if we also have ([7.84))?

7.4.3 Teleportation

General teleportation can now be presented as follows:

(7.88)
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and its adjoint occur in the diagram, which will enable us to invoke Proposi-
tion to cancel them out. However, in each of those two occurrences the
cg-map is playing a very different role. On the one hand, it is a controlled
unitary obeying equations and . On the other hand, it is used

to construct an ONB measurement:

We now know, by Corollary that we obtain an ONB measurement
precisely when we have a unitary followed by the measure process:

$—————— measurement

&— unitary (789)

Unitarity of the marked map means that the following two equations hold:

/[ U o

< _ _
= - - (7.90)

W g

In particular, if each of the input systems are D-dimensional, the output

system must be D?-dimensional for the above map to be unitary. So, if each
input system is a qubit:

&— four outcomes

1
1
: &— unitary
1
1

Remark 7.91 Note that unitarity has taken the place of the equations

(5.79) and (5.80|) which we used in Section to give a generalised tele-
portation protocol. In either case, these guarantee an ONB of measurement

effects. This is not necessary for teleportation to ‘work’. For that, we only
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need to be causal, and hence only the first of equations needs to
hold. This corresponds to having more measurement outcomes than strictly
necessary, e.g. Aleks could perform a POVM measurement by flipping a coin
and deciding to perform one of two ONB measurements.

We can now show that (7.88)) correctly implements teleportation:

: Aleks . Bob : : Aleks . Bob :
=
- ol o~ |
| N\ | . |
vy W

where the last step uses Proposition [7.89

In case you didn’t notice yet, there is something slightly weird about the
manner in which we have described teleportation until now. Aleks’ mea-
surement outcome is used by Bob to do the appropriate correction, but then
this measurement outcome seems to have been deleted from everyone’s note-
books and memories. In reality, we expect to get some classical data out at
the end, corresponding to the measurement outcomes Aleks got. We can fix
this by making a copy of the classical data before it is ‘consumed’ by the
controlled unitary:

Interestingly, now we need the full power of equation (7.85) to prove cor-
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rectness, rather than its reduced version as in ([7.87):

We can now also give a clearer (sum-free) picture of what happens if we
delete the classical data immediately after the measurement and don’t do
any correction at all, as we did in Section That would now look this:

(7.92)

7.4.4 Dense coding

Recall from Section [7.1.2] that dense coding is the protocol where Aleks uses
quantum systems to send classical data. He does this by using his classical
data to perform a controlled-unitary on half a Bell state, then sending his
half to Bob, who can then recover Aleks’ data by measuring both quantum
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systems together. As a diagram, dense coding looks like this:

i (7.93)

where the first step uses (7.90)), i.e. unitarity of the marked boxes. So, in
order to prove correctness we rely on a different equation than we did for
teleportation, something that we already pointed out in Remark

7.4.5 Entanglement swapping

Recall from Section that entanglement swapping is a protocol that
swaps the entanglement among four quantum systems, by means of a non-
demolition measurement on two of those systems. To realise the protocol,
we start with Aleks and Bob each sharing a Bell state with a third party
(in this case Dave the dodo). Dave then performs a non-demolition variant
of the measurement we were using before:
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This is indeed a non-demolition ONB measurement by Proposition [7.84]
The outcome of this measurement then needs to be copied to two controlled

unitaries, which perform corrections. So, the whole protocol looks like this:

~

We can simplify by using bastard spider-fusion and the controlled-isometry

equations to eliminate all of the U maps:

where we use Proposition [7.89| twice.
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7.4.6 von Neumann measurements

In Section we showed that a von Neumann measurement can be defined
as a quantum process obeying the collapse postulate, that is, for all 7, j:

(7.95)

We can now write a von Neumann measurement as a single cq-map:

P

whose associated projectors can be recovered as follows:

/ test for ith projector

~

P

Hence (7.95) now becomes, for all i and j:

(7.96)

Proposition 7.92 A quantum process:
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is a von Neumann measurement if and only if it satisfies:

= — (7.97)

Proof First, assume ((7.97)), then using:

{ }
O &7 Z% (7.98)
we obtain:

N

Conversely, by assuming ((7.96), we can show similarly that the LHS and
RHS of (7.97)) agree on all classical ONB effects. Hence they are equal (cf.
the proof of Proposition [7.87)). O

Equation has a direct operational reading. von Neumann measure-
ments have the property that if we measure once, then measure again, we
should always get the same result the second time. Equation captures
this as follows: if we measure twice, we will get precisely the same output
as if we measure once, then copy the measurement outcome.

Example 7.93 The non-demolition ONB measurement given by ((7.80) is
a von Neumann measurement, letting:

=y

Then, using bastard spider-fusion we have:
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A

so, again using bastard spider-fusion:

-

Exercise 7.94 Show that the more general form of a non-demolition ONB
measurement, as presented in Proposition is a von Neumann measure-

ment, and that more generally, for any unitary U:

)
(TN

is a von Neumann measurement.

Just like before, we obtain demolition von Neumann measurements by
discarding the quantum output of the associated non-demolition measure-

ment:

7.4.7 POVMs and Naimark dilation

In the previous chapter, we defined a demolition POVM measurement as any
quantum process consisting of effects. Thus, a ‘demolition POVM measure-
ment’ is really just a generic process from a quantum to a classical system:

o

As we saw in Section ‘non-demolition POVM measurements’ are
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just quantum processes where each of the branches is pure. As a cq-map,
this becomes:

U (7.99)

We showed in Section that these are already generic enough to recover
all demolition POVM measurements by discarding the quantum system.

It is easy to see how causality for the cq-map translates into causal-
ity for the underlying pure quantum map U:

TE T
_Iﬁ_/z_lﬁ_/:—T— (7.100)

Since U is pure and causal, it is an isometry by Theorem m

Exercise 7.95 Extend ([7.100) to the case of arbitrary cq-maps. That is,
show that for any quantum process:

i (7.101)

we can always choose the quantum map @ to be causal. Conversely, show
that for any causal quantum map @, the associated cq-map ([7.101]) is causal.

Let’s now have another look at Naimark’s dilation theorem (cf. Theorem
, which states that any non-demolition POVM measurement can be
expressed in terms of an isometry and an ONB measurement. The non-
demolition POVM measurement is a causal cq-map, hence U is an
isometry. Thanks to our representation of quantum processes as cq-maps:

=

r a -~
I % | 6= ONB-measurement

S —
POVM-measurement —» - |
| é— isometry
U ‘ ,
|

there is nothing left to prove!
Combining this result with Stinespring dilation for causal quantum maps,
we obtain a simple alternative presentation of quantum theory:



7.4 Measurements and protocols with spiders 529

Theorem 7.96 Quantum processes are linear maps of the form:

where U is an isometry.
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7.5 Summary: what to remember

1. The theory of quantum processes (a.k.a. quantum theory) is the pro-
cesses theory of classical-quantum maps:

classical output quantum output

classical input quantum input

which are moreover causal:

where:

S AU N

Equivalently, by Stinespring dilation, quantum processes are linear maps of
the form:

where U is an isometry.

2. The theory of all classical-quantum maps admits string diagrams. It
includes quantum maps and classical maps as subtheories, where the
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latter consists of processes of the form:

They compose as follows:

4. An example of a classical spider is copying:

LYY
T oER

In particular, copying determines an ONB:

R A

Another example is deleting:

P =z

which, as we saw in 1 above, plays a key role in stating causality. Namely,
it is the classical counterpart to discarding:

F oo
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5. By doubling classical spiders, or, pairing certain legs:

A< ()

we obtain quantum spiders and bastard spiders, respectively. Quantum spi-
ders compose just like classical spiders:

whereas any composition of spiders involving at least one single-dot spider
yields again a single-dot spider:

6. An example of a quantum spider is the GHZ state:

- (3

Examples of bastard spiders are measure and encode:

b - b - 143

which we also already encountered in 1 above. In particular, all cq-maps can
be obtained by composing pure quantum maps, measuring, and encoding;:

71,/
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Another bastard spider is decoherence:

which models a quantum state degrading to a classical state.

7. Any linear map f decomposes as:

&—— isometry

’:']:7 = — classical state

&—— adjoint of isometry

for an appropriately chosen spiders, and bipartite states decompose as:

“ w &— isometries
O

v &— classical state

All quantum states p encode classical states, via:

0’ } unitary
@ - } encoding (7102)
} classical state

8. Mixing a set of processes of the same type by means of a probability
distribution p can be represented as a cq map:

i

By (7.102)) every causal quantum state can be regarded as a mixture of pure
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causal quantum states. If a mixture is pure:

)

then:

=)
)

9. A bipartite quantum state is entangled if it cannot be written in the form:

e r D,

R

or, equivalently, if it cannot be written as a mixture as follows:

10. Demolition ONB measurements and non-demolition ONB measurements
are of the following forms respectively, for some unitary U:

A~

U

~

U

Non-demolition von Neumann measurements are quantum processes:

P satisfying = =
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Demolition von Neumann measures are the same, but with the quantum
output discarded. Demolition and non-demolition POVM measurements are
quantum processes of the following forms:

~

$ U

In particular, U must be an isometry by causality, so Naimark dilation now
boils down to two different readings of the same diagram:

1 -
| &—— ONB-measurement
I

POVM-measurement —

-
1
1
1
1
|
|

~
|
| &= isometry
|
|

11. Controlled unitaries can be defined as follows:

Vs
ol s ?

This enables us to give totally diagrammatic presentations of quantum pro-
tocols such as quantum teleportation:

()}

()}

and dense coding:
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7.6 Advanced material*

In this advanced material, we elaborate a bit on what spiders are, from
a more (co)algebraic perspective. In fact, if we drop the commutativity
requirement, we discover how they become a graphical tool to study C*-
algebras, which is one of the hotbeds of algebra research. Then we briefly
discuss how spiders for non-self-conjugate ONBs look. They turn out to have
some hairs on their legs! And if all that wasn’t scary enough, we’ll see in the
last section that we’ve got spiders coming out of our mouths too!

7.6.1 Spiders are Frobenius algebras*

We introduced spiders as a species of creatures with any number of legs that
fuse when they ‘shake legs’:

However, this is quite different from the usual way one defines these pro-
cesses, and in fact, not the way we originally encountered them. Usually
they are defined in terms of something that may be more familiar to math-
ematicians:

Definition 7.97 An associative algebra on a vector space V consists of a
pair of linear maps:

A VRV SV L:C-V

such that /3)\ is associative and has unit 6:

A 4

This is the same as having a multiplication operation on elements of V'
which is linear in both arguments, associative, and unital. However, the
benefit of writing it this way is it’s very easy just to turn everything upside-
down! It’s a common convention in category theory to call something a
‘co-Thing’, if it is a Thing with all of the maps turned upside-down:
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Definition 7.98 A coassociative coalgebra on a vector space V consists of
a pair of linear maps:

\Q/:V—>V®V ?:V—>C

such that \Q/ is coassociative and has counit 9:

EETAR

The most obvious way to get such a thing is to let V' be a Hilbert space
rather than just a vector space, and take the adjoint of an associative algebra:

v o= (A) ? = (&)

While algebraic structures may be quite familiar, coalgebraic structures
might be less so. Perhaps one of the reasons for this is they tend not to be
very interesting in process theories where ® behaves like a cartesian product.
For example, if we replace linear maps with functions in Definition
the only coassociative coalgebras are the ‘universal’ copying functions:

\Q/ X > X x X oo (z,2)

However, when ® is non-cartesian, as with linear maps, we have lots of
interesting coalgebras, and more importantly, we can define interesting struc-
tures that have both an algebraic and a coalgebraic part. Our key example
is this one:

Definition 7.99 A Frobenius algebra consists of an associative algebra
( /é\, 4) and a coassociative coalgebra (p/, ?) that additionally satisfy the
Frobenius equations:

A K- A
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We can define ‘spider-like’ maps using a Frobenius algebra:

»3< = (7.103)

However, for these spiders to fuse as in Theorem [7.34] and for the species
to be closed under taking adjoints we need a particularly ‘special’ kind of
Frobenius algebra:

Definition 7.100 A dagger special commutative Frobenius algebra (f-
SCFA) is a Frobenius algebra that additionally satisfies:

¥ - () - ;é/g

Evidently, the f-part of -SCFA takes care of horizontal reflection, while
the SC-part guarantees the following:

Proposition 7.101 Spiders defined as in ([7.103)) for a {-SCFA compose
as:

Proof (sketch) It suffices to show that any connected diagram consisting
of (/8)\, 4, \Q/, 7) can be rewritten into a canonical form, just using the
Frobenius algebra equations:

of - &

In particular, two connected spiders can be rewritten into a canonical form,
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which will be one big spider. This can be shown by induction over the number
of dots in the diagram. O

One thing that is notable is that none of the definitions in this section
make use of any vector space structure, so they actually make sense in any
dagger symmetric monoidal category.

The algebraic presentation of spiders enables us to use standard theorems
from algebra to prove that they always define an orthonormal basis:

Theorem 7.102 For any f-SCFA, the set of states {¢;}, such that:

always forms an ONB. Thus, every family of spiders uniquely determines
(and is uniquely determined by) an ONB.

Proof (sketch) The proof goes in two stages. First, one can show that the
algebra part of a {-SCFA is always semi-simple. Semi-simple algebras (which
we won’t define here) are well-understood, especially in finite dimensions,
thanks to Wedderburn’s theorem. This theorem implies in particular that
any associative algebra that is semi-simple and commutative is actually iso-
morphic to a direct sum of copies of the trivial algebra on C:

C C C
As A e b e & (7.104)
c lc c lc c lc

This ‘trivial algebra’ might look strange, since we don’t usually draw wires

for C. It’s actually just:
fgi
C C

which is obviously associative, and has as its unit also the empty diagram.

The algebra ([7.104) always has a basis of copyable states, which look like
this:

.. oD d...00

Then, the fact that (\Q/ )7 = /é)\ suffices to show that any basis of copyable
states must be orthogonal, and furthermore:
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implies that it must consist of normalised states. O

7.6.2 Non-commutative spiders*

In Theorem [7.102] we saw that a f-SCFA fixes a unique ONB. So what
happens if we drop some of the letters in ‘-SCFA’? If we drop the S of
‘special’, then, rather than ONBs, we obtain orthogonal bases. If we drop the
T, but retain the S, then, we obtain arbitrary bases. That’s quite interesting.
However, if we start to mess around with the C of commutative, then even
more interesting things happen. We can’t just drop C, but replace it with
something weaker:

Definition 7.103 A dagger-special symmetric Frobenius algebra (f-SSFA)
is a Frobenius algebra that additionally satisfies:

o= (4) - é%

This definition looks almost the same as before, but note that the third
equation not longer has an output. Despite this seemingly minor change,
T-SSFAs are actually much more general than their commutative cousins.

Theorem 7.104 Every finite-dimensional C*-algebra is isomorphic to a
T-SSFA, and vice-versa.

Thus, the (less familiar) notion of f-SSFA is actually just a diagrammatic
version of the (more familiar) notion of C*-algebra. Crucially, this allows
non-commutative, quantum algebras, in addition to the classical, commuta-
tive ones. The most important of these is the Frobenius algebra we associate
with a double wire.

Exercise 7.105 Show that the following linear maps define a {-SSFA:

1 N
@/K\ P @\/ e

which we will call a pants algebra.
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Applying map-state duality (and ignoring the %), we can see that the
pants algebra just takes a pair of linear maps and composes them:

These pants algebras are often called M, in the literature, referring to the
fact that they essentially perform matrix composition. Among all of the
T-SSFAs, they play a very ‘special’ role (heh heh, get it?).

Recall that classical maps are cq-maps of the form:

o/ = ] f f \ (7.105)

where the dots on the top and bottom are spiders (a.k.a. -SCFAs). If we
now generalise this to T-SSFAs, then we could, for instance, take these to be
pants algebra. In that case, something very nice happens:

Proposition 7.106 A linear map & is a quantum map if and only if there
exists some linear map f such that:

(7.106)

Proof The RHS of (|7.106|) is already in the form of a quantum map. Con-
versely, any quantum map takes the form:
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for some g. This can be put in the form of ((7.106| m by taking:

-l

The numbers in ) then cancel with the resulting circle. O

It may not be immediately obvious what we win here, given the equivalent
form of a quantum map is actually more complicated than the one
we started with. However, now the condition of being a classical map and
being a quantum map is always , where the only thing that varies is
the algebra. In other words, we can treat classical and quantum types on
the same footing. What’s more, if we have two {-SSFAs on systems A and

gives us a -SSFA on the system A ® B. So, we can additionally treat arbi-
trary ®-compositions of classical and quantum systems in the same way as
our basic types by means of . All the information about which parts
of the system are classical and which parts are quantum is then encoded in
the resulting algebra.

Hence, it makes sense to think not just of a Hilbert space A as a type, but
the pair (A, O) consisting of A and a -SSFA on A. Using this as a guide,
we define a new process theory from an old one:

Definition 7.107 The process theory CP*[linear maps] has as types
pairs (A, O) consisting of a Hilbert space A and a f-SSFA on A, and processes
from (A, ;5\) to (B, /(5\) are linear maps ¢ from A to B of the form:

' f/éxf
=

Lo/
for some linear map f.

In fact, cq-maps are precisely those maps on CP*[linear maps] whose
types are ®-compositions of classical and quantum systems, thus:

cq-maps < CP*[linear maps|
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The full process theory of CP*[linear maps] contains ‘fully classical’ and
‘fully quantum’ systems, as well as some extra stuff in-between:

. v commutative
VP

fully quantum fully classical

This ‘extra stuff’; includes ®-compositions of classical and quantum systems,
as well as more general semi-classical (or sometimes called ‘super-selected’)
systems, which arise as direct sums of quantum systems. This general direct
sum-form for systems in CP*[linear maps| follows from Wedderburn’s
theorem, which was mentioned briefly in the proof of Theorem

Note that the only thing we used about the process theory of linear maps
to define CP*[linear maps] is that it admits string diagrams, so we can
play this ‘CP*’ game with other process theories (or monoidal categories)
and see what comes out. The results can sometimes be surprising! For ex-
ample, CP*[relations] yields a process theory whose types are groupoids
(i.e. certain mathematical objects that generalise groups) and whose maps
are relations preserving some of the groupoid structure.

7.6.3 Hairy spiders*

In Sections[7.2.4)and [7.3.1] we made reference to spiders for non-self-conjugate
ONBs. So how would those look? In Remark we said that one solution
was simply to drop the equations:

W/ =\ AN =N @

or ‘fix’ them to account for conjugation. In fact, we already done this for
certain ‘two-legged’ spiders in Section™ [3.6.2

L {

We can throw in dots:

W, M

and add some extra legs:
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In Section [3.6.2] we used arrows to distinguish a system A from its dual
system A*. This has the handy side-effect that the conjugate of a basis state
has a different type from the state itself:

AR A

and similarly, the adjoint has a different type from the transpose. Hence
the arrows on the legs of a ‘hairy’ spider tell use which basis states/effects
should be conjugated:

i
T E R

We have, by definition, fixed the cup/cap equations ([7.107]):

WU

and whenever a spider has one ‘in-arrow’ leg and one ‘out-arrow’ leg it is a
wire:

The rules of the game are now that spiders can only ‘shake legs’ when the
orientations of the legs match. Note in particular that now a new kind of

cups/caps arises:

which still satisfy yanking equations:

(-

Similarly, there are several variations on our good old copying spider:
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which can fuse with other hairy spiders, e.g.:

In Remark we stated that the unitary in the decomposition:

~ .
U unitary

@ } encoding

} classical state

of any quantum state p was necessitated by the restriction to self-conjugate
ONBs. Now, setting:

we can drop U and obtain a perfect symmetry between classical-as-quantum

and quantum-as-classical decompositions:
} measurement } o
encoding
;; % } quantum state i % } classical state

7.6.4 Spiders as words*

In Section* we say that sentences can be represented using diagrams.
Spiders play a role in this story as well, since they can be used to represent
relative pronouns:
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Here, the spider combines ‘he’ with ‘hates Bob’, in order to return whatever
obeys these two properties, that is, being a (probably) human male, as well
as hating Bob.

So, not only is this book is full of spiders, but in fact every book!
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7.7 Historical notes and references

The diagrammatic representation of classical data was initiated in |[Coecke
and Pavlovic| (2007), in which spider-less but fully diagrammatic definitions
of controlled unitaries, von Neumann measurements, and teleportation were
given. The passage to spiders took place in |Coecke and Paquette (2008).
Much earlier, in Davies and Lewis (1970), the classical data produced by
quantum measurements was also represented in terms of an ONB. How-
ever, no distinction was made between the spaces in which the classical
data was represented and in which the quantum systems were described.
The two vs. one wire paradigm and an early form of the resulting classical-
quantum maps were introduced in|Coecke et al.| (2010a)). Representing ONB-
measurements as bastard spiders was first done in |Coecke et al.| (2012]).

‘Bastard’ was the original name of the band Motorhead, but Lemmy
changed it after being told that a band by the name of Bastard would never
get a slot on Top of the Pops. This won’t matter for our spiders given that
Top of the Pops doesn’t exist anymore. RIP Lemmy and Lil’ Philthy.

These days, there are several diagrammatic presentations of quantum the-
ory on the market: Chiribella et al.| (2010); [Hardy| (2012). However, in these
presentations, classical data is always treated non-diagrammatically. On the
other hand, the fundamental importance of purification as a characteristic of
quantum theory (cf. Section|7.2.2)) was put forward in Chiribella et al.| (2010,
2011)). A study of the connection between distinguishability and copiability
within process theories is done by |Chiribella; (2014).

Dense coding was first proposed in [Bennett and Wiesner| (1992) and its
diagrammatic treatment appeared first in |(Coecke and Pavlovic| (2007). The
paper of (Coecke and Paquette| (2008)) gives a diagrammatic proof of Naimark
dilation, but that proof is un-necessarily complicated, as compared to the
one that we presented here. The diagrammatic representation of Bayesian
inversion of Example* is taken from (Coecke and Spekkens| (2012).

The notion of a Frobenius algebra is due to Brauer and Nesbitt| (1937)
but was first presented in its modern, categorical form by |Carboni and Wal-
ters| (1987). The fact that (special) commutative Frobenius algebras have
canonical forms (i.e. spiders) that ‘fuse’ together comes from a ‘folk theo-
rem’ relating Frobenius algebras to geometrical objects called cobordisms. A
standard reference is (Kock, 2004). An explicit proof of the ‘spider’ form for
special commutative Frobenius algebras was given using distributive laws
by Lack (2004). The fact that spiders characterise bases is from (Coecke
et al., 2013b). Though the authors there rely on the spectral theory of C*-
algebras to show that copiable states form a basis, our presentation relies on
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the (much older) classification theorem of Wedderburn| (1906). Completeness
for spider diagrams was given by Kissinger| (2014b).

The connection between f-Frobenius algebras and C*-algebras (cf. Re-
mark is from (Vicary} [2011). The CP*-construction, a categorical
construction which gave rise to the process theory CP*[linear maps] of
Section was given in |Coecke et al| (2013)). An axiomatization of this
construction, similar to the axiomatization of quantum maps of Section*
[.6.2] was done by [Cunningham and Heunen| (2015), the relationship be-
tween this process theory and quantum logic (cf. Section*[6.6.2)) is discussed
in (Coecke et al| (2013a)). Characterisations of classical and quantum sys-
tems in terms of information-theoretic constraints were investigated using
the CP*-construction in [Heunen and Kissinger| (2016]), generalising the C*-
algebraic results of Clifton et al.| (2003).

There is also a body of work that aims to classify spiders in relations,
rather than in linear maps. This is actually not so weird, given that
land Walters| (1987) introduced Frobenius algebras in order to axiomatise
relations. This effort started with (Coecke and Edwards| 2011) where it
was observed that there were some unexpected spiders, which don’t arise
from ONBs. After that Pavlovic| (2009) classified all spiders in relations,
and Heunen et al.| (2012b)) extended this to the case of non-commutative
Frobenius algebras.

Within the context of natural language meaning, relative pronouns in

terms of spiders appeared in [Sadrzadeh et al. (2013, 2014)). More recent

work in this area that emphasises even more the structural connection with
quantum theory can be found in |Piedeleu et al| (2015)); Balkir et al.| (2016));
Bankova et al.| (2016).
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Picturing phases and complementarity

When spider webs unite, they can tie up a lion.
— Ethiopian proverb.

In the previous chapter spiders entered the picture. Their initial role seemed
essentially just to shuttle classical data around, or provide transit to and
from ‘planet quantum’, leaving all of the interesting, fully-quantum stuff to
happen inside some generic quantum process:

Since we can’t apply any of our funky rules like spider-fusion, this ‘black
box’ is basically a diagrammatic dead-end. This chapter is about ‘opening
up’ those boxes. We already half-opened the boxes in Section when we
showed that all linear maps, and hence all quantum maps, consist of spiders
and ‘black box’ isometries. We will now finish opening those boxes.

What do we find inside? An arachnophobe’s worst nightmare: more spi-
ders, of course! Unlike here on earth, where the arthropods’ role has been
reduced primarily to food or fertiliser, in this book, they become the domi-
nant species, and in fact, the only one!

Indeed, by the end of this chapter, we will be able to build arbitrary maps
using just spiders. But before we get there, we need to further diversify
the spider population. These (final) additions to the graphical language are
motivated by two key notions in quantum theory: phases and complementary
(a.k.a. mutual unbiasedness).

Phases are ‘decorations’ that can be carried by a spider:

These decorations have two important features. Firstly, when spiders fuse,
their decorations combine together:
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Secondly, these decorations are the stuff that doesn’t survive the passage
from the quantum to the classical realm. Indeed, when a decorated quantum
spider makes any attempt to make contact with the classical realm, its dec-
oration vanishes:

As foreshadowed in the previous chapter, we will now also consider spiders
of different colours:
% VS' »<
which represent different ONBs. These spiders of different colours no longer
fuse, but they still should interact in a simple way. In fact, how they interact
is kind of the opposite to fusing. Whereas spiders of the same family like

each other, complementary spiders do not, and the resulting spider-wars will
cause some serious loss of limbs:

2
=)
=

That is, spiders of the same family fuse together while, when complementary
spiders ‘shake legs’, those legs fall off (but always in pairs). If we take the
essential part of the above equation:

~ (8.2)

T

b
T

there is a clear operational reading for complementary basis:

and write it in terms of bastard spiders:
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(encode in ©) THEN (measure in ©) = (no data transfer)

While complementarity seems to be saying something about what we
‘can’t do’, equation proves itself to be quite powerful. In particular, we
will sketch out how to exploit complementarity for quantum cryptography in
Section 8 6, Even more useful than equation (8.2) are these equations:

BENEN

which are satisfied by particularly nice pairs of complementary spiders called
strongly complementary spiders. While they are only a very recent player in
the field of quantum research, these new equations aren’t ad hoc at all, and
have already been around for quite a while in a variety of disciplines of pure
mathematics, where they are the defining equations of a bialgebra.

These new equations provide significantly more proving power, so much
more in fact that these, along with the (decorated) spider-fusion laws form
the core of a set of equations called the ZX-calculus, which are complete for
proving equations between a large class of quantum maps called Clifford
maps. The ZX-calculus will become our graphical Swiss-army knife in the
following chapters as we study applications in quantum computing, quantum
foundations, and theories of (quantum) resources.

8.1 Decorated spiders

So lets start decorating...

8.1.1 Unbiasedness and phase states

From now on, we will refer to a family of spiders (or equivalently, an ONB
via Theorem [7.41]) simply by a dot of the appropriate colour e.g. O.

Definition 8.1 A normalised pure state is unbiased for O if we have:

(8.3)

or equivalently:
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So what does this mean? In the LHS of we see a quantum state 12
being measured. In the RHS of we see the uniform probability distri-
bution. So, what is required here is that measurement of YZJ\ yields a uniform
probability distribution over all outcomes, or in other words: the quantum
state 7,2 has no bias towards any of the measurement outcomes, and hence,
is ‘unbiased’.

We can also restate Definition [8.1]in terms of the Born rule:

5%5

That is, for each outcome the Born rule gives the same probability. The
converse also holds:

Exercise 8.2 Show that a normalised pure state is unbiased for an ONB-
measurement if for all i we have:

Example 8.3 We could ask what the analogue would be in probability
theory. There, an ‘unbiased probability distribution’ would be one which
has the same probability for each ‘outcome’ i. Of course, there is only one,
namely, the uniform probability distribution itself. Hence, the notion of an
unbiased probability distribution doesn’t give us anything new.

Evidently, unbiasedness for quantum states does give us something new,
otherwise we wouldn’t have defined it. In order to establish that for an ONB-
measurement there exist many unbiased states, let’s have look at what the
matrix form of an unbiased state is. Using the correspondence given in ,
the LHS of is the Hadamard product of ¢ with its conjugate. Hence,
written in terms of matrices, equation becomes:

YOy

ol

B"‘

W'wD—l
that is, for all 7 we have:

VY=
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We saw in Section that numbers satisfying:
Yyt =1

can always be written as e!® for some angle a € [0,27). Thus there exist

complex phases af,...,ap such that:
¢ 75
: = : (8.5)
wD—l % eiap_l

So there are indeed many unbiased quantum states!

The reason for the % in the matrix entries of the RHS of equation

|D is the presence of % in equation 1' which itself comes from the
normalisation of the quantum state :

%: E3) i _

We can get rid of these numbers if rather than normalising 12 we set:

@:D

These un-normalised unbiased states 12 will play such a crucial role in the
diagrammatic language that we have a special name for them:

ol

Definition 8.4 A phase state for O is a pure state 12 that satisfies:

= é (8.6)

For phase states, equation (8.5)) gets replaced by:
,lpO eiao
: = : (8.7)

¢[;—1 eiaD_l

Since doubling eliminates global phases (cf. Proposition , we can assume
without loss of generality that ap = 0 (otherwise just multiply the whole
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state by e~*0). Consequently, a phase state 12 is uniquely fixed by a list of
the remaining D — 1 complex phases:

a:=(ag,...,ap_1)

Because of this fact, from now on we denote phase states as follows:

(8.8)

Convention 8.5 Since our notation for phases is invariant under horizon-
tal reflection, we indicate conjugation by introducing a minus sign:

cJalic

We will see why we have chosen this notations in Section [8.1.4]

We denote the transpose as:

and hence the adjoint becomes:

The defining equality for phase states now becomes:

or equivalently:

Q = é (8.10)
By , the phase data & is totally obliterated as soon as it comes into
contact with the classical world via measurement. Thus:

|phase := the data destroyed by the quantum-classical passage

While the ONB-states represent purely classical data, phase states rep-
resent the opposite notion: they are extremely non-classical, or ‘maximally
quantum’. This goes hand-in-hand with the fact that unbiased states, and
hence phase states, have no meaningful classical counterpart (cf. Example
. It should then also come as no surprise that they will play a crucial
role in many quantum features that also have no classical counterpart. We’ll
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elaborate more on this essential non-classicality of phases in the following
section.

Before we do so, let’s have a look at where phase states live on the Bloch
sphere. In the case where the dimension D = 2, a phase state depends only
on a single complex phase a. In that case, we have:

o (;a) (8.11)

so the form of a phase state simplifies to:

@ — double <€(7 + em@> (8.12)

Recall from Section that any 2D pure state can be written in Bloch
sphere coordinates as:

double (cos Q %7 + sin Qem @)
2 2

Then, states of the form of (8.12)) are precisely those where § = 7/2. In
other words, they live on the equator of the Bloch sphere:

v

LT

Remark 8.6 In most other texts on quantum theory phases are introduced
in this geometric manner. However, we defined phase states entirely in the
language of spiders, without using any other ingredients of linear maps:

(8.13)

spiders
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So they are intrinsic to the diagrammatic language. One consequence of this
is that they are also meaningful in many other process theories, as we shall

see in Section [[0.2.2]

Example 8.7 When comparing the representation of phase states on the
Bloch sphere to the picture of Exercise we see that the X-basis states

are in fact phases for O:

1é>‘ /
|
Hence we have:

= L - 1
V2 V2
This can be seen as the first indication of the gradual spider-takeover hap-
pening through the course of this chapter.

iS

Exercise* 8.8 The D-dimensional generalisation of this ONB of phases
is called the Fourier basis:

{\/15 @}J where @ = % o Btk @7

Prove that the Fourier basis is in fact an ONB. During your calculations,
the formula for a finite geometric series could come in handy:




558 Picturing phases and complementarity

8.1.2 Phase spiders

Since phases constitute ‘maximally quantum’ data, we will primarily use
them to ‘decorate’ quantum spiders. To decorate a quantum spider, we sim-
ply plug a phase state at one of its legs:

Definition 8.9 A phase spider is a pure quantum map of the form:

(8.14)

Note that by Proposition it doesn’t matter which leg we pick. Fur-
thermore, it doesn’t matter if we plug a phase state into an input or the
transpose of a phase state into an output:

As an immediate consequence we have:

Proposition 8.10 The transpose of a phase spider is a phase spider with
the same phase. In particular, if a phase spider has the same number of
inputs as outputs, it is self-transposed.

Using the matrix form of a phase state:

= double

Z 6i0¢j
J

and the generalised copy rule (7.38]), we obtain the matrix form of a spider:

— double gzjg

As before, we can remove a global phase and assume oy = 0. So, in 2D, this
simplifies to:

= double @7 .... %7 + e €7 ..... @
pog hoi "7 ALK
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Whenever a decorated quantum spider attempts to make contact with the
classical realm, it loses its decoration:

Theorem 8.11 If any leg of a phase spider is measured, its phase vanishes:

(8.15)

O]

In Section we showed that decoherence witnesses classicality, in
that decoherence-invariant inputs/outputs behave the same as classical in-
puts/outputs. Hence one expects decoherence to not be a big fan of phases
either:

Corollary 8.12 Decoherence erases phases:

(8.16)

A phase state itself is a special case of a phase spider, in which case
equation ([8.16)) specialises to:

o 4= 4L
6

In Section we showed that we can picture decoherence on a 2D system
as projecting on to the centre line of the Bloch ball. This gives us a geometric
picture of how decoherence destroys phases. The phase states on the equator
all get projected to the middle i.e. the maximally mixed state:
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v

T

Exercise 8.13 Show that more generally, whenever a phase spider fuses
with any bastard spider, the phase vanishes:

(8.17)

8.1.3 Phase spider fusion

So, we now know what happens when a phase spider fuses with a bastard spi-
der, but what about when two phase spiders fuse together? Using quantum
spider fusion we have:

The RHS is again a phase spider:

Lemma 8.14 Let & and 5 be phases. Then:

0 (8.18)

is a phase state, and hence:
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is a phase spider.

Proof Using bastard spider fusion we have:

So equation (8.9) is indeed satisfied for the state (8.18). O
By introducing some new notation for this combined phases, we have:

Theorem 8.15 Phase spiders fuse as follows:

=  (a+3 (8.19)

where we used the shorthand:

S dy

Clearly the order of @ and 5 is irrelevant:

and we can extend this notation straightforwardly to n phases, obtaining a
‘decorated’ version of Corollary

Corollary 8.16 Any diagram consisting only of phase spiders and which
is moreover connected is itself a phase spider, whose phase is the sum of the
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phases of each of the component spiders:

(8.20)

So why did we choose to write this ‘phase mingling’ as a sum? Let’s have
a look at what is happening with the underlying linear maps. First, note
that when we multiply two complex phases, the angles add together:

010 piB _ gila+B)

Then, by expressing (8.18)) as a Hadamard product (7.32)), we have:

1 1
el gif eiloa+p1)
Q PN . _
e @ elD—1t8D-1 etlap—1+8p-1)

Hence the resulting phase is indeed the pointwise sum of the two phases we
started with:

a+p:= (1 +p1,...,ap—1+ Bp-1)

In two dimensions, this simplifies to:

A 1 1
e @ hne ciagiB | T\ gila+B) < (a+8
We conclude this section with an analogue to Corollary [7.35

Corollary 8.17 When phase spiders are composed, then, if the resulting
diagram is connected, it only depends on:

e the number of inputs and outputs, and,
e the total sum of the phases.
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8.1.4 The phase group

In the previous section, we saw how spiders can be used to define a ‘sum’
operation for phase states. In this section, we will see that the set of phase
states in fact forms a commutative group. You may have already encountered
groups in algebra, but in case you haven’t, here’s a quick review:

Definition 8.18 A commutative group is a set A with:

e a group-sum operation that returns a + b € A given any a,b € A,
e a distinguished element 0 € A called the unit, and

e an operation inverse that returns —a € A given any a € A,
which satisfy the following equations, for all a, b, c € A:
a+(b+c)=(a+d) +c a+b=b+a a+0=a —a+a=0

These equations are typically referred to as associativity, commutativity,
unitality, and the inverse law, respectively.

Taking phase states to be group elements:

-
we have already identified a candidate for the group-sum:

AH—F S < a+b
@ @

So it only remains to find the unit and the inverse:

Lemma 8.19 Let @ be a phase. Then:

$

Proof Using bastard spider fusion we have:

:ﬁozé

So equation is satisfied. We can show that the conjugate of a phase
state is again a phase state by conjugating both sides of :

are phase states.
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:é

Theorem 8.20 For any family of spiders O, the set of phase states:

lol,

form a commutative group where:

Sy
b

;:

Proof InLemmas and we already established the candidate group-
sum, unit and inverse. So it only remains to verify the group equations.
Associativity, commutativity, and unit laws follow from spider fusion:

P AS A

For example, in the case of associativity we have:

e the group-sum is:

e the unit is:

e the inverse is:

@ _ @

J @
0J0O10 0J0610
B+7 a+p
a+(B+7) (@+8)+79



8.1 Decorated spiders 565
Then, the inverse law arises by doubling ({8.10)):

O =$ (8.21)
T

—a+a
which completes the proof. O

So, using just spider-rules and the definition of unbiasedness we showed
that the phase states always form a group. In particular, we never made any
reference to the explicit form of phases:

é:mm@%@)

Exercise 8.21 Show using the following properties of complex numbers:
¥ =1 gla = g~
that 0 and —@ can be given explicitly as:
0:= 0,...,0) and —a:=(-0q,...,—ap_1)
respectively.

In the case of D = 2, we can represent a phase by just a single angle. In
that case, the phase group has elements represented by angles a € [0, 27),
and the group-sum is addition of angles, i.e. addition modulo 27:

YOO (Y

The inverse is just sending an angle to its opposite angle:

_ N :_aC

For obvious reasons, this is sometimes called the circle group. In slightly
more sophisticated language, this group is also called U(1), owing to the
fact that phases are the same thing as 1 x 1 unitary matrices:

eioé PN (eia)

In higher dimensions, we just get more copies of U(1). That is, the phase
group is always of the form:
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Ul)x...xU(1)
D~1

8.1.5 Phase gates

We already encountered phase states as one particularly important example
of phase spiders. We will now study another one that plays a central role in
the remainder of this book.

Definition 8.22 A phase gate is a quantum process of the form:

m)

As with all phase spiders, taking the adjoint (or equivalently the conju-
gate) of a phase gate introduces a minus sign to its phase:

N LR PR

As a consequence:
Proposition 8.23 Phase gates are unitary.

Proof Using spider fusion we have:

g0 4

Composing in the other order similarly yields the identity. O

Hence, phase gates are prime examples of quantum gates (cf. Sectionm
and Example [5.13]).

Example 8.24 Picking up where we left off in Example phase gates
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allow us to write quantum circuits that have no classical counterpart:

A set of quantum gates is universal when arbitrary unitaries can be obtained
as a quantum circuit including only gates of that set, and we shall show in
Section that a set consisting of the quantum CNOT-gate and phase
gates is universal. Consequently, phase gates play a central role in quantum
computing.

Since phase gates are examples of phase spiders, the group structure from
the previous sections carries immediately over into phase gates, e.g.:

Corollary 8.25 For any family of spiders O, the set of phase gates:

).

forms a commutative group where:

e the group-sum is:

e the unit is:
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e the inverse is:

So what do these phase gates actually do? We can figure this out by
looking at how they act on phase states:

So a phase gate with phase 5 sends a phase state with phase @ to another
phase state with phase @ + 8. In 2D, this corresponds to a Bloch sphere
rotation about the axis fixed by the two basis states:

Since phase gates are unitary, and unitaries correspond to rotations on the
Bloch sphere (cf. Proposition [6.2), it immediately follows that phase gates
rotate all states around the Z-axis:
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. %
G v

v

569

Unsurprisingly, the matrices of phase gates are closely related to the ma-

trices of their associated phase states. For:

(where we take a := 0) we obtain:

Hence, for a phase state:

H e;

ezanl

the matrix of the associated phase gate is:

0 ¢ ... 0
6 6 e eia‘f)—l

For D = 2, the matrix of a phase map is of this form:

1 0
Oeioz
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Example 8.26 In Example we already encountered the three-system
GHZ-state. When we apply a phase gate to each of the systems we obtain:

ONONO S o
o

While this is a seemingly innocent application of phase spider-fusion when we
interpret this equation physically the implications are somewhat shocking!
Assume that the three parties that perform the three phase gates:

Aleks Bob Dave

are so far apart that when they perform their phase gates, light does not
have the time to travel between them.

While the choices of the angles «, 8 and y are made independently, at very
distant locations, the resulting state only depends on the group-sum of the
three phases. So if, for instance, these phases would have been permuted, the
resulting state would be the same. This hints at the fact that these processes
are interacting instantaneously over a long distance. The diagram literally
shows that it is as if the three phases are travelling backward in time to
meet up with each other:

and in contrast to our discussion in Section [3.4.3|which involved (non-causal)
caps, all the processes involved here are perfectly causal. Of course, all of
this happens at the level of a quantum state, and naive measurement kills
the phases, and hence all the magic:

R

Below in Section [8.3.3] we will pick this story up again and show that an
alternative choice of measurements won’t kill the magic.




8.2 Multicoloured spiders 571

8.2 Multicoloured spiders

Spiders of the same species happily mate and mingle their phases. However,
it is not all love and peace in spider-land. Now we introduce spiders of
distinct species, and expose the carnage when these species clash.

As we did in Section we will represent two distinct ONBs, and now
their associated spiders, using different colours:

This will enable us to consider measurement and encoding operations in two
different bases, and in particular, to study how these operations interact.

8.2.1 Complementary spiders

The concept of a phase state (a.k.a unbiasedness) has a very clear interpreta-
tion as proper quantumness and gave rise to diagrammatic creatures called
phase spiders. A simple diagrammatic rule that concerns how spiders of dif-
ferent colours interact yields a related, and perhaps even more important
concept:

Definition 8.27 Spiders O and © are complementary if:

L d
O
b

= (8.24)

T

So what does this mean? In the LHS of (8.23]) we are encoding classical
data in the white basis then measuring in the grey one. Then, (8.23) says

(8.23)

or equivalently:

Sl=

this is equivalent to just deleting the classical input:

T

and outputting a uniform probability distribution:

54
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Thus the classical data at the input vanishes and is replaced by randomness.
In summary:

(encode in 0) THEN (measure in ©) = (no data flow) (8.25)

Remark 8.28 Note that the uniform probability distribution arising from
a O-measurement is given as a O-spider. We’ll say more about this in Sec-

tion [R.2.41

Condition says that the white basis is a very poor way of encoding
classical data with respect to the grey measurement. For example, if we
encode a classical value ¢ as the i-th white ONB state of a quantum system
and we measure it with the white measurement, we will get outcome ¢ with
certainty. On the other hand, if we measure it with the grey measurement,
we are equally likely to obtain any outcome, so this gives us no information
whatsoever about the encoded value. Another way of saying this is that if we
have maximal information about a system with respect to one basis (i.e. it
is in a pure ONB state), we have no information with respect to the other
basis.

Example* 8.29 A well-known instance of this phenomenon in quantum
mechanics is that if one perfectly knows the position of a quantum system,
then one cannot know anything about its momentum. One usually treats
position as a continuous variable, which necessitates moving to infinite-
dimensional systems. However, the fundamental principle is the same as
the discrete version of complementarity we present here.

While equation (8.23)) required a separation into a particular state and
effect, namely (white) deleting followed by the (grey) uniform probability
distribution, it actually suffices to say that the LHS above simply separates:

v
L7 A

Thus, (8.25) can be taken as a literal statement of complementarity. More
precisely, we can give several variations on this theme:

Proposition 8.30 The following are equivalent for © and oO:

(i) complementarity:
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4
U f

(ii) complementary measurements on a Bell-state give a uniform probability

distribution for two classical systems:

- 1
{ g - ah ol
(iii) the existence of an effect p and a state ¢ such that:
(iv) the existence states p and ¢ such that:

SRR L

Proof Equivalence of (i) and (ii) is trivial, and so is equivalence of (iii)
and (iv), and since (i) implies (iii), it only remains to be shown that (iii)
implies (i). First, we can show that ¢ is &), up to some number A:

MEFEINN a

ol
ol

By a similar argument:

-

Note that A and A’ must both be non-zero, so we can deduce that:

L

- & (8.26)
I

We can figure out what this number is by means of the recipe outlined at
the end of Section Pre- and post-composing with dots yields:
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— (7.60) z
_ I — _ 1 _ D2
D = 1 - - 2V i - )%\/
so AN = D. Plugging this into (8.26)) yields complementarity. O

We will now contrast the behaviour of complementary spiders with the
usual spider-fusion rules. Rather than fusing, complementary spiders do the
opposite: they break apart. We will see the complementarity equation taking
on several guises in the next few chapters. The first is for bastard spiders:

Proposition 8.31 For complementary © and © we have:

(8.27)
Proof A bit of spider-fusion:
...a bit of complementarity:
B23)
...and another bit of spider-fusion:
O

The second guise of complementarity is for classical spiders. Here we think
of © as classical maps for O, or vice-versa (see Section below):
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Proposition 8.32 For complementary © and © we have:

(8.28)

The proof is nearly identical, just replace with . The third
guise of complementarity doesn’t have any direct connection to measure-
ments or classical data at all. Nonetheless, it will be remarkably useful for
quantum protocols and algorithms. It is just the doubled form of :

Proposition 8.33 For complementary © and © we have:

(8.29)

One thing you might have noticed from this section is we are starting
to get a lot of D’s popping up all over the place. Well, we have some bad
news and some good news. The bad news is, this is basically unavoidable.
If we renormalise spiders to get rid of these numbers, the spider fusion rule
becomes really horrible:

Exercise* 8.34 How would the spider-fusion rule look when we re-normalise

% |
T

However, the good news is that (as explained in Section [2.4.3) we can
pretty much always ignore these numbers. So we can rewrite complementar-

b

~ (8.30)

T

and the derived ‘spider detachment’ rules become:

spiders such that we have:

ity as:

(8.31)
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(8.32)

(8.33)

Isn’t that nicer? And we can recover the ignored numbers too:

Proposition 8.35 For spiders O and 0:

b L b

o] 0 =

T "9
b

o

and pre- and post-composing with dots just like we did in the proof of
Proposition we obtain:

D=:T:= = A
= ;

Proof Assuming:

= \ D?

1
so)\zﬁ. O

Remark 8.36 The spiders we use in this chapter will continuously hop
between being linear maps and quantum maps/cq-maps. This means
there could be some ambiguity whether &~ means ‘up to a complex number’
(i.e. the numbers in linear maps) or ‘up to a positive number’ (i.e. the
numbers in cg-maps). We will always specify this explicitly when there
could be some confusion.

Exercise 8.37 Show that equations (8.32) and ({8.33) extend to phase
spiders, that is, prove:

1%

(8.34)
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(8.35)

8.2.2 Complementarity and unbiasedness

Both unbiasedness and complementarity have something to do with an ob-
struction of information-flow across measurements, so it shouldn’t come as
a surprise that they are closely connected. In fact, complementarity can be
formulated entirely in terms of unbiasedness. First note that, for comple-
mentary O and O, we have the following:

N\ @ § &2 12

(8.36)

v % D% D

Hence, in the light of Exercise the basis state:

@ is unbiased for %

and by vertically reflecting, we can also show that:

@ is unbiased for %

This particular mutual relationship has a standard name:

Definition 8.38 Two ONBs:

SIS

7 7

are mutually unbiased if every state of one ONB is unbiased for the other
ONB, that is, if for all 4, j we have:

-1 (8.37)



578 Picturing phases and complementarity

Remark 8.39 The defining equation (8.37)) for mutually unbiased ONBs
can also be written in un-doubled form, which may look more familiar:

2N
v VD

Theorem 8.40 Spiders O and © are complementary:

Lo
B
if and only if their associated ONBs are mutually unbiased:

£\

Vi,j = 5 (8.38)

\/

Proof For 0 and 0 complementary, (8.36|) already showed that the associ-
ated ONBs are mutually unbiased. Conversely, if the two ONBs are mutually
unbiased, then we obtain:

! 11%

LoV

So the matrix entries of LHS and RHS of the complementarity equation
(8.23) agree for these bases, and hence the equation holds. O

This relationship with mutual unbiasedness gives us another bunch of
alternative characterisations of complementarity:

Corollary 8.41 The following are equivalent for © and 0:

L b
o9

(i) complementarity:

(ii) for all :

(8.39)

I
o=
Oi
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(iii) for all 7 there exists a phase & such that:

‘% - 1 é,) (8.40)

(iv) for all j:
=3 é (8.41)

(v) for all j there exists a phase & such that:

‘% . @ (8.42)

ol

(vi) mutual unbiasedness:

Example 8.42 One advantage of the characterisation of complementarity
in terms of mutual unbiasedness is that it easy to check which ONBs induce
complementary spiders. For example, the Z-basis and the X-basis, which,
as we already saw a while back, can be expressed in terms of the Z-basis as:

vealvrw)  vesly vl

are indeed mutually unbiased:

/N
\/

Hence they induce complementary spiders, and hence we are entitled to

N[ =

represent them by means of complementary colours:
% := Z-measurement Jf := X-measurement

Exercise 8.43 In order to establish equivalence in Theorem we re-
lied on explicitly plugging in white and gray basis states. Instead, establish
equivalence between (i) and (ii) above by only plugging in states from one
basis.
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Example 8.44 A set of ONBs is called pairwise mutually unbiased if each
pair of distinct ONBs in the set is mutually unbiased. Up to an overall uni-
tary, there are three ONBs for qubits which are pairwise mutually unbiased.
The Z-basis, the X-basis and the Y-basis:

W‘:¢1§<@7”€7> #=J§(@7ﬂﬁ7>

For all i, j, we have:
A 1
N/ 2

and hence these ONBs are indeed pairwise mutually unbiased. Note that,
while the Y-basis does not consist of self-conjugate basis states, our defi-
nition of mutual unbiasedness straightforwardly extends to these. On the
Bloch sphere, they mark the three main axes:

A set of pairwise mutually unbiased bases is called mazimal if it cannot be
extended. Determining the size of such maximal sets for all dimensions is
an (extremely hard) open problem, comparable in difficulty to the problem
of classifying SIC-POVMs mentioned in Section In dimension 2, these
maximal sets are always of size 3, as above. More generally, if D = pV for

some prime number p, the answer is p?v + 1. However, at the time of this
writing, the answer for other dimensions, e.g. D = 6, is completely unknown.

(8.43)

In (8.43) we depicted the basis states of some very important measure-
ments on the Bloch-sphere. In diagrammatic terms, the characteristic prop-
erty of such a basis state is that they are copied by the relevant spiders:
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A AR

Since these basis states satisfy several mutual unbiasedness relationships, by
Corollary we moreover know that each of these states is also a phase
state for its complementary spiders, yielding more useful equations. Let’s
figure out what these phases precisely are for these six states.

We already saw in Example [8.7] that:

@ d)) @ = %(’b (8.44)

and comparing - ) with (| we also have:

Voo vy e

But we can of course also do something similar in terms of X-phase states,
which according to equation (8.12)) have the following matrix form:

@ — double <€07 + eia@>

These grey phase states lie on the equator for the axis that goes through
the doubled grey basis states:

Jo

D

v v

and comparing with (8.43)) yields:

We could do the same for @ too, but we won’t bother, since later will see

(8.46)

D=

<« <

~ 1 é (8.47)
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that for our purposes, we will only need pairs of complementary spiders
(see Theorem [8.65]). To summarise all the above we present the phase states
representing basis states (up to %) on the Bloch sphere:

¢ Q-0

© ®
-

Example 8.45 We noted back in Section that the adjoint of the X-
copying map behaves as an XOR operation on the Z basis, more precisely:

This fact can now be verified simply by using phase spider fusion:

%

(8.48)

}

I
Sl

N}
D=

I
Sl

N}
N[

-

-

®
O A
TR
R

> DD
x
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8.2.3 The CNOT-gate from complementarity

In previous chapters, we have been assuming the existence of certain ‘black
boxes’ which have useful properties (e.g. measurements, controlled unitaries,
...). Now that we have a variety of spiders at hand:

e classical, quantum and bastard spiders:

e phase spiders:

e complementary spiders:
we can start constructing these things. For our first trick, we will show how
a pair of complementary spider